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Dirac and Weyl fermions

Physics “accesible” at very high 

energies and temperatures

(mass comparatively negligible):


Quark-gluon plasma

• early universe

• heavy ion collisions

High energy labs

1. Massless fermions in (3+1) dimensions are  4 component Dirac

spinors which split into two 2 component Weyl fermions  of

well defined chirality.


2. These Weyl have very special properties (chiral anomaly).


3. There are no Weyl fermions as free particles (neutrinos have mass).

H = ±vF
!σ .!p (1929)
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 Weyl fermions in condensed matter

Effective low energy description around band crossings in 3D crystals.

They exist! 

See coming talks on 
new materials

Special	issue
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Symmetries and anomalies

Noether theorem: a continuum symmetry of the action 

implies a conserved current and a conserved charge.
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Quantum anomaly: the classical action is invariant under a symmetry 

transformation that can not stay after quantization.



Chiral anomaly

Action classically invariant under independent 

L and R rotations: 

Ψ L,R → eiα L ,RΨ L,R

j5
µ = Ψγ µγ 5Ψ , Q5= j5

0∫ (x)d(x)jµ = Ψγ µΨ , Q = j0∫ (x)d(x)

Axial	current.
Axial	charge:	

The quantum system can not keep both: axial 

charge not conserved in the presence of an

external electromagnetic potential A.

∂µ Jµ
A = 1

4π 2

!
E.
!
B
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∂µ  →  ∂µ+ ieAµ

Ψ = ΨL( ,ΨR )

Electric	(vector)	current.

Electric	charge:	 e	(NL+N	R) e	(NL-N	R)

  
L =  Ψγ µ∂µΨ , Ψ=γ oΨ+  

Two conserved currents: JL,R.          Define JV,A = J±JR
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Dirac versus non-relativistic
Behavior in magnetic field (a digression)

Very important: 
Zero Landau level: (1+1) chiral fermion 

ε± (k) = ±vk

Ωc = vF 2eB
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Physical consequences

(anomay-induced transport phenomena)

 dQ5

dt
= e2

2π 2

!
E ⋅
!
B

Q5 = NL − NR
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∂µ J5
µ = 1

2π 2

!
E.
!
B⇒ Charge is pumped from L to R points

The	Adler-Bell-Jackiw	anomaly	and	Weyl	fermions	in	a	crystal,	Phys.	Lett.	B’83

It	generates	large	negative	MR	locked	to	the	B	field.	

New	J.	Phys.	19	(2017)	015005

A good discussion on the experimental situation in Ong’s talk at



Anomaly related transport

The quark-gluon plasma
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• Chiral magnetic effect:                      

• Axial magnetic effect:                            

• Chiral vortical effect:

• Chiral separation effect:

!
J = µ5

2π 2

!
B

Jε = µ2 + µ2
5

4π 2 B5

!
J = µ5

2π 2

!
B

!
J = µ5µ

π 2

!ω

!
J5 = − eµ

π 2

!
B

No axial gauge fields in particle physics
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Chiral anomaly with axial gauge fields
The AAA triangle anomaly

No axial fields in particle physics

How to promote b to a dynamical field?

1. Elastic deformations of  the lattice

2. Boundaries

3. Non-uniform magnetization

The nodes separation acts as a (constant) axial gauge field A nice review 

1903.11088See talk by R. Ilan 
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Axial magnetic  effect

b0:	Energy	separation	
bi:	k	separation.		b(x)	!	B5(x).	

S = d 4kΨk∫ (γ µkµ − bµγ
µγ 5 )Ψk

S = d 4kΨk∫ (γ µkµ − bµγ
µγ 5 )Ψk

Experimental confirmation of the gravitational  anomaly? 

Cortijo,	Grushin,	Landsteiner,	MAHV,	PRB	89,	081407R	(2014)

Generation	of	an	energy	current	in	the	direction	of	an		
axial	magnetic	field.	

(From boundaries)



�13

Axial gauge fields from strain

Opposite	signs	at	opposite	chiralities:	Axial	gauge	field										

A0
el ∼ βb0tr(u)

Elastic gauge field  Ai
5 ≈ uijbj

S0 = d 4kΨk∫ γ µ[kµ − βγ
5Aµ (x)]Ψk !

b
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A	tight	binding	derivation	provides	values	for	the	coupling.		
A.	Cortijo,	Y.	Ferreiros,	K.	Landsteiner,	M.V.,		
•	Elastic	gauge	fields	in	Weyl	semimetals	PRL	115,	177202	(2015).	
•	Visco	elasticity	in	2D	materials,	2D	Materials	3,	011002	(2016).

In	the		presence	of	b0 get	a	new	Α0 component	(not	present	in	graphene)

A.	Cortijo,	D.	Kharzeev,	K.	Landsteiner,	M.V.		
Strain-induced	CME	in	Weyl	semimetals,	PRB94	(R)		(2016).	

A	complete	list	of	couplings:	Rotational	strain	in	WSM:	A	continuum	approach,	V.	Arjona,	MV	,	PRB97(R)		(2018).		

(Effective action) Building blocks  

σ i , k j , uij ,  bi
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WSM straintronics (theory)

And a long etc. including bosonic analogs: magnons, phonons, photons..
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Experimental evidence?

arXiv:1903.06224

!
B5 =

!
∇×
!
A5

Landau levels from strain
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 Hydro aspects of Dirac matter

Fermi liquids in ultrapure crystalsτee	>>τany
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Collective modes in chiral fluids
2011

!
J = µ5

2π 2

!
B

!
J5 =

µ
2π 2

!
B

I. Shovkovy et al, arXiv 1811:10635                     

M.	Chernodub,	JHEP	2016

(STAR Collaboration)

Hybridization with standard EM wave-> 
                  CMW diffusive.

CME CSE
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Chiral sound wave

Chiral	sound	waves	in	strained	Weyl	semimetals		M.	Chernodub,	M.	V.	arXiv:1904.09113

∂µ j5
µ = 1

3
1

2π 2 E5. B5

Static torsional strain and dynamical longitudinal phonons

Unidirectional chiral wave.

!u = θz !r × ẑ( ) u13 = θy ; u23 = −θx .  
!
Ai
5 = uijbj .

!
A5 = b(θy,−θx,0) . B3

5 = bθ  .

• Not direct coupling to em fields.  

• Damping regulated by τ5.

Static torsional strain induces a constant B5 along the rod1 

1.	Pikulin	et	al,	PRX	(2016).
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Experimental signature
It mixes with standard acoustic phonons

Change θ and measure asymmetry in the phonon branches

Chiral thermal transport? 

M.	Baggioli,	M.	Chernodub,	K.	Landsteiner,	M.	V.	work	in	progress

Very preliminary  results!!
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Other very interesting new developments:

ScIentIFIc ReportS | (2018) 8:15236
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Weyl crystals

AnomaliesAxial gauge 
fields

QFT

Boundaries

Elastic deformations

Magnetic moments

New transport

phenomena

Chiral waves

Hydro

Elasticity
Effective

actions
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Condensed matter

solid state+stat. physics

Hydrodynamics Relativity and

cosmology

Plasma physics

Quantum field theory

particle physics

Elasticity

String theory

(holography)

ADS/CMT


DIRAC MATTER

grand unification

The	big	picture


