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Swelling Thin Elastic Sheets

Spontaneous pattern formation from localized swelling
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Non-Euclidean Model

g = g11da® + 2gi1adady + gaady® Frgps = dx(VF)' (VF)dx"

~
“metric induced by growth” “metric induced by R3”

The equilibrium configuration of a sheet of thickness t is a W*?map that
minimizes:

BIF) = | (VF)'Y

“stre#ching energy” “beAding energy”

zero stretching <= (VF)!'VF =g <= isometric immersion.




Experimental Observations

() is a strip geometry with metric:

g = (1+ f(y))dz” + dy”
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Sharon, E., Roman, B., & Swinney, H. L. (2007). Geometrically driven wrinkling observed in free plastic
sheets and leaves. Physical Review E, 75(4), 046211.




Toy Problem

Hyperbolic Plane: Assume the metric has constant negative Gaussian curvature.

Summary of Known Results: Given a local smooth isometric immersion of a
metric with negative Gaussian curvature, this immersion cannot be extended
smoothly beyond a finite distance d. Moreover, the singularities form a
“singular edge’, i.e. a one-dimensional submanifold on which the surface fails

to be C?.
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Pseudosphere Breather Surface Kuen’s Surface

A natural question is what is the relationship between the existence of these
singularities and the observed morphologies in thin elastic sheets.



Negative Curvature: Disk Geometry

Small slopes approximation: Introduce dimensionless curvature ¢ = vV - K R.

Ansatz: X =« eQul(az,y), Y =y 62%2(3379), Z = en(z,y)

Solvability Condition: det(D?*n) = —1.
1 1

One parameter family of solutions: 7q = 5 (aazQ — ay2>

Pick: a = cot(m/n).
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Theorem:(J. Gemmer, SV). D is the unit disk with a metric whose FvK
curvature is —1. For all n € N, we have a n-periodic local minimizer for the
elastic energy, whose energy satisfies the bounds

min(Cl, ant2) g EF’UK S min(cl, 02n2t2).



MultiEle Branch Points

The origin is not special and multiple branch points can be introduced

(b)
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Bifurcation points



Small Slopes Decreasing Thickness

In this asymptotic regime, the saddle shape is energetically preferred.
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log(7)

Small slopes theory always predicts a saddle shape.




ChebXCheV Nets and the HXEerbolic Plane

» A Chebychev Net is a configuration x(u, v)
with metric

g = du® + cos(p(u, v))dudv + dv?.




Small Slopes Lifted to Exact Isometry
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Piecewise Smooth Exact Isometries
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Non-smooth isometries have lower energy than their smooth counterparts.
This cannot be captured by the small slopes approximations.

1 1
mac{ [ [k} = = exp (\KO\aR) |



Concentration of Ener

O Small slopes region

Conjecture: Branch points can be introduced near the singularities to lower
bending energy. The introduction of branch points is energetically favorable
to global refinement of the wavelength.



StriE Geometrz

() is a strip geometry = R x [0, W] with metric:
g = (1426 f(y)) dz® + dy’
where € > 0 and for o € (O, oo) :

~ (14+y/l)~
A
Y

Isometric Immersions Exist
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StriE Geometrz

To match the metric to lowest order in € we assume an ansatz of the form:

F(z,y) = (z + €u(z, y),y + €v(z,y), ew(z,y))

The lowest order condition for an isometry is the following small-slope version of
Gauss’s Theorema Egregium:

det(D?(w(z,y)) = WazWyy — (wwy)2 = —f"().

We can solve the Monge-Ampere equation by assuming w(x,y) = ¢(y)y(x)
o(y) = (L +y/)~/?
W'+ kT || Tre = 1.

Lines of inflection
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Energy of Single Wavelength Isometries

For a single wavelength isometry with wavenumber £ the bending content per unit
length B satsifies:

BNClk2/W by . O /W 4y
o (L+y/Dx kAL Jo  (1+y/l)ot

Optimizing over k the “global” wavelength satisfies:

ol

1+W/ D) *-1
(1+W/) %=1

Aglob ~ |

However the optimal “local” wavelength satisfies:
Aioc(C) ~ 11+ y/l) = (y +1).

There is a competition between the two principal curvatures in the sheet.



Branch Points

Beltrami-Enneper Theorem: The rate of rotation of the tangent plane along an
asymptotic line is proportional to the square root of the Gaussian curvature.
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Bifurcation with DisEaritX
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Energy of Branch Points
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Series Solution

a = oo (Exponential Case)

exp(—py) cos(kx)

W .flj, p—
o(T,y) ok
wi(x,y) = e~ 38Y (kQ B 362) cos(3kx) (62 - k2) cos(kx)
576/ 2k3 64+/2k3
( ) (—954 + 43k* + 42ﬂ2]§2) COS(]CZC) N (_954 Tk 4262]@2) COS(?)/-C,CC)
wWold —
2 36864/2k5 73728+/2k5
B (954 + 17k* — 42/32k2) cos(bkx) 58y
368640+/2k°
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Convergence of Series
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Summarz

1. Difterential growth can lead to non-Euclidean geometries. A fundamental question
is can we deduce the three dimensional shape from exact knowledge of the
swelling pattern.

2. 'This is a problem with multiple scales. Can we classify all asymptotic regimes.

3. Growth is a highly dynamic process. Perhaps local minimizers are selected along
particular dynamic pathways.

4. What is the role of the piecewise smooth solutions to the physically observed
patterns?




