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Overview 

How can we,  who work on scattering amplitudes,  
help out with core mission of LIGO/Virgo? 

Era of gravitational wave astronomy has begun. 

For an instant brighter in gravitational radiation than all the stars  
in the visible universe are in EM radiation! 

Feb 11, 2016 



The Seeds Planted at KITP  
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 Some events: 
•   Walter Goldberger: “Classical gravitational radiation and  
      the double copy” 

•  Donal O’Connell: “Perturbative black holes from the double copy” 

•  Many discussions, private and public, on possibility of applying amplitude 
     to gravitational radiation problem. 

Possibility of applying amplitudes methods to LIGO physics 
 was excitedly discussed at the workshop  

While we were still far from directly helping LIGO theorists, these talks and 
discussions convinced us that amplitudes + double copy was promising. 

One effect:  People in the GR community heard the excitement.  

KITP is where ideas really started going on shell 

June 2017 

Double copy: See Henrik’s talk 
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“… and we urge amplitude experts to use their novel techniques to  
compute the 2-loop scattering amplitude of scalar masses, from  
which one could deduce the third post-Minkowskian effective 
 one-body Hamiltonian.” 

Hard to resist an invitation with this kind of clarity! 

•  Very difficult using standard methods. 
•  Of direct importance to LIGO/Virgo theorists. 
•  Can in principle enter LIGO/Virgo analysis pipeline. 
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Can Particle Theory Help with Gravitational Waves?  

 What does particle physics have to  do with classical dynamics 
of astrophysical objects? 

Black holes and neutron stars are point particles as far as  
 long wavelength radiation is concerned.  

Will explain that amplitudes are well suited to push state-  
of-the-art perturbative calculations for gravitational-wave physics. 

 Iwasaki (1971); Goldberger, Rothstein (2006), Porto; Vaydia, Foffa , Porto, Rothstein, Sturani;  
 Kol; Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove; Levi, Steinhoff; Vines etc 

gauge theories, QCD, electroweak 
quantum field theory 

General Relativity 
  classical physics 

bounded orbit  unbounded trajectory  
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Can Quantum Scattering Help with Gravitational Waves?  

In amplitudes community we are very very good at  
gravitational perturbation theory.   

However, two serious issues discussed at KITP workshop: 

1.  We do quantum, not classical perturbation theory. 

2.  Scattering process unbounded orbit.  Want bounded one for 
      binary black hole gravitational wave emission. 

Will explain in this how we deal with these issues. 
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Goal:  Improve on post-Newtonian Theory 

From Antelis and Moreno, arXiv:1610.03567   

analytic part we want to help with 

Small errors accumulate.  Need for high precision.   

PN + EOB or Pheno 

Dynamics of black hole  
inspiral for gravitational 
waves. 
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 Post Newtonian Approximation 

In center of mass frame: 

Newton 

Hamiltonian known to 4PN order. 

⌫ = µ/M,

For orbital mechanics: 

virial theorem 

1PN: Einstein, Infeld, Hoffmann; 
 Droste,  Lorentz 

Expand in G and v2
<latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit><latexit sha1_base64="mBY3pE4UNzIrz8/L2N148DxtpOA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunFZwT6gjWUynbRDZyZhZlIoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD48aqs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5zvzMlUtFY3OlZQgKORoJGFCOdS9N7Dw7KFce+rFc9vwod23FqrufmxKv5Fz50jZKjAlZoDsrv/WGMU06Exgwp1XOdRAcZkppiRualfqpIgvAEjUjPUIE4UUG2uHUOz4wyhFEsTQkNF+r3iQxxpWY8NJ0c6bH67eXiX14v1VE9yKhIUk0EXi6KUgZ1DPPH4ZBKgjWbGYKwpOZWiMdIIqxNPCUTwten8H/S9mzXsd1bv9K4WsVRBCfgFJwDF9RAA9yAJmgBDMbgATyBZ4tbj9aL9bpsLVirmWPwA9bbJ78gjgo=</latexit>

m = mA +mB ,
<latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit><latexit sha1_base64="Os0RXw3wKJiCiz+xj4Sjs4GiKpA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyZ+M1HqjSL5L0ZxdQXuC9ZyAg2VnoQ6BKJ7hU6sf36tFssuWV3CrRIvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOi50Ek1jTIa4T9uWSiyo9tPp1WN0ZJUeCiNlSxo0VX9vpFhoPRKBnRTYDPS8NxH/89qJCSt+ymScGCrJ7KEw4chEaBIB6jFFieEjSzBRzN6KyAArTIwNqmBD8Oa/vEgaZ2XPLXt356VqJYsjDwdwCMfgwQVU4RZqUAcCCp7hFd6cJ+fFeXc+ZqM5J9vZhz9wPn8AnjqQmA==</latexit>

µ = mAmB/m,
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+ . . .
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PR = P · R̂
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2PN: Ohta,  Okamura, Kimura and Hiida. 
3PN: Damour, Jaranowski and Schaefer; L. Blanchet and G. Faye.  
4PN: Damour, Jaranowski and Schaefer (2017); Foffa, Porto, Rothstein, Sturani (2019).  
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Importance of higher orders for LIGO/Virgo 

LIGO 
Binary pulsar 

Binary pulsar confirms  
quadrupole  radiation 
formula and not much 
else.   
 
LIGO/Virgo tests PN  
terms from GR 

LIGO/Virgo sensitive to high PN orders. 

LIGO/Virgo Collaboration arXiv:1602.03841  

Hulse-Taylor  
gravitational radiation 
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Which problem to solve? 

1.  Spin. 
2.  Finite size effects. 
3.  New physics effects. 
4.  Radiation. 
5.  High orders in perturbation theory. 

Some problems for (analytic) theorists: 

•  Needs to be extremely difficult using standard methods. 
•  Needs to be of direct importance to LIGO theorists. 
•  Needs to be in a form that can in principle enter LIGO analysis pipeline. 

Which problem should we solve? 

2-body Hamiltonian at 3rd post-Minkowskian order 

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Clear, given Damour’s paper and talks from Buonanno 
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Status of Calculations From Buonanno  
Amplitudes 2018 
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The Double Copy 

In a very precise sense:  

Gravity  ~  (gauge theory) x (gauge theory)  
•  Very general:  “web of theories”. 
•  Gives us awesome calculational power.   
•  Use it to do impossible looking calculations, to answer questions  
     of physical interest. 

Examples: 
 
•  5 loop supergravity to study nonrenormalizability of  
      gravity theories. 
 
 
•  G3 corrections to Newton’s potential from GR. 

ZB, Carrasco, Chen, Edison, Johansson, Roiban, Parra-Martinez, Zeng (2018)  

ZB, Cheung,  Roiban,  Shen, Solon, Zeng (2019)  

See Henrik Johansson’s talk 

Recent Review: ZB, Carrasco, Chiodaroli, Johansson, Roiban 



•  Connection to scattering amplitudes. 

•  Worldline approach for radiation and double copy. 

•  Technical issues having to do with keeping right physical states.   
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Scattering Amplitudes and Gravitational Radiation 

A small industry has developed to study this. 

Bjerrum-Bohr, Donoghue, Holstein, Plante, Pierre Vanhove;  Luna, Nicholson, O'Connell, White; Guevara; 
Bjerrum-Bohr, Damgaard, Festuccia, Planté,  Vanhove;  Cheung, Rothstein, Solon; Damour; Bautista, Guevara;  
Kosower, Maybee, O’Connell; Plefka, Steinhoff, Wormsbecher; Foffa, Mastrolia, Sturani, Sturm; 
 Guevara, Ochirov, Vines;  Chung, Huang, Kim, Lee; etc. 

Goldberger and Ridgway; Goldberger, Li, Prabhu, Thompson; Chester; Shen. 

Luna, Nicholson, O'Connell, White; Johansson, Ochirov; Johansson,  Kalin;  
Henrik Johansson, Gregor Kälin, Mogull. 

Key Question:  Can we calculate something of direct interest 
 to LIGO/Virgo, decisively beyond previous state of the art? 
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What are we after? 

•  Replace scattering in General Relativity with a two body 
potential that is easy to use in bound-state problem. 

•  Extract physics juice, leaving behind complexity of 
     General Relativity. 

Just like Newton’s potential, except: 

•  Compatible with special relativity (all orders in velocity) 
•  Valid through O(G3). 

V (r,p) = �Gm1m2

r
+ · · ·

<latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit><latexit sha1_base64="zcN8TpzhaLUtESe33xWhRptQ8MQ=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmpJqqAboehClxXsBZoQJpNJO3RyYWYilJAHceOruHGhiBsXgm/jNM1CW3848PGfc5g5vxszKqRhfGulhcWl5ZXyamVtfWNzS9/e6Ygo4Zi0ccQi3nORIIyGpC2pZKQXc4ICl5GuO7qe9LsPhAsahfdyHBM7QIOQ+hQjqSxHP+3UUsv1Ic+OYQ5xdggv4Ynlc4TTGxg4pqpGlvIMHkELe5EUjl416kYuOA9mAVVQqOXon5YX4SQgocQMCdE3jVjaKeKSYkayipUIEiM8QgPSVxiigAg7zY/L4IFyPOhHXFUoYe7+3khRIMQ4cNVkgORQzPYm5n+9fiL9CzulYZxIEuLpQ37CoIzgJCnoUU6wZGMFCHOq/grxEKlYpMqzokIwZ0+eh06jbhp18+6s2rwq4iiDPbAPasAE56AJbkELtAEGj+AZvII37Ul70d61j+loSSt2dsEfaV8/2vSfYA==</latexit>
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Effective Field Theory Approach 

Gravitational 
Scattering 

Amplitudes  

Effective 
Field Theory 

Methods 

Post 
Minkowskian 

Potentials 

Inefficient:  Start with quantum theory and take  
Efficient:  Almost magical simplifications for gravity amplitudes. 
                  EFT methods efficiently target pieces we want. 

 Efficiency wins 

~ ! 0

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Goldberger, Rothstein; 
Porto; Neill, Rothstein;  
Vaydia, Foffa , Porto, Rothstein, Sturani;  
Kol, Smolkin, Levi, Steinhoff, etc. 
 

Kawai, Lewellen, Tye 
ZB, Dixon, Dunbar and Kosower  
ZB, Dixon, Dunbar, Perelstein, Rozowsky 
ZB, Carrasco, Johansson; Etc 

Amplitudes 
community 

EFT  
community 

Cheung, Rothstein, Solon (2018) 
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2 Body Potentials and Amplitudes 

Tree-level: Fourier transform gives classical potential.   

Piece of loops are classical:  Our task is to efficiently extract these pieces. 

 We harness EFT to clean up confusion 

eiSclassical/~
<latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit><latexit sha1_base64="Eaehg0xjapEu3BY+S+hwo5LEvjI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1UQEXRbduKxoH9DEMJlO2qEzkzAzEUrIzo2/4saFIm79BXf+jdM0C209cOFwzr0z954wYVRpx/m2FhaXlldWK2vV9Y3NrW17Z7et4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvidByIVjcWdHifE52ggaEQx0kYK7ANyn1F4G2Se5BAzpJSxWH7iDUMkcxjYNafuFIDzxC1JDZRoBvaX149xyonQxWs910m0nyGpKWYkr3qpIgnCIzQgPUMF4kT5WXFHDo+M0odRLE0JDQv190SGuFJjHppOjvRQzXoT8T+vl+rows+oSFJNBJ5+FKUM6hhOQoF9KgnWbGwIwpKaXSEeIomwNtFVTQju7MnzpH1ad526e3NWa1yWcVTAPjgEx8AF56ABrkETtAAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/AIymmRc=</latexit>

V (r) =

Z
d3q

(2⇡)3
e�iq·rAtree(q)

<latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit><latexit sha1_base64="CxNkxBGxvDAWBDSQTWDJUrfS6Nc="></latexit>

Iwasaki; Gupta, Radford;   Donoghue; Holstein, Donoghue; Holstein and A. Ross;  Bjerrum-Bohr, 
Donoghue, Vanhove; Neill, Rothstein; Bjerrum-Bohr, Damgaard, Festuccia, Planté. Vanhove; 
Chueng, Rothstein, Solon; Chung, Huang, Kim, Lee;  etc. 

q
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Beyond 1 loop things quickly become 
 much less obvious: 

•  What I learned in grad school on     and classical limits is wrong!  
      Loops have classical pieces.   
•          scaling of at L loop. 
•  Double counting and iteration. 
•  Cross terms between         and    . ~

~

1/~

1/~L

Newtonian potential follows  
from Feynman diagrams 
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Effective Field Theory is a Clean Approach 
Goldberger and Rothstein 
Neill, Rothstein 
Cheung, Rothstein, Solon (2018) 

Build EFT from which we can read off potential. 
Want a Newtonian-like potential,  
 with GR corrections 

Match amplitudes of this theory to the full theory in classical limit to  
extract a classical potential of the type Newton would like.  

A, B scalars 
represents spinless 
black holes 

potential we want to obtain 

Our LIGO/Virgo theory friends want Hamiltonians. 

2 body Hamiltonian 
in c.o.m. frame. 

V

m1 m1

m2 m2
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EFT Matching 

Roundabout, but efficiently extracts potential.   

(complicated) (simpler) 
Amplitude methods 
double copy 

full general relativity effective theory 

tree amplitude 

generalized  
unitarity 

loop integrand 

loop 
integration 

GR loop amplitude 

identical 
physics 

= 

potential 

loop integrand 

build  
ansatz 

Feynman 
diagrams 

EFT loop amplitude 

~ ! 0

loop 
integration 

Cheung, Rothstein, Solon 
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General Relativity: Unitarity + Double Copy 

  

•  Long-range force:  Two matter lines must be separated by on-shell propagators. 
•  Classical potential: 1 matter line per loop is cut (on-shell). 

Independent generalized unitarity cuts for 3 PM. 

Only independent unitarity cut for 2 PM. 

Neill and Rothstein ; Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove; Cheung, Rothstein, Solon  

1

2 3

4

Treat exposed lines on-shell (long range). 
Pieces we want are simple! 

Our amplitude tools fit perfectly with 
extracting pieces we want. 

gravity loops 
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Generalized Unitarity Cuts  

  

Problem of computing the generalized cuts in gravity is reduced  
to multiplying and summing gauge-theory tree amplitudes.   

2nd post-Minkowkian order 

This is then fed into integration and EFT matching. 
Follow Cheung, Rothstein and Solon’s paper. 

KLT relations 
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Amplitude in Classical Potential Limit  
ZB, Cheung, Roiban, Shen, Solon, Zeng (2019) 

Classical limit.   The O(G3) or 3PM terms are: 

m = mA +mB ,
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<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

Amplitude containing classical potential is surprisingly simple! 
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Conservative 3PM Hamiltonian 

  

ZB, Cheung, Roiban, Shen, Solon, Zeng (2019) 

The 3PM Hamiltonian: 

m = mA +mB ,
<latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit><latexit sha1_base64="jWfimjFowpZDVnnghjPHEU2b6cI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgKGVGBLsRqm5cVrAPaIeSSTNtaJIZk0yhDP0ONy4UcevHuPNvTNtZaOuBezmccy+5OUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvLFNRLdG3Rm++15t1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTVvyUyTgxVJL5Q2HCkYnQNAHUY4oSw8eWYKKYvRWRAVaYGJtTwYbgLX55mTQuyp5b9h4uS9VKFkcejuAYTsGDK6jCPdSgDgSe4Ble4c0ZOS/Ou/MxH8052c4h/IHz+QNG0ZBu</latexit> ⌫ = µ/m,

<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

3 

Newton in here 

This is high order general relativity.  
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How do we know it is right?    
ZB, Cheung, Roiban, Shen, Solon, Zeng Primary check: 

Our Hamiltonian equivalent to 4PN Hamiltonian on overlap. 

Compare to 4PN Hamiltonian of Damour, Jaranowski, Schäfer,  
used in high precision template constructions. 
Need canonical transformation: 

Additional tests: 

Bini and Damour 

Wex and Schaefer 

1. Classical scattering angle matches 4PN result in overlap  

2.  In test mass limit, m1			m2, matches Schwarzschild Hamiltonian. 

3.  Recent paper confirms our result also at 6PN order.  

 

⌧

preserve Poisson  
bracket 

Bini, Damour, Geralico 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

n = r̂

G4 
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4 PN Hamiltonian   
Damour, Jaranowski, Schaefer 

Mess is partly due to 
their gauge choice.  

After canonical  
transformation 
we match all but 
G4 and G5 terms 

G4 

G5 
Ours is all orders in  
p at G3  

n = r̂

Our goal is to not only find new powerful methods but to clean up results 
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Tests of Our 3PM  Hamiltonian for LIGO/Virgo  

Test against numerical relativity. 

“This rather encouraging result motivates a more comprehensive study…” 

 Antonelli, Buonanno, Steinhoff, van de Meent, and Vines, arXiv:1901.07102 

numerical relativity taken as truth 

Binding energy   

(8 days after our paper!) 

Fed into EOB models, which  
are needed for good agreement. 

orbits to merger 

We definitely have the attention of our GR friends 

Note: Not conclusive, e. g. 
radiation not taken into accounted 



27 

Outlook 
•  Most exciting part is that methods are far from exhausted. 

•  Working on 4th post-Minkowskian order.  Methods   
     certainly up to the task.   
•  Much greater improvements on horizon. 

Obvious topics to investigate: 

•  Higher orders.  Resummation in G. 
•  Radiation.  
•  Finite size effects.   
•  Spin — a lot of activity  

To high orders 
and beyond! 

Expect many more advances in coming years. 

Geuvara, O’Connell, Vines; Chung, Huang,  Kim, Lee; 
 ZB, Luna, Roiban, Shen and Zeng, etc 

Parra-Martinez, Ruf and Zeng  
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•     Amplitude methods give us new ways to think about problems  
     of current interest in general relativity.  
•     Double-copy idea gives a unified framework for gravity and  
     gauge theory. 

•  The 2017 KITP workshop is where ideas for gravitational-wave 
     applications were planted. 
•  Combining with EFT methods gives a powerful tool for  
     gravitational-wave physics in language LIGO/Virgo can use. 

•  Obtained a state of the art result: O(G3) Hamiltonian. 

•  Higher orders in G, resummations in G, spin, finite-size effects,  
     radiation obvious directions.     

Summary 

Expect many more advances in coming years, not only for  
gravitational-wave physics, but more generally for understanding  
gravity and its relation to the other forces via double copy. 
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Definitely time to plan a new 
KITP workshop 

 


