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PDFs Whitepapers

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

M. Constantinou, L. Del Debbio, X. Ji, H. Lin, K. Liu, C. Monahan, K. Orginos, 

P.  Petreczky, J. Qiu, D. Richards, N. Sato, P. Shanahan, C.-P. Yuan, J. Zhang, Y. Zhao
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§ Proton Structure at the Precision Frontier
 Coordinated by Maria Ubiali, Radja Boughezal, Stefan Hoeche, Pavel 

Nadolsky & HL

§ Electron-Ion Collider for High-Energy Physics
 Coordinated by EF05/EF06/EF07 conveners, led by Swagato

Mukherjee

§ Lattice-QCD Calculations of Parton Physics
 Coordinated by Zohreh Davoudi and HL (2202.07193)

https://arxiv.org/pdf/2202.07193.pdf


Open Questions
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§ What is the best approach to reduce systematic uncertainties in LHC 
measurements to achieve the accuracy of PDFs envisioned by 
electroweak precision studies at the high-luminosity LHC?

§ What is the feasible strategy for obtaining accurate PDFs for N3LO QCD 
computations? Which theoretical advances and computational tools 
will be necessary?

§ How does the knowledge of hadron structure affect measurements of 
the QCD coupling constant in various processes?

§ When do power-suppressed contributions to the hadron structure 
become important in NXLO QCD calculations? What are the best 
approaches to predict or measure them?

§ How can the LHC, LHeC, and FCC improve our knowledge of the 3-
dimensional structure of nucleons and nuclei?

§ Complete list on https://snowmass21.org/energy/forward_qcd

https://snowmass21.org/energy/forward_qcd


PDFs from Global Fits 

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution

 Assumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥

§ Experiments cover diverse kinematics of parton variables
 Global analysis takes advantage of all data sets

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑
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Lattice PDFs 2013 
§ Traditional lattice calculations rely on

operator product expansion, only provide moments
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From Charges to PDFs
§ Improved transversity distribution with LQCD gT
 Global analysis with 12 extrapolation forms: 𝑔𝑇 = 1.006(58)

 Use to constrain the global-analysis fits to
SIDIS 𝜋± production data from proton and deuteron targets

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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Lattice Parton Method
§ Large-momentum effective theory (LaMET)/Quasi-PDF

(X. Ji, 2013; See 2004.03543 for review)
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§ Compute quasi-distribution via

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
𝑑𝑧
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X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

§ Recover true distribution (take Pz → ∞ limit)
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Lattice Parton Method
§ Short-distance factorization (SDF) 
 Pseudo-PDF method (A. Radyushkin, 2017) 

 Hadronic tensor currents

(Liu et al., hep-ph/9806491, ... 1603.07352) 

 Lattice cross-section method (LCS) 
(Y Ma and J. Qiu, 2014, 2017)

 Euclidean correlation functions 
(RQCD, 1709.04325)

 Compton amplitude approach (QCDSF, 1703.01153)
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that can be 
calculated 

on the lattice
today

Wanted 
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etc.

pQCD-
calculated 

kernel

11



 Large momentum is needed in the lattice calculations in all 
methods to reach small-x region

 Current projects focus on 𝑥 ∈ 0.3,0.8 (for 2-GeV boosted hadron)

 Kernel is a complicated object;
mostly current calculations used up to one-loop level   

 SDF suffers Inverse problem to extract the wanted distribution
 LaMET requires to reach large Wilson-line displacement 

Lattice Parton Method
§ Differences and similarity 

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,

etc.

pQCD-
calculated 

kernel

12



Lattice Parton Calculations
§ Rapid developments!

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023

First unpol. PDF 
lattice calculation

First lattice 
pseudo-PDFs

Hadronic tensor 
Compton 
amplitude

Euclidean correlation 
functions 

LCS
Pol. PDFs and 
mass corrections 
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Results at Physical Pion Mass
§ Summary of results at physical pion mass

1708.05301 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)

LaMET
SDF
LaMET
SDF

Finite volume, 
Discretization,
…𝒖𝒗(𝒙) − 𝒅𝒗(𝒙)

2006.08636, PDFLattice2019 report
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Systematics Study

ETMC, 2011.00964

§ Lattice discretization study examples  
𝑀𝜋 ≈ 𝟒𝟒𝟎 MeV (2f)
a≈[0.048, 0.075 ] fm

HadStruc, 

2105.13313

𝑀𝜋≈ 𝟑𝟕𝟎 MeV (2+1+1f)
𝑎 ≈ [0.064,0.093] fm

𝑀𝜋≈ [𝟏𝟑𝟓, 𝟑𝟏𝟎] MeV (2+1+1f)
𝑎 ≈ [0.06,0.12] fm

MSULat, 

2011.14971
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𝑀𝜋≈ 𝟑𝟏𝟎 MeV (2+1+1f)
𝑎 ≈ 0.042 fm

BNL/MSU, 

2005.12015 

ETMC, 

2011.00964
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Systematics Study

MSULat, PRD 

100 (2019) 7, 074502

unpolarized qPDF

§ Finite-volume study 
𝑀𝜋≈ 𝟐𝟐𝟎 MeV (2+1+1f)

𝐿 ≈ 2.9, 3.8, 4.8 fm

𝑀𝜋 ≈ 𝟒𝟏𝟓 MeV (2+1f)
𝐿 ≈ 3, 4.5 fm

HadStruc, JHEP 12 (2019) 081

§ Lattice artifacts are sensitive to the simulated QCD vacuum
 Each group will have to check their own systematics carefully  

pseudo-PDFLaMET
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Other Lattice Progress 
§ Exploratory study on strange, charm and gluon PDFs 

§ Many approaches are moving to the NNLO level 
 Expect to see more improved lattice calculations 

§ Beyond the standard twist-2 collinear PDFs 
 Generalized parton distributions (GPDs) for

the pion and unpolarized/polarized nucleon 

 Transverse-momentum– dependent distributions (TMDs)
 Collins-Soper kernel, soft function and wavefunctions 

 Twist-3 PDFs and GPDs 

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

For more details and references, refer to 2202.07193
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Challenges 
§ Large momentum is essential
 With sufficient statistics nucleons may reach 5 GeV

§ Renormalization of linear divergence 
 Wilson-line ops have linear divergences that must be subtracted

§ Methods for signal-to-noise improvement 
 Gluonic observables,  new ideas for large momentum 

§ Inverse problems PDF extraction in SDF 
 Remove the model/preconditioner-choice dependence 

§ Reaching long-range correlations in LaMET
 For small-x physics, new methods for calculating longer-range 

correlations must be developed
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Computational Challenges 
§ Wanted lattice calculations in the next few years for 

isovector nucleon PDFs  
 a = 0.05 fm (corresponding to 𝑎−1 ≈ 4 GeV)

𝑀𝜋 ≈ 139 MeV with  at least 𝑀𝜋L = 3

(L = 4.5 fm , L/a ≈ 90) 

 We need nucleon momenta of P ≈ 2.6 GeV 

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

§ Flavor-dependent PDFs more challenging to overcome
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Interplay with Experimental Data
§ Flavor separation of unpolarized and polarized PDFs
 Strange contribution, d/u ratio at large x, …

§ Spin-dependent PDFs 
 Helicity PDFs and transversity PDFs provide unique insights on 

the spin structure of nucleons.

§ Complementary to TMD phenomenology
 LQCD to provide fundamental quantities such as the CS kernel 

in the nonperturbative regime

§ Realistic three-dimensional images of nucleon
 Lattice calculations, in fact, allow us to explore all of the 

kinematic dependence, x, 𝜉, and t

And more…

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP 20



Summary and Outlook
§ Exciting era using LQCD to study PDFs

§ Overcoming longstanding limitations of moment method
 Bjorken-x dependence of parton distributions are widely studied
 More study of systematics planned for the near future
 Start to address neglected disconnected contributions

obtaining flavor-dependent quantities 

§ Precision and progress are limited on resources
 Challenges = new opportunities quantities 

§ Until next Snowmass for precision PDFs 
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Backup Slides

22



Parton Distribution Functions
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Global PDF point of view…

Slide by M. Ubiali
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PDF-Related Topics in Snowmass
§ Limited to the lowest few moments

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP 24

Slide by P. Nadolsky



Connection with EIC

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

Slide by Tim 

Hobbs; check 

more details for 

his talks at #92
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Systematics Study

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

B. Joo et al  (Jlab/W&M) 1908.09771, JHEP 12 (2019) 081

§ Finite-volume study in unpolarized pseudo-PDFs
 2+1f clover, 𝑀𝜋 ≈ 𝟒𝟏𝟓 MeV, 𝑎 ≈ 0.127 fm

 Two volumes used: 𝐿 ≈ 3, 4.5 fm

§ Also see strong
lattice-spacing dependence

§ Lattice artifacts are sensitive to the simulated QCD vacuum
 Each group will have to check their own systematics carefully  

unpolarized pPDF

unpolarized pPDF
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Physical Pion Mass Results
§ Quasi-PDF: two collaborations’ results at physical pion mass 
 Boost momenta 𝑃𝑧 ≤ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

Not using parametrization (e.g. 𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥 )

Less pretty results; 
less likely to exactly coincide with global fits. 
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Physical Pion Mass Results
§ Quasi-PDF: two collaborations’ results at physical pion mass 
 Boost momenta 𝑃𝑧 ≤ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

Not using parametrization (e.g. 𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥 )

Less pretty results; 
less likely to exactly coincide with global fits. 

Updated results at
physical pion mass

1803.04393 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

1708.05301 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)

2006.08636, PDFLattice2019 report

𝒙

Finite volume, 
Discretization,
…

qPDF
pPDF
qPDF
pPDF
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

ഥ𝒅(𝒙) − ഥ𝒖(𝒙)
qPDF
pPDF
qPDF

2006.08636, PDFLattice2019 report

Finite volume, 
Discretization,
…
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Physical Pion Mass Results
§ Summary of physical pion mass results
 Recent study increase boost momenta 𝑃𝑧 > 3 GeV

ഥ𝒅(𝒙) − ഥ𝒖(𝒙)

2006.08636, PDFLattice2019 report

Finite volume, 
Discretization,
…

qPDF
pPDF
qPDF
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Polarized PDFs
§ Summary of physical pion mass results
 Quasi-PDF method only 

Helicity
long. polarized

Finite volume, 
Discretization,
…

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

𝚫 ഥ𝒖 𝒙 − 𝚫 ഥ𝒅(𝒙)

2006.08636, PDFLattice2019 report
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Polarized PDFs
§ Summary of physical pion mass results
 Quasi-PDF method only 

Helicity
long. polarized

Finite volume, 
Discretization,
…

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

𝚫 ഥ𝒖 𝒙 − 𝚫 ഥ𝒅(𝒙)

2006.08636, PDFLattice2019 report
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Polarized PDFs
§ Summary of physical pion mass results
 Quasi-PDF method only 

Finite volume, 
Discretization,
…

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)
Transversity

𝞭 ഥ𝒅 𝒙 − 𝞭 ഥ𝒖(𝒙)

2006.08636, PDFLattice2019 report
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Polarized PDFs
§ Summary of physical pion mass results
 Quasi-PDF method only 

Finite volume, 
Discretization,
…

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)
Transversity

𝞭 ഥ𝒅 𝒙 − 𝞭 ഥ𝒖(𝒙)

2006.08636, PDFLattice2019 report
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First Lattice Strange PDF
§ Large uncertainties in global PDFs 

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

CTEQ-JLAB https://www.jlab.org/theory/cj/ 

 Assumptions imposed due 
to lack of precision data 

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑

Slide by Rui Zhang @ DNP2020

Rui Zhang
(MSU)
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First Lattice Charm PDF
§ Large uncertainties in global PDFs 

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

2005.12015, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 

Rui Zhang
(MSU)
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678 MeV
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Gluon PDF in Nucleon
§ Pioneering first glimpse into gluon PDF using LaMET 
 Lattice details: overlap/2+1DWF, 0.16fm, 340-MeV sea pion mass

 Study strange/light-quark

 Promising results using coordinate-space 

comparison, but signal does not go far in z

 Hard numerical problem to be solved 

Fan. et al, Phys.Rev.Lett. 121, 242001 (2018)

340 MeV

(plot by Zhouyou Fan) 
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Gluon PDF in Nucleon
§ Gluon PDF using pseudo-PDF
 Lattice details: clover/2+1+1 HISQ 0.12 fm, 

310-MeV sea pion

 Study strange/light-quark

Z. Fan. et al (MSULat), 

2007.16113

Slide by Zhouyou Fan @ DNP 2020 G: Zhouyou Fan
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First Continuum PDF

Huey-Wen Lin — Snowmass Theory Frontier Conference @ KITP

§ Nucleon PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

a ≈ {0.06,0.09,0.12} fm, 

Mπ ∊ {135,220,310}-MeV pion, 

MπL ∊{3.3, 5.5}.

𝑃𝑧 ≈ 2 GeV

 Naïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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First Continuum PDF
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§ Nucleon PDFs using quasi-PDFs in the continuum limit 
 Lattice details: clover/2+1+1 HISQ (MSULat)

a ≈ {0.06,0.09,0.12} fm, 

Mπ ∊ {135,220,310}-MeV pion, 

MπL ∊{3.3, 5.5}.

𝑃𝑧 ≈ 2 GeV

 Naïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFs at physical pion mass  
 Lattice details: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon quasi-GPD results

𝑞 𝑥, 𝑏 = න
𝑑 Ԧ𝑞

2𝜋 2
𝐻 𝑥, 𝜉 = 0, 𝑡 = −Ԧ𝑞2 𝑒𝑖𝑞⋅𝑏
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finite-volume, 
discretization,
…
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M. Burkardt, 

hep-ph/0207047

HL (MSULat), 2008.12474



Nucleon Polarized GPDs
§ Helicity GPD (෩𝐻 )using quasi-PDFs at physical pion mass  
 MSULat: clover/2+1+1 HISQ

0.09 fm, 135-MeV pion mass, 𝑃𝑧 ≈ 2 GeV

 𝜉 = 0 isovector nucleon (quasi-)GPD results
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“Extrap”:

X. Ji et al, 2008.03886

HL (MSULat), 2110.06779


