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Shape-morphing Systems
Mechanical Hinges

Additive manufacturing and rapid prototyping 
have developed at exceptional rates and gained 
wide acceptance since their invention in 1984 
by Charles Hull. Also the founder of 3D Systems, 
Charles Hull invented stereolithography as a 
new process for viewing and testing designs 
before investing in full production.1 Today, 
these technologies are used in countless 
industries, in the home and across the globe. 
The ability to mass-produce customised 
components without substantial increases in 
time, material or inefficiency has been coined 
as one of the revolutionary advantages of 
additive manufacturing. However, the realities 
of our current capabilities are far behind 
our expectations and visions for additive 
manufacturing technologies. Further, mass-
customisation ignores the time and energy 
needed after custom parts have been printed, 
requiring excessive sorting and labour-intensive 
assembly. 

Some of the main applications for printing 
today include food, toys and proof-of-concept 
prototypes, thus falling far short of our visions for 
revolutionising manufacturing.2 At the 2013 US 
Manufacturing Competitiveness Initiative Dialogue 
on Additive Manufacturing, Boeing’s Michael 
Hayes highlighted this issue by outlining the main 
hurdles that lie ahead for additive manufacturing, 
including: a larger build-envelope and increased 
scale for printing applications; structural 
materials that can be used in functional and high-
performance settings; and multi-functional and 
smart/responsive materials.3 

How might 4D printing overcome 
the obstacles that are hampering 
the rolling out and scaling up 
of 3D printing? Skylar Tibbits, 
Director of the Self-Assembly Lab 
at the Massachusetts Institute of 
Technology (MIT), describes how 
the Lab has partnered up with 
Stratasys Ltd, an industry leader in 
the development of 4D Printing, 
and is making the development 
of self-assembly programmable 
materials and adaptive technologies 
for industrial application in building 
design and construction its focus.

MIT Self-Assembly Lab and Stratasys (Skylar Tibbits, Shelly 
Linor, Daniel Dikovsky and Shai Hirsch), 4D Printing, 2013
Sequence showing the self-folding of a 4D-Printed multi-material 
single strand into a three-dimensional cube.

118 Tibbits, Arch. Design 84 116 (2014)
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pattern of UV light (365 nm) via maskless lithography using a 
digital micromirror array device (DMD), [ 47 ]  and then developed 
by soaking in solvent to dissolve the uncross-linked regions. A 
similar procedure is followed to photo-crosslink a fl uorescent 
and temperature-responsive poly( N -isopropyl acrylamide- co -
sodium acrylate) (PNIPAM) copolymer fi lm with thickness 
 h  N  = 1–6 µm, and subsequently a top fi lm of PpMS with thick-
ness  h  P  matching that of the bottom PpMS fi lm. The dose 
applied to each layer is suffi cient to fully convert all of the 
benzophenone units within the illuminated regions. For the 
PNIPAM layer, this leads to a gel fi lm that, if allowed to swell 
to its equilibrium state in an aqueous buffer at room tempera-
ture (unconstrained by attachment to PpMS or the substrate), 
would expand by a factor of 2.7 in volume relative to its initial 
dry dimensions and would have a modulus of  E  N  = 0.8 MPa. [ 48 ]  
Critically, the use of benzophenone photochemistry allows for 
not only effi cient crosslinking of each individual layer [ 46 ]  but 
also chemical grafting between layers that provides excellent 
interlayer adhesion. [ 45 ]  The locations of mountain and valley 
folds are programmed by patterning gaps in the top and bottom 
PpMS layers, with respective widths  W  m  and  W  v , that are inde-
pendently specifi ed for each crease segment. An optical image 
of a patterned trilayer fi lm in the unswelled state is shown in 
Figure  1 f; in this case, the crease pattern was chosen to generate 
Randlett's fl apping bird. [ 49 ]  The folded structure resulting upon 
releasing the patterned trilayer fi lm from the substrate and 
allowing it to swell at room temperature in an aqueous buffer, 
as visualized by laser scanning confocal fl uorescence micros-
copy (LSCM), is shown in Figure  1 h alongside an image of the 

same crease pattern folded by hand in paper on a 200 times 
larger length scale in Figure  1 g. The self-folding origami adopts 
a shape that very closely matches the programmed structure; as 
follows, we explain in detail the fabrication and characterization 
of such self-folded structures. 

 Our choice of the PpMS/PNIPAM/PpMS trilayer geometry 
is directed by three primary concerns. First, the stretching 
modulus of the PNIPAM layer  Y  N  =  h  N  E  N  is roughly two orders 
of magnitude smaller than that of each PpMS layer  Y  P  =  h  P  E  P , 
meaning that the laminated fi lm will undergo negligible in-
plane expansion upon swelling of PNIPAM. Second, the result 
of patterning an open stripe in either the top or the bottom 
PpMS layer is to locally defi ne a bilayer fi lm that undergoes 
bending due to the swelling stress in the confi ned PNIPAM 
layer, allowing for the bending direction and fold angle of the 
crease to be programmed. Third, the bending modulus of the 
trilayer regions  B  t  ∼ EP  h  P  h  N  2 , where EP  = E  P  /(1−ν  P  2  )  is the plane 
strain modulus of PpMS (with  ν  P  as the Poisson's ratio), is 
much larger than that in the bilayer crease regions dominated 
by the larger of EN  h N   3  or EP  h P   3 . This means that the “panels” 
between each crease are relatively stiff compared with the folds. 
We note that a similar trilayer approach was reported very 
recently by Rus and co-workers [ 40,41 ]  for folding of macroscopic 
sheets based on heat shrink fi lms as the active middle layer; 
however, in this case folding was irreversible, and fold angles 
for each crease were limited to less than π/2. 

 Using the bending of bilayers to guide our choices of layer 
thicknesses (see Supporting Information for details), we next 
calibrate how the folding angle adopted by trilayer samples 

Adv. Mater. 2015, 27, 79–85

www.advmat.de
www.MaterialsViews.com

 Figure 1.    Fabrication of self-folding polymer origami. a) A thin layer of a photo-crosslinkable glassy polymer (PpMS) on a substrate precoated with 
a sacrifi cial layer is b) photolithographically patterned with open stripes of width  W  v  to defi ne the positions and angles of the valley folds. c) Next, a 
thicker layer of a photo-crosslinkable temperature-responsive polymer (PNIPAM) is coated on top and uniformly crosslinked over the entire area of 
the bottom PpMS sheet. d) Finally, a third layer of PpMS is coated and patterned with open stripes of width  W  m  to defi ne the positions and angles of 
the mountain folds. e) A magnifi ed schematic of the resulting trilayer fi lm (dimensions not to scale), with  h  N  and  h  P  as the respective thicknesses of 
PNIPAM and PpMS layers. f) An optical image of a trilayer fi lm patterned to fold into Randlett's fl apping bird (scale bar: 400 µm), along with a sche-
matic indicating the locations and widths of mountain (solid lines) and valley (dotted lines) folds. g) A photograph of Randlett's fl apping bird folded 
using paper, h) alongside a fl uorescence image of the self-folded trilayer fi lm.

Na, et al. Adv. Mat. 27 79 (2015)
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Swelling Hydrogels

‘‘printing’’ a wide range of target metrics in a high spatial reso-

lution. An example is presented in Fig. 9.

There are many other materials that can be used for the

construction of NEP and responsive NEP. Materials such as

electro active polymers26 or nematic elastomers27 seem to be

excellent candidates for using the shaping principles, with

responses in different time scales and environments.

Finally, we mention alteration of growth in plants as a way of

constructing ‘‘biological NEP’’. Growth of tissue can be viewed

as a process in which the target metric is constantly updated. It

was shown that genetic manipulation,28 as well as hormone

treatment29 can alter the growth distribution and cause a natu-

rally flat leaf to become non-Euclidean. Similar effects often

occur as a result of fungus attacks, when the leaf tissue grows

without proper control (Fig. 10).

5. Some results and interpretations

After reviewing the theoretical framework and experimental

techniques, we review the main results in this new field.

5.1 Rectangle geometry

Experiments in torn plastic sheets

As described before, in a controlled experiment the target metric,

imposed by the plastic flow around the tear tip, is very simple and

highly symmetric: it determines negative target Gaussian curva-

ture, which is a function only of the distance from the edge, y.

Surprisingly, the configurations of the sheets consist of a

Fig. 7 Non-Euclidean plates and tubes made of NIPA gel. Examples of plates with !K > 0 (a), !K < 0 (b, c) and a disc that contains a central region of !K >

0 and an outer part of !K < 0 (d). (e)-(h) Non-Euclidean tubes. A tube with a metric similar to the one in Fig. 5 in its cold (e) and warm (f) states. Tubes

with negative curvature bellow (g) and above (h) the ‘‘buckling-wrinkling’’ transition (see section 5.3).

Fig. 8 Engineering discs with constant Gaussian curvature. The

perimeter of a circle on a disc as a function of its radius (measured along

the surface) for discs of positive (bottom) and negative (top) constant

| !K | ¼ 0.0011 mm"2. The blue lines are the calculated curves (the relevant

functions are indicated). The red lines are the data measured on the

buckled discs. The dashed line indicates a flat disc: f(r) ¼ 2pr.

Fig. 9 ‘‘Lithography of curvature’’. (a) NIPA solution is inserted into simple mold with a ‘‘mask’’. Polymerization is controlled by a UV activated

initiator (in this case Riboflavin), leading to the generation of a non-uniform gel disc (b). (c) The non-uniform shrinking properties of the gel turn into

a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.

5700 | Soft Matter, 2010, 6, 5693–5704 This journal is ª The Royal Society of Chemistry 2010
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perimeter of a circle on a disc as a function of its radius (measured along

the surface) for discs of positive (bottom) and negative (top) constant

| !K | ¼ 0.0011 mm"2. The blue lines are the calculated curves (the relevant

functions are indicated). The red lines are the data measured on the

buckled discs. The dashed line indicates a flat disc: f(r) ¼ 2pr.

Fig. 9 ‘‘Lithography of curvature’’. (a) NIPA solution is inserted into simple mold with a ‘‘mask’’. Polymerization is controlled by a UV activated

initiator (in this case Riboflavin), leading to the generation of a non-uniform gel disc (b). (c) The non-uniform shrinking properties of the gel turn into

a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.
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Liquid Crystal Elastomers

obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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Figure 3. Actuation of films with azimuthal and radial alignments.
a) Actuation behavior of an azimuthal polymer film upon heating with
an IR lamp. b) Angle of upward bend versus the distance between the
sample and the lamp. c) Actuation behavior of a radial polymer film.
The arrows along the radius and the azimuth indicate the direction of
deformation.
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obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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a) Actuation behavior of an azimuthal polymer film upon heating with
an IR lamp. b) Angle of upward bend versus the distance between the
sample and the lamp. c) Actuation behavior of a radial polymer film.
The arrows along the radius and the azimuth indicate the direction of
deformation.
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obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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Figure 3. Actuation of films with azimuthal and radial alignments.
a) Actuation behavior of an azimuthal polymer film upon heating with
an IR lamp. b) Angle of upward bend versus the distance between the
sample and the lamp. c) Actuation behavior of a radial polymer film.
The arrows along the radius and the azimuth indicate the direction of
deformation.
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Shape-morphing Systems
Mechanical Hinges

Additive manufacturing and rapid prototyping 
have developed at exceptional rates and gained 
wide acceptance since their invention in 1984 
by Charles Hull. Also the founder of 3D Systems, 
Charles Hull invented stereolithography as a 
new process for viewing and testing designs 
before investing in full production.1 Today, 
these technologies are used in countless 
industries, in the home and across the globe. 
The ability to mass-produce customised 
components without substantial increases in 
time, material or inefficiency has been coined 
as one of the revolutionary advantages of 
additive manufacturing. However, the realities 
of our current capabilities are far behind 
our expectations and visions for additive 
manufacturing technologies. Further, mass-
customisation ignores the time and energy 
needed after custom parts have been printed, 
requiring excessive sorting and labour-intensive 
assembly. 

Some of the main applications for printing 
today include food, toys and proof-of-concept 
prototypes, thus falling far short of our visions for 
revolutionising manufacturing.2 At the 2013 US 
Manufacturing Competitiveness Initiative Dialogue 
on Additive Manufacturing, Boeing’s Michael 
Hayes highlighted this issue by outlining the main 
hurdles that lie ahead for additive manufacturing, 
including: a larger build-envelope and increased 
scale for printing applications; structural 
materials that can be used in functional and high-
performance settings; and multi-functional and 
smart/responsive materials.3 

How might 4D printing overcome 
the obstacles that are hampering 
the rolling out and scaling up 
of 3D printing? Skylar Tibbits, 
Director of the Self-Assembly Lab 
at the Massachusetts Institute of 
Technology (MIT), describes how 
the Lab has partnered up with 
Stratasys Ltd, an industry leader in 
the development of 4D Printing, 
and is making the development 
of self-assembly programmable 
materials and adaptive technologies 
for industrial application in building 
design and construction its focus.

MIT Self-Assembly Lab and Stratasys (Skylar Tibbits, Shelly 
Linor, Daniel Dikovsky and Shai Hirsch), 4D Printing, 2013
Sequence showing the self-folding of a 4D-Printed multi-material 
single strand into a three-dimensional cube.

118 Tibbits, Arch. Design 84 116 (2014)

Origami
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pattern of UV light (365 nm) via maskless lithography using a 
digital micromirror array device (DMD), [ 47 ]  and then developed 
by soaking in solvent to dissolve the uncross-linked regions. A 
similar procedure is followed to photo-crosslink a fl uorescent 
and temperature-responsive poly( N -isopropyl acrylamide- co -
sodium acrylate) (PNIPAM) copolymer fi lm with thickness 
 h  N  = 1–6 µm, and subsequently a top fi lm of PpMS with thick-
ness  h  P  matching that of the bottom PpMS fi lm. The dose 
applied to each layer is suffi cient to fully convert all of the 
benzophenone units within the illuminated regions. For the 
PNIPAM layer, this leads to a gel fi lm that, if allowed to swell 
to its equilibrium state in an aqueous buffer at room tempera-
ture (unconstrained by attachment to PpMS or the substrate), 
would expand by a factor of 2.7 in volume relative to its initial 
dry dimensions and would have a modulus of  E  N  = 0.8 MPa. [ 48 ]  
Critically, the use of benzophenone photochemistry allows for 
not only effi cient crosslinking of each individual layer [ 46 ]  but 
also chemical grafting between layers that provides excellent 
interlayer adhesion. [ 45 ]  The locations of mountain and valley 
folds are programmed by patterning gaps in the top and bottom 
PpMS layers, with respective widths  W  m  and  W  v , that are inde-
pendently specifi ed for each crease segment. An optical image 
of a patterned trilayer fi lm in the unswelled state is shown in 
Figure  1 f; in this case, the crease pattern was chosen to generate 
Randlett's fl apping bird. [ 49 ]  The folded structure resulting upon 
releasing the patterned trilayer fi lm from the substrate and 
allowing it to swell at room temperature in an aqueous buffer, 
as visualized by laser scanning confocal fl uorescence micros-
copy (LSCM), is shown in Figure  1 h alongside an image of the 

same crease pattern folded by hand in paper on a 200 times 
larger length scale in Figure  1 g. The self-folding origami adopts 
a shape that very closely matches the programmed structure; as 
follows, we explain in detail the fabrication and characterization 
of such self-folded structures. 

 Our choice of the PpMS/PNIPAM/PpMS trilayer geometry 
is directed by three primary concerns. First, the stretching 
modulus of the PNIPAM layer  Y  N  =  h  N  E  N  is roughly two orders 
of magnitude smaller than that of each PpMS layer  Y  P  =  h  P  E  P , 
meaning that the laminated fi lm will undergo negligible in-
plane expansion upon swelling of PNIPAM. Second, the result 
of patterning an open stripe in either the top or the bottom 
PpMS layer is to locally defi ne a bilayer fi lm that undergoes 
bending due to the swelling stress in the confi ned PNIPAM 
layer, allowing for the bending direction and fold angle of the 
crease to be programmed. Third, the bending modulus of the 
trilayer regions  B  t  ∼ EP  h  P  h  N  2 , where EP  = E  P  /(1−ν  P  2  )  is the plane 
strain modulus of PpMS (with  ν  P  as the Poisson's ratio), is 
much larger than that in the bilayer crease regions dominated 
by the larger of EN  h N   3  or EP  h P   3 . This means that the “panels” 
between each crease are relatively stiff compared with the folds. 
We note that a similar trilayer approach was reported very 
recently by Rus and co-workers [ 40,41 ]  for folding of macroscopic 
sheets based on heat shrink fi lms as the active middle layer; 
however, in this case folding was irreversible, and fold angles 
for each crease were limited to less than π/2. 

 Using the bending of bilayers to guide our choices of layer 
thicknesses (see Supporting Information for details), we next 
calibrate how the folding angle adopted by trilayer samples 

Adv. Mater. 2015, 27, 79–85
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 Figure 1.    Fabrication of self-folding polymer origami. a) A thin layer of a photo-crosslinkable glassy polymer (PpMS) on a substrate precoated with 
a sacrifi cial layer is b) photolithographically patterned with open stripes of width  W  v  to defi ne the positions and angles of the valley folds. c) Next, a 
thicker layer of a photo-crosslinkable temperature-responsive polymer (PNIPAM) is coated on top and uniformly crosslinked over the entire area of 
the bottom PpMS sheet. d) Finally, a third layer of PpMS is coated and patterned with open stripes of width  W  m  to defi ne the positions and angles of 
the mountain folds. e) A magnifi ed schematic of the resulting trilayer fi lm (dimensions not to scale), with  h  N  and  h  P  as the respective thicknesses of 
PNIPAM and PpMS layers. f) An optical image of a trilayer fi lm patterned to fold into Randlett's fl apping bird (scale bar: 400 µm), along with a sche-
matic indicating the locations and widths of mountain (solid lines) and valley (dotted lines) folds. g) A photograph of Randlett's fl apping bird folded 
using paper, h) alongside a fl uorescence image of the self-folded trilayer fi lm.

Na, et al. Adv. Mat. 27 79 (2015)

Swelling Hydrogels

‘‘printing’’ a wide range of target metrics in a high spatial reso-

lution. An example is presented in Fig. 9.

There are many other materials that can be used for the

construction of NEP and responsive NEP. Materials such as

electro active polymers26 or nematic elastomers27 seem to be

excellent candidates for using the shaping principles, with

responses in different time scales and environments.

Finally, we mention alteration of growth in plants as a way of

constructing ‘‘biological NEP’’. Growth of tissue can be viewed

as a process in which the target metric is constantly updated. It

was shown that genetic manipulation,28 as well as hormone

treatment29 can alter the growth distribution and cause a natu-

rally flat leaf to become non-Euclidean. Similar effects often

occur as a result of fungus attacks, when the leaf tissue grows

without proper control (Fig. 10).

5. Some results and interpretations

After reviewing the theoretical framework and experimental

techniques, we review the main results in this new field.

5.1 Rectangle geometry

Experiments in torn plastic sheets

As described before, in a controlled experiment the target metric,

imposed by the plastic flow around the tear tip, is very simple and

highly symmetric: it determines negative target Gaussian curva-

ture, which is a function only of the distance from the edge, y.

Surprisingly, the configurations of the sheets consist of a

Fig. 7 Non-Euclidean plates and tubes made of NIPA gel. Examples of plates with !K > 0 (a), !K < 0 (b, c) and a disc that contains a central region of !K >

0 and an outer part of !K < 0 (d). (e)-(h) Non-Euclidean tubes. A tube with a metric similar to the one in Fig. 5 in its cold (e) and warm (f) states. Tubes

with negative curvature bellow (g) and above (h) the ‘‘buckling-wrinkling’’ transition (see section 5.3).

Fig. 8 Engineering discs with constant Gaussian curvature. The

perimeter of a circle on a disc as a function of its radius (measured along

the surface) for discs of positive (bottom) and negative (top) constant

| !K | ¼ 0.0011 mm"2. The blue lines are the calculated curves (the relevant

functions are indicated). The red lines are the data measured on the

buckled discs. The dashed line indicates a flat disc: f(r) ¼ 2pr.

Fig. 9 ‘‘Lithography of curvature’’. (a) NIPA solution is inserted into simple mold with a ‘‘mask’’. Polymerization is controlled by a UV activated

initiator (in this case Riboflavin), leading to the generation of a non-uniform gel disc (b). (c) The non-uniform shrinking properties of the gel turn into

a non-Euclidean target metric. In this case the gradients in the metric are sharp, leading to wrinkling of the disc.
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Liquid Crystal Elastomers

obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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Figure 3. Actuation of films with azimuthal and radial alignments.
a) Actuation behavior of an azimuthal polymer film upon heating with
an IR lamp. b) Angle of upward bend versus the distance between the
sample and the lamp. c) Actuation behavior of a radial polymer film.
The arrows along the radius and the azimuth indicate the direction of
deformation.
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obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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obtained from this cell possessed a liquid crystal configuration
with a gradual transition from azimuthal to radial through the
thickness of the film, which can be described as a circular
twisted nematic alignment, and showed the expected features
between parallel and crossed polarizers (Figure 2 c).

To show the functionality of our materials, we investigated
the actuation behavior of freestanding films upon heating by
IR irradiation. To this end, new films were prepared using the
second liquid crystal mixture (Figure 1d). In this case, photo-
polymerization was carried out at elevated temperature in the
nematic phase to obtain a polymer film. The actuation
behavior of the azimuthal and radial films upon heating was
investigated. A piece of polymer film was cut in a circular
shape from the azimuthal actuator around the center,
followed by irradiation with an IR lamp while holding it in
place with a suction gripper at the center. Prior to heating, the
actuator was only slightly bent (Figure 3a). Upon switching
on the lamp, deformation was observed into a conical shape
within seconds, with the cone apex located at the center and

pointing downward (Figure 3 a, and Supporting Information,
Movie 2). When the lamp was switched off, the film returned
to its original shape. When the distance between the lamp and
the actuator was varied, the upward bending angle changed
accordingly (Figure 3b), which demonstrates that the degree
of deformation depends on the intensity of IR irradiation. The

actuation experiment was repeated for the actuator with
a radial alignment pattern. When the IR lamp was switched
on, the film deformed into an anti-cone shape (Figure 3c).
The degree of actuation could be varied by changing the
distance from the IR source. These findings are in agreement
with theoretical models for the mechanical responses of
disclinations in nematic crosslinked networks.[26, 27] In the case
of an azimuthal alignment pattern, a reduction of the liquid
crystal order upon temperature increase leads to compression
along the azimuthal direction and an expansion along the
radial direction (Figure 3a). These stresses cannot be accom-
modated within the sheet plane, causing deformation of the
flat sheet out of the plane into a cone. In the case of a radial
alignment pattern, the opposite deformations take place
(Figure 3c). This results in an anti-cone, which is recognizable
as a saddle shape.

In conclusion, our results show that patterned alignment
layers can be used to align polymerizable liquid crystals and
prepare freestanding polymer films with complex order. The
materials shown here comprise only a small number of the
possible hierarchical structures that can be designed and
prepared, and we expect that by using different mask sizes
and patterns the possible dimensions and shapes can be
greatly expanded. We have demonstrated that our polymer
films can function as actuators that reversibly deform into
cone or saddle shapes that are often seen in the complex and
directed movement of living organisms. We can expand the
range of possible applications by looking at different shapes,
and we are currently investigating the deformation behavior
of the other patterns described in this work. Additionally, we
could use materials that respond to different stimuli, and the
composition of the liquid crystal mixtures could be varied in
order to change other properties of the material, leading to
new and powerful methods for the fabrication of polymer
materials with a complex order having novel optical, mechan-
ical, and electronic properties.
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3. Recent insight into the control of actuation by cellulose fibril
architectures

A more detailed discussion of the influence of cell wall architecture on plant
actuation is provided on the basis of recent studies on the locomotion of
wheat dispersal units and the bending movements of trees to upright leaning
stems and branches.

(c)

(a) (b)

Figure 3. A pine cone cut equatorially along its longitudinal axis: (a) one of the halves was kept wet
(mirrored in the image) and (b) the other half was dried for cone opening. (c) Schematic of a
magnified scale; the cellulose fibril orientations in the cell walls of fibres being part of the upper side
(white band) and of the cells on the lower side of the scale are illustrated by the inclined lines in
each rectangle (after Dawson et al. 1997).
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(a)

(e)

( f )

(b) (c) (d)

Figure 3. Cooperative cell spiralling creates the macroscopic coil. (a) The coiling section of the complete awn showing five to six
coils. (b) The separated inner layer of the awn, showing seven to eight coils. The inner layer, split into (c) once and (d) twice still
coils to about the same extent as the complete inner layer (the distortions of some of the sections result from the unevenness of the
cuts). (e) Scanning electron micrograph of the inner layer of the awn showing a group of coiling cells behind a single coiled cell
connected to the tissue at one end (delineated). ( f ) A close up of the cell region is indicated by an arrow in (e). Scale bars, (a–d)
5 mm, (e) 100 mm and (f) 20 mm.

(a) (b)

tilt 10.1º

tilt 19.8º

(c)

Figure 4. The cellulose microfibrils organization in the cell walls of the coiling cells. (a) Small-angle X-ray scattering (SAXS)
pattern of a vertical sample from the inner layer of the stork’s bill awn, measured at the top and bottom parts of the coiling
region. The tighter coil in the bottom part shows a larger SAXS tilt. (b) Longitudinal section of the inner layer showing the
cells’ alignment with the length of the awn. As the length of single cells is about 1 mm, it is impossible to see complete cells
in this view. (c) Cryo-scanning electron image showing the change in microfibril angle in a single cell, marked by a broken
line. Arrows indicate remains of the middle lamella. Scale bars, (b) 100mm, and (c) 5mm.
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ANALYSIS OF BI-METAL THERMOSTATS 
BY S. TIMOSHENKO 

INTRODUCTION 

The following investigation contains a general theory of bending of a 
bi-metal strip submitted to a uniform heating. This theory is applied 
in analysis of operation of a bi-metal strip thermostat. The equations 
are obtained for calculating the temperature of buckling, the complete 
travel during buckling, and the temperature of buckling in a backward 
direction.. By using these equations the dimensions of the thermostat 
for a given temperature of operation and a given complete range of 
temperature can be calculated. The results obtained are based on 
certain ideal conditions. For example, it was assumed that the differ-
ence in the coefficients of expansion remained constant during heating, 
that the friction at the supports could be neglected and that the width 

FIG. 1. Deflection of a bi-metal strip while uniformly heated. 

of the strip could be considered as being very small. It is the opinion 
that these assumptions are not far removed from real conditions and 
the results obtained by using this theory can be considered as a useful 
guide in choosing the dimensions of thermostats and in discussing the 
stresses occurring in bi-metallic strips during operation. 

1. Deflection of a bi-metal strip while uniformly heated. Let a narrow 
strip consisting of two metals welded together be uniformly heated from 
to0 to t°C. If the coefficient of linear expansion of these metals be 
different the heating will produce bending of the strip. 
Let α1 and α2 denote the coefficients of expansion of the two metals 
(l)and(2), (see Fig. 1). 
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“Due to the fact that there are not external forces 
acting on the strip, all forces acting over any cross-
section of the strip must be in equilibrium”
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direction.. By using these equations the dimensions of the thermostat 
for a given temperature of operation and a given complete range of 
temperature can be calculated. The results obtained are based on 
certain ideal conditions. For example, it was assumed that the differ-
ence in the coefficients of expansion remained constant during heating, 
that the friction at the supports could be neglected and that the width 
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of the strip could be considered as being very small. It is the opinion 
that these assumptions are not far removed from real conditions and 
the results obtained by using this theory can be considered as a useful 
guide in choosing the dimensions of thermostats and in discussing the 
stresses occurring in bi-metallic strips during operation. 

1. Deflection of a bi-metal strip while uniformly heated. Let a narrow 
strip consisting of two metals welded together be uniformly heated from 
to0 to t°C. If the coefficient of linear expansion of these metals be 
different the heating will produce bending of the strip. 
Let α1 and α2 denote the coefficients of expansion of the two metals 
(l)and(2), (see Fig. 1). 
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1. Equilibrium Condition
“Due to the fact that there are not external forces 
acting on the strip, all forces acting over any cross-
section of the strip must be in equilibrium”
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2. Compatibility Condition
“On the bearing surface of both metals the unit 
elongation occurring in the longitudinal fibres of 
metals (1) and (2) must be equal.”

Timoshenko, J. Opt. Soc.  Am. 11 233 (1925)
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A Brief Primer on Curvature

Gaussian (Intrinsic) Curvature:
Stretching energy

K<0 K>0

Mean (Extrinsic) Curvature:

Bending energy

H=0 H<0



A Geometric Model

Aharoni, Sharon, Kupferman, PRL 113 257801 (2014)
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2. Compatibility Condition
“On the bearing surface of both metals the unit 
elongation occurring in the longitudinal fibres of 
metals (1) and (2) must be equal.”

1. Equilibrium Condition
“Due to the fact that there are not external forces 
acting on the strip, all forces acting over any cross-
section of the strip must be in equilibrium”
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Controlling Gaussian Curvature
K>0
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Controlling Mean Curvature

h = 1.25 mm h = 0.75 mm h = 0.5 mm

2.5 mm

κ = 3/2(α₁-α₂)/h = 0.45/h mm⁻¹

κ = 0.36 mm⁻¹ κ = 0.6 mm⁻¹ κ = 0.9 mm⁻¹
predicted
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To Twist or Not To Twist, That is the Question

Bottom Layer:  0°
Top Layer:  90°

Bottom Layer:  -45°
Top Layer:  45°
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mirror rotation by 180°
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Forty 4D Folding Flowers
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Reversibility

cooling

heating

Replace PDMA with PNIPA

PNIPA undergoes a hydrophilic-hydrophobic transition at 40°C.
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Forty 4D Folding Flowers

funnel

helicoids

ruffles

S-shaped
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Left-handed or Right-handed?
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Left-handed or Right-handed?

Left-handed

bottom top

Right-handed

bottom top
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Programming Local Curvatures
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Conclusions and Future Directions
• 3D printing hydrogel ink + cellulose nanofibrils simultaneously encodes anisotropy 

in swelling and elastic modulus.  Complexity is free with additive manufacturing 
techniques.

• Local swelling anisotropy in a bilayer system generates curvature.
• Elasticity theory of anisotropic plates and shells allows us to predict mean and 

Gaussian curvatures.
• The inverse problem:  How may we design print paths associated with specific 

target surfaces?
• Platform technology can be used with multi-stimuli responsive inks: light, 

temperature, electric field, hydration.
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