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Figure 1. Non-local measurement geometry. (a) Schematic representation of the experimental 
geometry. A charge current I through the left platinum strip (the injector) generates a spin accumulation 
at the Pt|YIG interface through the spin Hall effect. Via the exchange interaction at the interface, 
angular momentum is transferred to the YIG, exciting or annihilating magnons. The magnons then 
diffuse towards the right platinum strip (the detector), where they are absorbed and a spin 
accumulation is generated. Via the inverse spin Hall effect the spin accumulation is converted to a 
charge voltage V, which is measured. (b) Schematic of the magnon creation and absorption process. A 
conduction electron in the platinum scattering off the Pt|YIG interface transfers spin angular 
momentum to the YIG. This will flip its spin and create a magnon. The reciprocal process occurs for 
magnon absorption. (c) Optical microscope image of a typical device. The parallel vertical lines are the 
platinum injector and detector, which are contacted by gold leads. Current and voltage connections are 
indicated schematically. An external magnetic field B is applied under an angle a. The scale bar 
ƌĞƉƌĞƐĞŶƚƐ�ϮϬ�ʅŵ͘ 

metal pure spin current  
converted into voltagecharge current converted 

into pure spin current 
magnetic  
insulator

L.J. Cornelissen et al.,  
Nature (2015)

L.J. Cornelissen et al., PRB (2016)

hard to extract bulk properties due to interfacial charge-spin interconversion

direct bulk probe needed



Hamiltonian invariant under rotations in spin space

s(~r)

equilibrium k ẑsz
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conserved? 

Spin non-conserving interactions with the lattice 
(i.e., magnon-phonon coupling) always present

sz(~r) = s� a†(~r)a(~r)
<latexit sha1_base64="fkxBKN6wMCytCRTZt14QLHrfVCo=">AAACGXicbZDJSgNBEIZ74hbjFvXopTEI8WCYEUEvQtCLxwhmgSSGmk4ladKz0N0TiENew4uv4sWDIh715NvYSQaXxB8aPv6qorp+NxRcadv+tFILi0vLK+nVzNr6xuZWdnunooJIMiyzQASy5oJCwX0sa64F1kKJ4LkCq27/clyvDlAqHvg3ehhi04OuzzucgTZWK2urVnw3yjcGyGI5OjxXR3AbN9rQ7aL8sSl8Yyubswv2RHQenARyJFGplX1vtAMWeehrJkCpumOHuhmD1JwJHGUakcIQWB+6WDfog4eqGU8uG9ED47RpJ5Dm+ZpO3N8TMXhKDT3XdHqge2q2Njb/q9Uj3TlrxtwPI40+my7qRILqgI5jom0ukWkxNABMcvNXynoggWkTZsaE4MyePA+V44Jj+PokV7xI4kiTPbJP8sQhp6RIrkiJlAkj9+SRPJMX68F6sl6tt2lrykpmdskfWR9fpB+gqQ==</latexit><latexit sha1_base64="fkxBKN6wMCytCRTZt14QLHrfVCo=">AAACGXicbZDJSgNBEIZ74hbjFvXopTEI8WCYEUEvQtCLxwhmgSSGmk4ladKz0N0TiENew4uv4sWDIh715NvYSQaXxB8aPv6qorp+NxRcadv+tFILi0vLK+nVzNr6xuZWdnunooJIMiyzQASy5oJCwX0sa64F1kKJ4LkCq27/clyvDlAqHvg3ehhi04OuzzucgTZWK2urVnw3yjcGyGI5OjxXR3AbN9rQ7aL8sSl8Yyubswv2RHQenARyJFGplX1vtAMWeehrJkCpumOHuhmD1JwJHGUakcIQWB+6WDfog4eqGU8uG9ED47RpJ5Dm+ZpO3N8TMXhKDT3XdHqge2q2Njb/q9Uj3TlrxtwPI40+my7qRILqgI5jom0ukWkxNABMcvNXynoggWkTZsaE4MyePA+V44Jj+PokV7xI4kiTPbJP8sQhp6RIrkiJlAkj9+SRPJMX68F6sl6tt2lrykpmdskfWR9fpB+gqQ==</latexit><latexit sha1_base64="fkxBKN6wMCytCRTZt14QLHrfVCo=">AAACGXicbZDJSgNBEIZ74hbjFvXopTEI8WCYEUEvQtCLxwhmgSSGmk4ladKz0N0TiENew4uv4sWDIh715NvYSQaXxB8aPv6qorp+NxRcadv+tFILi0vLK+nVzNr6xuZWdnunooJIMiyzQASy5oJCwX0sa64F1kKJ4LkCq27/clyvDlAqHvg3ehhi04OuzzucgTZWK2urVnw3yjcGyGI5OjxXR3AbN9rQ7aL8sSl8Yyubswv2RHQenARyJFGplX1vtAMWeehrJkCpumOHuhmD1JwJHGUakcIQWB+6WDfog4eqGU8uG9ED47RpJ5Dm+ZpO3N8TMXhKDT3XdHqge2q2Njb/q9Uj3TlrxtwPI40+my7qRILqgI5jom0ukWkxNABMcvNXynoggWkTZsaE4MyePA+V44Jj+PokV7xI4kiTPbJP8sQhp6RIrkiJlAkj9+SRPJMX68F6sl6tt2lrykpmdskfWR9fpB+gqQ==</latexit><latexit sha1_base64="fkxBKN6wMCytCRTZt14QLHrfVCo=">AAACGXicbZDJSgNBEIZ74hbjFvXopTEI8WCYEUEvQtCLxwhmgSSGmk4ladKz0N0TiENew4uv4sWDIh715NvYSQaXxB8aPv6qorp+NxRcadv+tFILi0vLK+nVzNr6xuZWdnunooJIMiyzQASy5oJCwX0sa64F1kKJ4LkCq27/clyvDlAqHvg3ehhi04OuzzucgTZWK2urVnw3yjcGyGI5OjxXR3AbN9rQ7aL8sSl8Yyubswv2RHQenARyJFGplX1vtAMWeehrJkCpumOHuhmD1JwJHGUakcIQWB+6WDfog4eqGU8uG9ED47RpJ5Dm+ZpO3N8TMXhKDT3XdHqge2q2Njb/q9Uj3TlrxtwPI40+my7qRILqgI5jom0ukWkxNABMcvNXynoggWkTZsaE4MyePA+V44Jj+PokV7xI4kiTPbJP8sQhp6RIrkiJlAkj9+SRPJMX68F6sl6tt2lrykpmdskfWR9fpB+gqQ==</latexit>

magnon number operator

magnon number not conserved= nBE(✏, T )
<latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit>

= nBE(✏, T, µ)
<latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit>

magnon number quasi-conserved

ha†(~r)a(~r)i
<latexit sha1_base64="bNeE6ArIGuETQKJ3Vl248m7VOh0=">AAACGXicbZBNS8NAEIY3flu/qh69LBahXkoigh6LXjwqWC00tUy203Rxswm7m0IJ+Rte/CtePCjiUU/+G7dtQG19YeHhnRlm5w0SwbVx3S9nbn5hcWl5ZbW0tr6xuVXe3rnRcaoYNlgsYtUMQKPgEhuGG4HNRCFEgcDb4P58VL8doNI8ltdmmGA7glDyHmdgrNUpu74AGQqkcJf5XQhDVHnVHyDLVH5I4Qd9NenrlCtuzR2LzoJXQIUUuuyUP/xuzNIIpWECtG55bmLaGSjDmcC85KcaE2D3EGLLooQIdTsbX5bTA+t0aS9W9klDx+7viQwirYdRYDsjMH09XRuZ/9VaqemdtjMuk9SgZJNFvVRQE9NRTLTLFTIjhhaAKW7/SlkfFDBjwyzZELzpk2fh5qjmWb46rtTPijhWyB7ZJ1XikRNSJxfkkjQIIw/kibyQV+fReXbenPdJ65xTzOySP3I+vwHtRKA3</latexit><latexit sha1_base64="bNeE6ArIGuETQKJ3Vl248m7VOh0=">AAACGXicbZBNS8NAEIY3flu/qh69LBahXkoigh6LXjwqWC00tUy203Rxswm7m0IJ+Rte/CtePCjiUU/+G7dtQG19YeHhnRlm5w0SwbVx3S9nbn5hcWl5ZbW0tr6xuVXe3rnRcaoYNlgsYtUMQKPgEhuGG4HNRCFEgcDb4P58VL8doNI8ltdmmGA7glDyHmdgrNUpu74AGQqkcJf5XQhDVHnVHyDLVH5I4Qd9NenrlCtuzR2LzoJXQIUUuuyUP/xuzNIIpWECtG55bmLaGSjDmcC85KcaE2D3EGLLooQIdTsbX5bTA+t0aS9W9klDx+7viQwirYdRYDsjMH09XRuZ/9VaqemdtjMuk9SgZJNFvVRQE9NRTLTLFTIjhhaAKW7/SlkfFDBjwyzZELzpk2fh5qjmWb46rtTPijhWyB7ZJ1XikRNSJxfkkjQIIw/kibyQV+fReXbenPdJ65xTzOySP3I+vwHtRKA3</latexit><latexit sha1_base64="bNeE6ArIGuETQKJ3Vl248m7VOh0=">AAACGXicbZBNS8NAEIY3flu/qh69LBahXkoigh6LXjwqWC00tUy203Rxswm7m0IJ+Rte/CtePCjiUU/+G7dtQG19YeHhnRlm5w0SwbVx3S9nbn5hcWl5ZbW0tr6xuVXe3rnRcaoYNlgsYtUMQKPgEhuGG4HNRCFEgcDb4P58VL8doNI8ltdmmGA7glDyHmdgrNUpu74AGQqkcJf5XQhDVHnVHyDLVH5I4Qd9NenrlCtuzR2LzoJXQIUUuuyUP/xuzNIIpWECtG55bmLaGSjDmcC85KcaE2D3EGLLooQIdTsbX5bTA+t0aS9W9klDx+7viQwirYdRYDsjMH09XRuZ/9VaqemdtjMuk9SgZJNFvVRQE9NRTLTLFTIjhhaAKW7/SlkfFDBjwyzZELzpk2fh5qjmWb46rtTPijhWyB7ZJ1XikRNSJxfkkjQIIw/kibyQV+fReXbenPdJ65xTzOySP3I+vwHtRKA3</latexit><latexit sha1_base64="bNeE6ArIGuETQKJ3Vl248m7VOh0=">AAACGXicbZBNS8NAEIY3flu/qh69LBahXkoigh6LXjwqWC00tUy203Rxswm7m0IJ+Rte/CtePCjiUU/+G7dtQG19YeHhnRlm5w0SwbVx3S9nbn5hcWl5ZbW0tr6xuVXe3rnRcaoYNlgsYtUMQKPgEhuGG4HNRCFEgcDb4P58VL8doNI8ltdmmGA7glDyHmdgrNUpu74AGQqkcJf5XQhDVHnVHyDLVH5I4Qd9NenrlCtuzR2LzoJXQIUUuuyUP/xuzNIIpWECtG55bmLaGSjDmcC85KcaE2D3EGLLooQIdTsbX5bTA+t0aS9W9klDx+7viQwirYdRYDsjMH09XRuZ/9VaqemdtjMuk9SgZJNFvVRQE9NRTLTLFTIjhhaAKW7/SlkfFDBjwyzZELzpk2fh5qjmWb46rtTPijhWyB7ZJ1XikRNSJxfkkjQIIw/kibyQV+fReXbenPdJ65xTzOySP3I+vwHtRKA3</latexit>

?
<latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit>

?
<latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit><latexit sha1_base64="ADiZDk2JZIfZeqlGwCbSoPIZGsY=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRm0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2bfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPYzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZF1bPcuKzUbvM4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDj9eMww==</latexit>

Transport and statistics in magnetic insulators

magnetic system with a symmetry axis (e.g.,    axis)ẑ
<latexit sha1_base64="JV0Jt4KHsrR68kDD3GkTcLJtH/8=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kSooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPItRGxesBpwv2IjpQIBaNorU5/TDF7mg2qNbfuzkVWwSugBoWag+pXfxizNOIKmaTG9Dw3QT+jGgWTfFbpp4YnlE3oiPcsKhpx42fzdWfkzDpDEsbaPoVk7v6eyGhkzDQKbGdEcWyWa7n5X62XYnjtZ0IlKXLFFh+FqSQYk/x2MhSaM5RTC5RpYXclbEw1ZWgTqtgQvOWTV6F9Ufcs31/WGjdFHGU4gVM4Bw+uoAF30IQWMJjAM7zCm5M4L86787FoLTnFzDH8kfP5A7NIj8s=</latexit><latexit sha1_base64="JV0Jt4KHsrR68kDD3GkTcLJtH/8=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kSooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPItRGxesBpwv2IjpQIBaNorU5/TDF7mg2qNbfuzkVWwSugBoWag+pXfxizNOIKmaTG9Dw3QT+jGgWTfFbpp4YnlE3oiPcsKhpx42fzdWfkzDpDEsbaPoVk7v6eyGhkzDQKbGdEcWyWa7n5X62XYnjtZ0IlKXLFFh+FqSQYk/x2MhSaM5RTC5RpYXclbEw1ZWgTqtgQvOWTV6F9Ufcs31/WGjdFHGU4gVM4Bw+uoAF30IQWMJjAM7zCm5M4L86787FoLTnFzDH8kfP5A7NIj8s=</latexit><latexit sha1_base64="JV0Jt4KHsrR68kDD3GkTcLJtH/8=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kSooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPItRGxesBpwv2IjpQIBaNorU5/TDF7mg2qNbfuzkVWwSugBoWag+pXfxizNOIKmaTG9Dw3QT+jGgWTfFbpp4YnlE3oiPcsKhpx42fzdWfkzDpDEsbaPoVk7v6eyGhkzDQKbGdEcWyWa7n5X62XYnjtZ0IlKXLFFh+FqSQYk/x2MhSaM5RTC5RpYXclbEw1ZWgTqtgQvOWTV6F9Ufcs31/WGjdFHGU4gVM4Bw+uoAF30IQWMJjAM7zCm5M4L86787FoLTnFzDH8kfP5A7NIj8s=</latexit><latexit sha1_base64="JV0Jt4KHsrR68kDD3GkTcLJtH/8=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kSooT/CiwdFvPp7vPlv3LQ5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrd5vfPItRGxesBpwv2IjpQIBaNorU5/TDF7mg2qNbfuzkVWwSugBoWag+pXfxizNOIKmaTG9Dw3QT+jGgWTfFbpp4YnlE3oiPcsKhpx42fzdWfkzDpDEsbaPoVk7v6eyGhkzDQKbGdEcWyWa7n5X62XYnjtZ0IlKXLFFh+FqSQYk/x2MhSaM5RTC5RpYXclbEw1ZWgTqtgQvOWTV6F9Ufcs31/WGjdFHGU4gVM4Bw+uoAF30IQWMJjAM7zCm5M4L86787FoLTnFzDH8kfP5A7NIj8s=</latexit>



Transport and statistics in magnetic insulators

magnon number not conserved= nBE(✏, T )
<latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit><latexit sha1_base64="CQl4njjQXwn5pCkvhrVbOdYp+E4=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIoJuxKIILiv0Bm0Ik+lJO3QyCTMToYbiq7hxoYhb38Odb+P0stDqDwMf/zmHc+YPEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyux/XmPUjFYlHTwwS8iPQECxkl2li+vXch/OzqZlTqQKIYj8Uxrh35dtEpOxPhv+DOoIhmqvr2Z6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZ5PoRPjROF4exNE9oPHF/TmQkUmoYBaYzIrqv5mtj879aO9XhuZcxkaQaBJ0uClOOdYzHUeAuk0A1HxogVDJzK6Z9IgnVJrCCCcGd//JfaJyUXcN3p8XK5SyOPNpHB6iEXHSGKugWVVEdUfSAntALerUerWfrzXqftuas2cwu+iXr4xv9+JRA</latexit>

= nBE(✏, T, µ)
<latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit><latexit sha1_base64="RlfTrMvojXqOVbDLhkUL+ZLB/3s=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoUIpMyLoRiyK4LJCb9AOQybNtKFJZkgyQhmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53By/iBmVGnH+bZyS8srq2v59cLG5tb2jr2711RRIjFp4IhFsh0gRRgVpKGpZqQdS4J4wEgrGN5M6q0HIhWNRF2PYuJx1Bc0pBhpY/n2waXw0+vbcalLYkVZJMqwXoZdnpz4dtGpOFPBRXAzKIJMNd/+6vYinHAiNGZIqY7rxNpLkdQUMzIudBNFYoSHqE86BgXiRHnp9IQxPDZOD4aRNE9oOHV/T6SIKzXigenkSA/UfG1i/lfrJDq88FIq4kQTgWeLwoRBHcFJHrBHJcGajQwgLKn5K8QDJBHWJrWCCcGdP3kRmqcV1/D9WbF6lcWRB4fgCJSAC85BFdyBGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7I+fwAyP5X8</latexit>

magnon number ``approximately” conserved

ha†(~r)a(~r)i
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nanometres of the system under study. In the decade since it was first proposed13,14 and implemented15,16, NV 
magnetometry has demonstrated a combination of capabilities that sets it apart from any other magnetic-
sensing technique: room-temperature single-electron17 and nuclear18 spin sensitivity, spatial resolution on the 
nanometre scale19, operation under a broad range of temperatures (from ~1 K to above room temperature20,21) 
and magnetic fields (from zero to a few Tesla22,23), and non-perturbative operation. However, only in the past 
few years has NV magnetometry begun to explore condensed matter systems.  
 

 

Figure 1. Probing condensed matter physics using NV magnetometry. a| The S=1 electron spin of the nitrogen-
vacancy (NV) defect in diamond is a point-like magnetic field sensor that can be optically initialized and read out 
through its spin-dependent photoluminescence. As shown in the energy level structure, the spin is pumped into 
the |0⟩ state by off-resonance optical excitation, the |±1⟩ excited states can decay non-radiatively through 
metastable singlet states, and the ground-state spin can be manipulated by microwave excitation. The spin 
state can be detected through the emitted fluorescence, which is higher for the |0⟩ state than for the |±1⟩ 
states. In the context of probing condensed matter systems, NV magnetometry has been used to study static 
magnetic textures such as domain walls and skyrmions, magnetic excitations such as spin waves in 
ferromagnets, static current distributions such as superconducting vortices and electrical noise currents in 
metals. b| The energy levels of the NV spin undergo a Zeeman splitting as a function of a magnetic field applied 
along the NV axis. c| NV centres can be brought within a few nanometer from the sample using different 
approaches. Three examples are shown: the sample can be fabricated directly on diamond36, a diamond 
nanostructure can be positioned on the sample109, or an NV centre can be used in a scanning-probe 
configuration21,71. ω±, electron spin resonance frequencies; ms, spin quantum number. Panel a is adapted from 
139,140. superconductive vortexes are courtesy of www.superconductivity.eu. 
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nanometres of the system under study. In the decade since it was first proposed13,14 and implemented15,16, NV 
magnetometry has demonstrated a combination of capabilities that sets it apart from any other magnetic-
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nanometre scale19, operation under a broad range of temperatures (from ~1 K to above room temperature20,21) 
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metastable singlet states, and the ground-state spin can be manipulated by microwave excitation. The spin 
state can be detected through the emitted fluorescence, which is higher for the |0⟩ state than for the |±1⟩ 
states. In the context of probing condensed matter systems, NV magnetometry has been used to study static 
magnetic textures such as domain walls and skyrmions, magnetic excitations such as spin waves in 
ferromagnets, static current distributions such as superconducting vortices and electrical noise currents in 
metals. b| The energy levels of the NV spin undergo a Zeeman splitting as a function of a magnetic field applied 
along the NV axis. c| NV centres can be brought within a few nanometer from the sample using different 
approaches. Three examples are shown: the sample can be fabricated directly on diamond36, a diamond 
nanostructure can be positioned on the sample109, or an NV centre can be used in a scanning-probe 
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Direct measurement of the ferromagnetic chemical potential 

�1m(!) / nBE

✓
~! � µ

kBT

◆

relaxation rate: �(!) / h{s
x,z

(~r
i

, t), s
x,z

(~r
j

, 0)}i
<latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit>

Quantum-impurity relaxometry as  
a single-quasiparticle probe
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Measurement of the chemical potential
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Fig. 1. Local control and measurement of the magnon chemical potential. (A) An NV spin 

locally probes the magnetic fields generated by magnons in a 20 nm-thick YIG film grown on a 

Gd3Ga5O12 ;GGG) substrate. (B) Sketch of the magnon dispersion and the magnon density at zero 

chemical potential, which falls off as 1/Energy (1/E) as indicated by the fading colors. (C) Driving 

at the ferromagnetic resonance increases the magnon chemical potential. The NV probes the 

magnon density at the electron spin resonance frequencies ɘേ. (D) Photoluminescence image 

showing a diamond nanobeam containing individually addressable nitrogen-vacancy sensor spins 

positioned on top of the YIG film. A 600 nm-thick Au stripline (false-colored yellow) provides 

microwave control of the magnon chemical potential and the NV spin states. A 10 nm-thick Pt 

stripline (false-colored grey) provides spin injection through the spin Hall effect. (E). Scanning 

electron microscope image of representative diamond nanobeams.  
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Excites FMR mode interplay between coherent/incoherent spin dynamics
B.F. et al., PRB (2016) 

Increase of magnon  
chemical potential 

First direct measurement  
of magnon chemical potential
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Antiferromagnetic insulators much more abundant in nature

Can we measure their chemical potential?

Antiferromagnetic chemical potential not rigorously defined !

C. Du et al., Science (2017)



Antiferromagnetic chemical potential
5

l · z = cos ✓. The NV center can be modelled as a single-
spin system with spin |SNV| = 1 (hence, with secondary
spin quantum number m

s

= 0, ±1) [8]. The latter cou-
ples, via Zeeman interaction, to the magnetostatic field
generated by the fluctuations of the antiferromagnetic
spin density s(r), which can be written as

B(rNV) = �NV

Z
d2r D(r, rNV)s(r) , (28)

where �NV and rNV = (0, 0, d) are, respectively, the gyro-
magnetic ratio and the position of the NV center, while
D is the tensorial magnetostatic Green’s function [21].
Up to leading order in perturbation theory, the cou-
pling between the NV-center spin and the magnetostatic
field (28) gives rise to the transitions m

s

= 0 $ ±1 at the
frequencies !± = �NV ±�H cos ✓, where �NV is the NV-
center zero-field splitting. The corresponding relaxation
rate is given by [22]
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Z 1
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⇥
4C

zz
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+C�+(k, !±) + C+�(k, !±)
⇤
, (29)

with f(✓) = (��̃)2(5 � cos 2✓)/64⇡. Here, C
mn

(k, !±) is
the real part of the Fourier transform of the spin-spin
correlator
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j

, 0)}i . (30)

For m, n = ±(z), the spin-spin correlator (30) describes
magnetic noise transverse (longitudinal) to the magnetic
symmetry axis ẑ. From Eqs. (7) and (9), one can see
that the transverse (longitudinal) spin-spin correlators
account for one (two)-magnon processes, i.e., C+�(k) /
↵†

k

, �†
k

(C
zz

(k) / ↵†
k

↵
k

, �†
k

�
k

). We set the NV frequency
in the region corresponding to a non-vanishing spectral
density of at least one antiferromagnetic mode, i.e., !± �
� � �H. The contribution of one-magnon excitations to
the relaxation rate dominates and we can neglect, in first
instance, multi-magnon processes [6,22]. In this limit,
Eq. (29) becomes
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Equation (31) shows that, when the resonance frequency
of the NV center equals the dispersion of one antiferro-
magnetic mode, the NV-center relaxation rate is directly
proportional to the distribution function of the latter,
and, thus, provides a measurement of the chemical po-
tential.
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k
<latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit>

µ > 0
<latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwKfgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wUcZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwKfgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wUcZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwKfgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wUcZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit><latexit sha1_base64="vbf6DDp8kmcuWwd4m/Xh97e6568=">AAAB7HicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNCFSMGNywpOW2iHkkkzbWiSGZKMUIY+gxsXirj1gdz5NqbtLLT1QODj3HvJvSdKBTfW875RaW19Y3OrvF3Z2d3bP6geHrVMkmnKApqIRHciYpjgigWWW8E6qWZERoK1o/HdrN5+YtrwRD3aScpCSYaKx5wS66ygJ7Nbr1+teXVvLrwKfgE1KNTsV796g4RmkilLBTGm63upDXOiLaeCTSu9zLCU0DEZsq5DRSQzYT5fdorPnDPAcaLdUxbP3d8TOZHGTGTkOiWxI7Ncm5n/1bqZja/DnKs0s0zRxUdxJrBN8OxyPOCaUSsmDgjV3O2K6YhoQq3Lp+JC8JdPXoXWRd13/HBZa9wUcZThBE7hHHy4ggbcQxMCoMDhGV7hDSn0gt7Rx6K1hIqZY/gj9PkDTuWOUg==</latexit>

drive
<latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit>

drive
<latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit><latexit sha1_base64="HoJiieD1oEDBR5Xhq/ZFhqBdHCY=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEInkoigh48FLx4rGA/oAlls5m2SzebsDspltC/4cWDIl79M978N27bHLT1hYWHd2aY2TdMpTDout/O2vrG5tZ2aae8u7d/cFg5Om6ZJNMcmjyRie6EzIAUCpooUEIn1cDiUEI7HN3N6u0xaCMS9YiTFIKYDZToC87QWr6P8IR5pMUYpr1K1a25c9FV8AqokkKNXuXLjxKexaCQS2ZM13NTDHKmUXAJ07KfGUgZH7EBdC0qFoMJ8vnNU3punYj2E22fQjp3f0/kLDZmEoe2M2Y4NMu1mflfrZth/ybIhUozBMUXi/qZpJjQWQA0Eho4yokFxrWwt1I+ZJpxtDGVbQje8pdXoXVZ8yw/XFXrt0UcJXJKzsgF8cg1qZN70iBNwklKnskreXMy58V5dz4WrWtOMXNC/sj5/AHCuZIf</latexit>

� + �H
<latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu/s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</latexit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu/s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</latexit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu/s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</latexit><latexit sha1_base64="ve1eFmzZ/IvXWKk9VgYwgX5exLQ=">AAAB+nicbZDLSgMxFIYzXmu9TXXpJlgEQSgzIujCRUEXXVawF+gM5UyaaUOTzJBklFL7KG5cKOLWJ3Hn25i2s9DWHwIf/zmHc/JHKWfaeN63s7K6tr6xWdgqbu/s7u27pYOmTjJFaIMkPFHtCDTlTNKGYYbTdqooiIjTVjS8mdZbD1Rplsh7M0ppKKAvWcwIGGt13VJwS7kBfIaDPggBuNZ1y17Fmwkvg59DGeWqd92voJeQTFBpCAetO76XmnAMyjDC6aQYZJqmQIbQpx2LEgTV4Xh2+gSfWKeH40TZJw2eub8nxiC0HonIdgowA71Ym5r/1TqZia/CMZNpZqgk80VxxrFJ8DQH3GOKEsNHFoAoZm/FZAAKiLFpFW0I/uKXl6F5XvEt312Uq9d5HAV0hI7RKfLRJaqiGqqjBiLoET2jV/TmPDkvzrvzMW9dcfKZQ/RHzucPbQGSxw==</latexit>

!
↵

<latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</latexit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</latexit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</latexit><latexit sha1_base64="IwTktlFx0Tf0r955tLfPjnUpKxM=">AAAB+HicbZDLSsNAFIYn9VbrpVGXbgaL4KokIuiy4MZlBXuBJoST6aQdOjMJMxOhhj6JGxeKuPVR3Pk2TtsstPWHgY//nMM588cZZ9p43rdT2djc2t6p7tb29g8O6+7RcVenuSK0Q1Keqn4MmnImaccww2k/UxREzGkvntzO671HqjRL5YOZZjQUMJIsYQSMtSK3HqSCjiAqAuDZGGaR2/Ca3kJ4HfwSGqhUO3K/gmFKckGlIRy0HvheZsIClGGE01ktyDXNgExgRAcWJQiqw2Jx+AyfW2eIk1TZJw1euL8nChBaT0VsOwWYsV6tzc3/aoPcJDdhwWSWGyrJclGSc2xSPE8BD5mixPCpBSCK2VsxGYMCYmxWNRuCv/rldeheNn3L91eNVquMo4pO0Rm6QD66Ri10h9qogwjK0TN6RW/Ok/PivDsfy9aKU86coD9yPn8AHPCTXQ==</latexit>

k
<latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit><latexit sha1_base64="DXfX49Jg21Ot3VoBQNMQRQgY8vw=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBdMW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRD2aaYhDTkeQRZ9RYqzUZVGtu3V2IrINXQA0KNQfVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxaIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1Xmai2yDnMs0MSrb8KMoEMQmZX02GXCEzYmqBMsXtroSNqaLM2GwqNgRv9eR1aF/VPcut61qjUcRRhjM4h0vw4AYacA9N8IEBwjO8wpvz6Lw4787HsrXkFDOn8EfO5w/R7Yzt</latexit>

�µ > 0
<latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit><latexit sha1_base64="2pVGTvoEoIhUxr/uZg6+xSgsNqw=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKALkYIblxXsBdqhZNJMG5vLkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw45548Szoz1/W+vsLK6tr5R3Cxtbe/s7pX3D5pGpZrQBlFc6XaEDeVM0oZlltN2oikWEaetaHQ7rbeeqDZMyQc7Tmgo8ECymBFsndU864r0xu+VK37VnwktQ5BDBXLVe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxKLGgJsxm207QiXP6KFbaPWnRzP09kWFhzFhErlNgOzSLtan5X62T2vgqzJhMUkslmX8UpxxZhaanoz7TlFg+doCJZm5XRIZYY2JdQCUXQrB48jI0z6uB4/uLSu06j6MIR3AMpxDAJdTgDurQAAKP8Ayv8OYp78V79z7mrQUvnzmEP/I+fwC45o6J</latexit>

Antiferromagnetic insulator
<latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNBsAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNBsAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNBsAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit><latexit sha1_base64="WlPFciXaRizHkcpB4IaGW2viIx0=">AAACC3icbZA9SwNBEIb34leMX1FLmyNBsAp3ImhhEbGxjGA+IAlhbzOXLNnbPXbnxHCkt/Gv2FgoYusfsPPfuJek0MSBhYf3nZll3iAW3KDnfTu5ldW19Y38ZmFre2d3r7h/0DAq0QzqTAmlWwE1ILiEOnIU0Io10CgQ0AxG15nfvAdtuJJ3OI6hG9GB5CFnFK3UK5Y6CA+YXknkIWitMhuQM5dLkwiKSk96xbJX8ablLoM/hzKZV61X/Or0FUsikMgENabtezF2U6rtXgGTQicxEFM2ogNoW5Q0AtNNp7dM3GOr9N1QafskulP190RKI2PGUWA7I4pDs+hl4n9eO8HwoptyGScIks0+ChPhonKzYNw+18BQjC1QpnmWARtSTRna+Ao2BH/x5GVonFZ8y7dn5erlPI48OSIlckJ8ck6q5IbUSJ0w8kieySt5c56cF+fd+Zi15pz5zCH5U87nD6DFnAU=</latexit>

H
<latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit><latexit sha1_base64="eNsXKf2aYe06DA9rRON1qYLF90g=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx4KXHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpveLevcJleaxfDCzBP2IjiUPOaPGWq3GsFxxq+5SZBO8HCqQqzksfw1GMUsjlIYJqnXfcxPjZ1QZzgTOS4NUY0LZlI6xb1HSCLWfLRedkyvrjEgYK/ukIUv390RGI61nUWA7I2omer22MP+r9VMT3vkZl0lqULLVR2EqiInJ4moy4gqZETMLlCludyVsQhVlxmZTsiF46ydvQuem6llu3Vbq9TyOIlzAJVyDBzWoQwOa0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx85nz+c4YzK</latexit>

✓
<latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit><latexit sha1_base64="+3IVlR1SceYdoobQHFCnv6mzqcQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjxYvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+jrI8n</latexit>SNV

<latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7Db3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmICurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7Db3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmICurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7Db3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmICurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit><latexit sha1_base64="XEjZtz3Z4QUrGlQkyca9b+LBYDg=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUlE0GXFjSupaB/QhDCZTtqhk0mYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47weiy8Dv3VCoWizsYJ9SL8ECwkBEMWvLNfTfCMAzC7Db3MxfoA2TX7Tz3zZpdtyew5olTkhoq0fTNL7cfkzSiAgjHSvUcOwEvwxIY4TSvuqmiCSYjPKA9TQWOqPKySf7cOtJK3wpjqZ8Aa6L+3shwpNQ4CvRkkVbNeoX4n9dLITz3MiaSFKgg00Nhyi2IraIMq88kJcDHmmAimc5qkSGWmICurKpLcGa/PE/aJ3VH85vTWuOirKOCDtAhOkYOOkMNdIWaqIUIekTP6BW9GU/Gi/FufExHF4xyZw/9gfH5A/j2lrM=</latexit>

l
<latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit><latexit sha1_base64="CWxa6fpfoiBE763cWGdcPpu9HoM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcVNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9AGvKmaBtwwynvURRHAecdoPJTe53H6nSTIp7M02oH+ORYBEj2FjpYRBIHuppbK+Mz4bVmlt350CrxCtIDQq0htWvQShJGlNhCMda9z03MX6GlWGE01llkGqaYDLBI9q3VOCYaj+bp56hM6uEKJLKHmHQXP29keFY59HsZIzNWC97ufif109NdOVnTCSpoYIsHopSjoxEeQUoZIoSw6eWYKKYzYrIGCtMjC2qYkvwlr+8SjoXdc/yu8ta87qoowwncArn4EEDmnALLWgDAQXP8ApvzpPz4rw7H4vRklPsHMMfOJ8/QMWS/A==</latexit>

d
<latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfVr0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfVr0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfVr0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit><latexit sha1_base64="QsGwkIvZdeg/VmMckwE3pQWcNV0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8OKxBfsBbSibzaRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTDFss0QkqhdQjYJLbBtuBPZShTQOBHaDyd283n1CpXkiH8w0RT+mI8kjzqixViscVmtu3V2IrINXQA0KNYfVr0GYsCxGaZigWvc9NzV+TpXhTOCsMsg0ppRN6Aj7FiWNUfv5YtEZubBOSKJE2ScNWbi/J3Iaaz2NA9sZUzPWq7W5+V+tn5no1s+5TDODki0/ijJBTELmV5OQK2RGTC1QprjdlbAxVZQZm03FhuCtnrwOnau6Z7l1XWs0ijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/JHz+QPHUYzm</latexit>

m
s

= 0
<latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit><latexit sha1_base64="8XVnPUslw9SYmLQDEhKoyT1hplI=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0xu+VK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxZdj2A=</latexit>

m
s

= 1
<latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit><latexit sha1_base64="QrUQAeP4b6yPDJJY5dXV5rHGB14=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCLUvDisYL9gHYp2XTahibZJckKZemP8OJBEa/+Hm/+G9N2D9r6QuDhnRky80aJ4Mb6/rdXWFvf2Nwqbpd2dvf2D8qHR00Tp5phg8Ui1u2IGhRcYcNyK7CdaKQyEtiKxnezeusJteGxerSTBENJh4oPOKPWWS3Zy8z0JuiVK37Vn4usQpBDBXLVe+Wvbj9mqURlmaDGdAI/sWFGteVM4LTUTQ0mlI3pEDsOFZVowmy+7pScOadPBrF2T1kyd39PZFQaM5GR65TUjsxybWb+V+ukdnAdZlwlqUXFFh8NUkFsTGa3kz7XyKyYOKBMc7crYSOqKbMuoZILIVg+eRWaF9XA8cNlpXabx1GEEziFcwjgCmpwD3VoAIMxPMMrvHmJ9+K9ex+L1oKXzxzDH3mfPxfhj2E=</latexit>

m
s

= �1
<latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3FhmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3FhmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3FhmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit><latexit sha1_base64="KV33sWtaOML8aIqeRoqC8wjuebQ=">AAAB73icbZDLSgMxFIZP6q3WW9Wlm2AR3FhmRNCNUnDjsoK9QDuUTJppQ5PMmGSEMvQl3LhQxK2v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B00Tp5qyBo1FrNshMUxwxRqWW8HaiWZEhoK1wtHttN56YtrwWD3YccICSQaKR5wS66y27GVmcn3m98oVr+rNhJfBz6ECueq98le3H9NUMmWpIMZ0fC+xQUa05VSwSambGpYQOiID1nGoiGQmyGb7TvCJc/o4irV7yuKZ+3siI9KYsQxdpyR2aBZrU/O/Wie10VWQcZWklik6/yhKBbYxnh6P+1wzasXYAaGau10xHRJNqHURlVwI/uLJy9A8r/qO7y8qtZs8jiIcwTGcgg+XUIM7qEMDKAh4hld4Q4/oBb2jj3lrAeUzh/BH6PMHg6aPmA==</latexit>

�(!�)
<latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXVgSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFrE1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXVgSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFrE1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXVgSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFrE1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit><latexit sha1_base64="2H4f2b6NP5rU2eF8hrSMuSM8PPU=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCXVgSEXQlBRe6rGAv0IRwMp20Q2cyYWYilpBXceNCEbe+iDvfxmmbhbb+MPDxn3M4Z/4wYVRpx/m2VlbX1jc2S1vl7Z3dvf3KQbWjRCoxaWPBhOyFoAijMWlrqhnpJZIADxnphuObab37SKSiIn7Qk4T4HIYxjSgGbaygUvVugXOoe4KTIQTZWX4aVGpOw5nJXga3gBoq1AoqX95A4JSTWGMGSvVdJ9F+BlJTzEhe9lJFEsBjGJK+wRg4UX42uz23T4wzsCMhzYu1PXN/T2TAlZrw0HRy0CO1WJua/9X6qY6u/IzGSapJjOeLopTZWtjTIOwBlQRrNjEAWFJzq41HIAFrE1fZhOAufnkZOucN1/D9Ra15XcRRQkfoGNWRiy5RE92hFmojjJ7QM3pFb1ZuvVjv1se8dcUqZg7RH1mfPyNPk9Q=</latexit>

�(!+)
<latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSiJCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJEILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnAXv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSiJCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJEILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnAXv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSiJCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJEILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnAXv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit><latexit sha1_base64="PlE8sT+xdMtjKPOnMlq01+yHctg=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxCRSiJCLqSggtdVrAXaEI4mU7aoTOZMDMRS8iruHGhiFtfxJ1v47TNQlt/GPj4zzmcM3+YMKq043xbK6tr6xubpa3y9s7u3n7loNpRIpWYtLFgQvZCUITRmLQ11Yz0EkmAh4x0w/HNtN59JFJRET/oSUJ8DsOYRhSDNlZQqXq3wDnUPcHJEILsLD8NKjWn4cxkL4NbQA0VagWVL28gcMpJrDEDpfquk2g/A6kpZiQve6kiCeAxDEnfYAycKD+b3Z7bJ8YZ2JGQ5sXanrm/JzLgSk14aDo56JFarE3N/2r9VEdXfkbjJNUkxvNFUcpsLexpEPaASoI1mxgALKm51cYjkIC1iatsQnAXv7wMnfOGa/j+ota8LuIooSN0jOrIRZeoie5QC7URRk/oGb2iNyu3Xqx362PeumIVM4foj6zPHyBDk9I=</latexit>

s
B<latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CVGeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CVGeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CVGeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit><latexit sha1_base64="7RbFfKTFNfhAVS/JmZIoUUBW2Aw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJTe53HqnSTIp7M42pH+GRYCEj2FjpoR9hMw7CVGeD9DobVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7lt+d1xpXRR1lOIJjOAUPLqABt9CEFhBQ8Ayv8OY8OS/Ou/MxHy05xc4h/IHz+QMIkpLX</latexit>

s
A<latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmtu3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmtu3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmtu3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit><latexit sha1_base64="ONkqDFzv1tn8GWs1dmTAjr8o1vM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMsWNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSwyDCZhKEqc6GaTMbVmtu3Z0DrRKvIDUo0BpWvwYjSZKICkM41rrvubHxU6wMI5xmlUGiaYzJFI9p31KBI6r9dJ46Q2dWGaFQKvuEQXP190aKI61nUWAn85R62cvF/7x+YsJrP2UiTgwVZHEoTDgyEuUVoBFTlBg+swQTxWxWRCZYYWJsURVbgrf85VXSuah7lt9d1hrNoo4ynMApnIMHV9CAW2hBGwgoeIZXeHOenBfn3flYjJacYucY/sD5/AEHDZLW</latexit>

ẑ
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FIG. 2. Set up for controlling and probing the chemical po-
tential of an antiferromagnetic insulator. Bottom figure: A
NV-center spin SNV lies at a height d above an antiferromag-
netic insulator and it is oriented along its anisotropy axis l,
with l · ẑ = cos ✓. A static magnetic field H is applied along
the z direction. The interactions between the QI spin and the
sublattice spin densities sA and sB induce QI transitions be-
tween the spin states ms = 0 $ ±1 with energy loss or gain
of !± at the rate �(!±). Top figure: a right(left)-handed cir-
cularly polarized field can drive resonantly the coherent spin
dynamics of the antiferromagnetic mode ↵ (�), which, in turn,
gives rise to a finite negative (positive) chemical potential. If
one of the NV-center resonance frequencies is equal or larger
than the magnetic gap of the ↵ (�) mode, i.e., !± � �±�H,
the relaxation rate �(±!) provides a direct measurement of
the chemical potential.

B. Control of the chemical potential

A di↵usion equation for the z-component of the spin
density can be written as [23]

� ˙̃n + r · j = �gµ , (32)

where j = ��rµ is the spin current, � the bulk spin con-
ductivity and g parametrizes the relaxation of the spin
density by the phononic environment. Including the in-
terplay between the coherent and incoherent spin dynam-
ics (26), Eq. (32) becomes

� ˙̃n + r · j = � gµ � ⌘
↵

s̃
↵

z · n
↵

⇥ (ṅ
↵

� µ

~n
↵

⇥ z)

� ⌘
�

s̃
�

z · n
�

⇥ (ṅ
�

� µ

~n
�

⇥ z) . (33)

In the setup we envision, the chemical potential can be
controlled via an AC magnetic field, which we treat as
homogeneous throughout the sample. Thus, we can set
rµ = 0. Assuming the magnon-phonon coupling to be
comparable with the interactions between the coherent
and incoherent spin dynamics [6], i.e., ⌘

↵,�

⇠ g, we ne-
glect the corrections to the chemical potential due to the
term / ⌘

↵(�)µ . Thus, for a steady state, we can rewrite
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Understanding the statistics of quasi-particle excitations in magnetic systems is essential for ex-
ploring new magnetic phases and collective quantum phenomena. While the chemical potential of
a ferromagnetic gas has been extensively investigated both theoretically and experimentally, its an-
tiferromagnetic counterpart remains uncharted. Here, we derive the statistics of a two-component
U(1)-symmetric Bose gas and apply our results to an axially-symmetric antiferromagnetic insulator.
We find that the two magnon eigenmodes of the system are described by an equal and opposite
chemical potential, in analogy with a particle-antiparticle pair. Furthermore, we derive the thermo-
magnonic torques describing the interaction between the coherent and incoherent antiferromagnetic
spin dynamics. Our results show that the magnitude and sign of the chemical potential can be
tuned via an AC magnetic field driving resonantly one of the magnon modes. Finally, we propose
NV-center relaxometry as a method to experimentally test our predictions.

I. INTRODUCTION

In the last decade, magnetic insulators have been sur-
facing as a promising platform for long-range informa-
tion transport and emergent collective quantum phe-
nomena [1]. While electronic motion is prohibited in
these systems, the electron’s spin can be transported
by magnons, i.e., quasi-particles corresponding to the
quantized fluctuations of the magnetic order parameter.
Long-range magnon transport has been observed in yt-
trium iron garnet (YIG) that was driven either ther-
mally [2, 3] or electrically [2, 4]. Prior these measure-
ments, magnons have been described as a Bose gas with
no chemical potential, due to the non-spin-conserving
magnon-phonon scattering that occurs in all magnetic
systems. Recently, it has been instead established that
the observed long-range magnon transport can not be
explained without invoking a magnon chemical poten-
tial [5]. This quantity parametrizes a long-living non-
equilibrium magnon state that can be realized when the
non-spin-conserving interactions are much weaker than
the spin-conserving scattering processes that drive the
thermalization of the magnon gas to a state described by
Bose-Einstein statistics.

The first direct measurement of the magnon chemical
potential has been performed by C. Du et al [6]. Their
experimental scheme relies on the interplay between the
coherent and incoherent ferromagnetic spin dynamics [7].
An AC magnetic field drives the long-wavelength spin
dynamics of YIG, which, in turn, pumps spin angular
momentum into the thermal magnon gas, leading to an
increase of the chemical potential that can be probed via
NV-center relaxometry [8].

The introduction of a magnon chemical potential
has sparked numerous e↵orts to realize magnon Bose-
Einstein condensation (BEC). Macroscopic occupation
of the lowest-energy mode of a ferromagnetic gas has
been achieved via parametric pumping [9] or microwave
drive [6]. On the other side, U (1)-symmetric mag-
netic insulating systems have been proposed as a host
of magnon BEC at equilibrium. This phase has been

predicted to support a spin superfluid, i.e., a long-range
propagating Goldstone mode emerging from the spon-
taneous breaking of U (1) symmetry [10]. The lack of
dipole-dipole interactions make axially-symmetric anti-
ferromagnets (AFMs) ideal candidates for the realization
of magnon BEC and spin superfluidity [11–13]. However,
despite their promise and abundance in nature [14], these
systems have not been subjected yet to the same scrutiny
of their ferromagnetic counterpart.

In this work, we establish a rigorous definition of the
chemical potential of a U(1)-symmetric antiferromag-
netic system and we propose an experimental set up for
both controlling and probing it. The collective excita-
tions of the AF system can be described in terms of two
magnon modes carrying opposite spin angular momen-
tum. In Sec. II, we show that the statistics of the antifer-
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S
B

<latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit>

� mode
<latexit sha1_base64="Iy9qkSW6u9zuoy0P5udbwbN1U00=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRFDQQ8CLxwhmgcwQenoqSZOehe4aMQ7BV/HiQRGvvoc338bOctDEHxo+/qqiqv8glUKj43xbhaXlldW14nppY3Nre8fe3WvoJFMc6jyRiWoFTIMUMdRRoIRWqoBFgYRmMLge15v3oLRI4jscpuBHrBeLruAMjdWxD7wAkFHvknoID5hHSQijjl12Ks5EdBHcGZTJTLWO/eWFCc8iiJFLpnXbdVL0c6ZQcAmjkpdpSBkfsB60DcYsAu3nk+tH9Ng4Ie0myrwY6cT9PZGzSOthFJjOiGFfz9fG5n+1dobdCz8XcZohxHy6qJtJigkdR0FDoYCjHBpgXAlzK+V9phhHE1jJhODOf3kRGqcV1/DtWbl6NYujSA7JETkhLjknVXJDaqROOHkkz+SVvFlP1ov1bn1MWwvWbGaf/JH1+QMbCZT6</latexit><latexit sha1_base64="Iy9qkSW6u9zuoy0P5udbwbN1U00=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRFDQQ8CLxwhmgcwQenoqSZOehe4aMQ7BV/HiQRGvvoc338bOctDEHxo+/qqiqv8glUKj43xbhaXlldW14nppY3Nre8fe3WvoJFMc6jyRiWoFTIMUMdRRoIRWqoBFgYRmMLge15v3oLRI4jscpuBHrBeLruAMjdWxD7wAkFHvknoID5hHSQijjl12Ks5EdBHcGZTJTLWO/eWFCc8iiJFLpnXbdVL0c6ZQcAmjkpdpSBkfsB60DcYsAu3nk+tH9Ng4Ie0myrwY6cT9PZGzSOthFJjOiGFfz9fG5n+1dobdCz8XcZohxHy6qJtJigkdR0FDoYCjHBpgXAlzK+V9phhHE1jJhODOf3kRGqcV1/DtWbl6NYujSA7JETkhLjknVXJDaqROOHkkz+SVvFlP1ov1bn1MWwvWbGaf/JH1+QMbCZT6</latexit><latexit sha1_base64="Iy9qkSW6u9zuoy0P5udbwbN1U00=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRFDQQ8CLxwhmgcwQenoqSZOehe4aMQ7BV/HiQRGvvoc338bOctDEHxo+/qqiqv8glUKj43xbhaXlldW14nppY3Nre8fe3WvoJFMc6jyRiWoFTIMUMdRRoIRWqoBFgYRmMLge15v3oLRI4jscpuBHrBeLruAMjdWxD7wAkFHvknoID5hHSQijjl12Ks5EdBHcGZTJTLWO/eWFCc8iiJFLpnXbdVL0c6ZQcAmjkpdpSBkfsB60DcYsAu3nk+tH9Ng4Ie0myrwY6cT9PZGzSOthFJjOiGFfz9fG5n+1dobdCz8XcZohxHy6qJtJigkdR0FDoYCjHBpgXAlzK+V9phhHE1jJhODOf3kRGqcV1/DtWbl6NYujSA7JETkhLjknVXJDaqROOHkkz+SVvFlP1ov1bn1MWwvWbGaf/JH1+QMbCZT6</latexit><latexit sha1_base64="Iy9qkSW6u9zuoy0P5udbwbN1U00=">AAAB/XicbZDJSgNBEIZ74hbjNi43L41B8BRmRFDQQ8CLxwhmgcwQenoqSZOehe4aMQ7BV/HiQRGvvoc338bOctDEHxo+/qqiqv8glUKj43xbhaXlldW14nppY3Nre8fe3WvoJFMc6jyRiWoFTIMUMdRRoIRWqoBFgYRmMLge15v3oLRI4jscpuBHrBeLruAMjdWxD7wAkFHvknoID5hHSQijjl12Ks5EdBHcGZTJTLWO/eWFCc8iiJFLpnXbdVL0c6ZQcAmjkpdpSBkfsB60DcYsAu3nk+tH9Ng4Ie0myrwY6cT9PZGzSOthFJjOiGFfz9fG5n+1dobdCz8XcZohxHy6qJtJigkdR0FDoYCjHBpgXAlzK+V9phhHE1jJhODOf3kRGqcV1/DtWbl6NYujSA7JETkhLjknVXJDaqROOHkkz+SVvFlP1ov1bn1MWwvWbGaf/JH1+QMbCZT6</latexit>

S
A

<latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit>

S
B

<latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit>

!
�

<latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZkRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFYMulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWPzyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZkRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFYMulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWPzyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZkRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFYMulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWPzyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit><latexit sha1_base64="mcHyL82K9E50T+UsjS1o2pbGOTY=">AAAB9XicbZDLSgMxFIYzXmu9VV26CRbBVZkRQVdScOOygr1AZyyZ9EwbmsuQZJQy9D3cuFDEre/izrcxbWehrT8EPv5zDufkj1POjPX9b29ldW19Y7O0Vd7e2d3brxwctozKNIUmVVzpTkwMcCahaZnl0Ek1EBFzaMejm2m9/QjaMCXv7TiFSJCBZAmjxDrrIVQCBqSXhzFYMulVqn7NnwkvQ1BAFRVq9CpfYV/RTIC0lBNjuoGf2ign2jLKYVIOMwMpoSMygK5DSQSYKJ9dPcGnzunjRGn3pMUz9/dEToQxYxG7TkHs0CzWpuZ/tW5mk6soZzLNLEg6X5RkHFuFpxHgPtNALR87IFQzdyumQ6IJtS6osgshWPzyMrTOa4Hju4tq/bqIo4SO0Qk6QwG6RHV0ixqoiSjS6Bm9ojfvyXvx3r2PeeuKV8wcoT/yPn8A2SyStg==</latexit>

~, µ
<latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMew2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZFZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMew2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZFZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMew2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZFZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit><latexit sha1_base64="nH+uQu9ioy0hWZzplmNvnlhwPwI=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuJAyI4KupODGZQVbi52hZNJMG5pkhlyEMvQt3LhQxK1v4863MW1noa0/BD7+cw45548zzrTx/W+vtLK6tr5R3qxsbe/s7lX3D9o6tYrQFkl5qjox1pQzSVuGGU47maJYxJw+xKObaf3hiSrNUnlvxhmNBB5IljCCjbMew2GM1RkKhe1Va37dnwktQ1BADQo1e9WvsJ8SK6g0hGOtu4GfmSjHyjDC6aQSWk0zTEZ4QLsOJRZUR/ls4wk6cU4fJalyTxo0c39P5FhoPRax6xTYDPVibWr+V+tak1xFOZOZNVSS+UeJ5cikaHo+6jNFieFjB5go5nZFZIgVJsaFVHEhBIsnL0P7vB44vruoNa6LOMpwBMdwCgFcQgNuoQktICDhGV7hzdPei/fufcxbS14xcwh/5H3+AN44kF0=</latexit>

↵ mode
<latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avWr6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latexit><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avWr6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latexit><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avWr6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latexit><latexit sha1_base64="7+03ztZbbHbL9jfzRwSN87oCt0s=">AAAB/nicbZBNS8NAEIY39avWr6h48rJYBE8lEUFBDwUvHivYWmhC2Wym7dLNB7sTsYSCf8WLB0W8+ju8+W/ctjlo6wsLD+/MMLNvkEqh0XG+rdLS8srqWnm9srG5tb1j7+61dJIpDk2eyES1A6ZBihiaKFBCO1XAokDCfTC8ntTvH0BpkcR3OErBj1g/Fj3BGRqrax94TKYDRr1L6iE8Yh4lIYy7dtWpOVPRRXALqJJCja795YUJzyKIkUumdcd1UvRzplBwCeOKl2lIGR+yPnQMxiwC7efT88f02Dgh7SXKvBjp1P09kbNI61EUmM6I4UDP1ybmf7VOhr0LPxdxmiHEfLaol0mKCZ1kQUOhgKMcGWBcCXMr5QOmGEeTWMWE4M5/eRFapzXX8O1ZtX5VxFEmh+SInBCXnJM6uSEN0iSc5OSZvJI368l6sd6tj1lrySpm9skfWZ8/6RiVbg==</latexit>

S
A

<latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit><latexit sha1_base64="K7G0cOgEYXTF1VRb+064Jch5iPA=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYRGwsI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx/+XZLM</latexit>

S
B

<latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit><latexit sha1_base64="lk04xs2KKGLfy5AaH8txHrvP1N0=">AAAB9XicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFpYBG0sI5oLJGuYncwmQ2YvzJxVw7LvYWOhiK3vYufbOEm20MQfBj7+cw7nzO/FUmi07W+rsLS8srpWXC9tbG5t75R395o6ShTjDRbJSLU9qrkUIW+gQMnbseI08CRveaOrSb31wJUWUXiH45i7AR2EwheMorHuu8if0PPT26yXXma9csWu2lORRXByqECueq/81e1HLAl4iExSrTuOHaObUoWCSZ6VuonmMWUjOuAdgyENuHbT6dUZOTJOn/iRMi9EMnV/T6Q00HoceKYzoDjU87WJ+V+tk6B/7qYijBPkIZst8hNJMCKTCEhfKM5Qjg1QpoS5lbAhVZShCapkQnDmv7wIzZOqY/jmtFK7yOMowgEcwjE4cAY1uIY6NICBgmd4hTfr0Xqx3q2PWWvBymf24Y+szx//4pLN</latexit>

!
↵

<latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJVEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEqAuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJVEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEqAuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJVEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEqAuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit><latexit sha1_base64="9cjPvnhx4E7GooTvzvk37SFOtNs=">AAAB+HicbZDLSsNAFIYnXmu9NOrSzWARXJVEBF1JwY3LCvYCTQgn00k7dCYTZiZCDX0SNy4UceujuPNtnLZZaOsPAx//OYdz5o8zzrTxvG9nbX1jc2u7slPd3ds/qLmHRx0tc0Vom0guVS8GTTlLadsww2kvUxREzGk3Ht/O6t1HqjST6YOZZDQUMExZwggYa0VuLZCCDiEqAuDZCKaRW/ca3lx4FfwS6qhUK3K/goEkuaCpIRy07vteZsIClGGE02k1yDXNgIxhSPsWUxBUh8X88Ck+s84AJ1LZlxo8d39PFCC0nojYdgowI71cm5n/1fq5Sa7DgqVZbmhKFouSnGMj8SwFPGCKEsMnFoAoZm/FZAQKiLFZVW0I/vKXV6Fz0fAt31/WmzdlHBV0gk7ROfLRFWqiO9RCbURQjp7RK3pznpwX5935WLSuOeXMMfoj5/MHHFaTWw==</latexit>

�~, �µ
<latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZYDYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuVkSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZYDYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuVkSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZYDYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuVkSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit><latexit sha1_base64="qms+d8g/FFuypYJS/7C8KOd2F7k=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuLBlRgRdScGNywr2Ap2hZNJMG5pkhlyEUvoablwo4taXcefbmLaz0NYfAh//OYdz8scZZ9r4/rdXWFvf2Nwqbpd2dvf2D8qHRy2dWkVok6Q8VZ0Ya8qZpE3DDKedTFEsYk7b8ehuVm8/UaVZKh/NOKORwAPJEkawcVZYDYcxVheoGgrbK1f8mj8XWoUghwrkavTKX2E/JVZQaQjHWncDPzPRBCvDCKfTUmg1zTAZ4QHtOpRYUB1N5jdP0Zlz+ihJlXvSoLn7e2KChdZjEbtOgc1QL9dm5n+1rjXJTTRhMrOGSrJYlFiOTIpmAaA+U5QYPnaAiWLuVkSGWGFiXEwlF0Kw/OVVaF3WAscPV5X6bR5HEU7gFM4hgGuowz00oAkEMniGV3jzrPfivXsfi9aCl88cwx95nz+1WJDL</latexit>

e�
<latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSghePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgwOEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSghePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgwOEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSghePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgwOEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit><latexit sha1_base64="c0jozl7BdwUFWDC+p9rJfMWhT2M=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHqSghePFUxbaGPZbCft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7a+sPDwzgw784ap4Nq47rezsrq2vrFZ2ipv7+zu7VcODps6yRRDnyUiUe2QahRcom+4EdhOFdI4FNgKR7fTeusJleaJfDDjFIOYDiSPOKPGWj4+5ueTXqXq1tyZyDJ4BVShUKNX+er2E5bFKA0TVOuO56YmyKkynAmclLuZxpSyER1gx6KkMeogny07IafW6ZMoUfZJQ2bu74mcxlqP49B2xtQM9WJtav5X62Qmug5yLtPMoGTzj6JMEJOQ6eWkzxUyI8YWKFPc7krYkCrKjM2nbEPwFk9ehuZFzbN8f1mt3xRxlOAYTuAMPLiCOtxBA3xgwOEZXuHNkc6L8+58zFtXnGLmCP7I+fwBqmGOkA==</latexit> e+

<latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit><latexit sha1_base64="FNpml0Tp0uzETAz72mNE/PvfEB8=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIglASEfQkBS8eK5i20May2U7apZtN2N0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TwbVx3W9nZXVtfWOztFXe3tnd268cHDZ1kimGPktEotoh1Si4RN9wI7CdKqRxKLAVjm6n9dYTKs0T+WDGKQYxHUgecUaNtXx8zM8nvUrVrbkzkWXwCqhCoUav8tXtJyyLURomqNYdz01NkFNlOBM4KXczjSllIzrAjkVJY9RBPlt2Qk6t0ydRouyThszc3xM5jbUex6HtjKkZ6sXa1Pyv1slMdB3kXKaZQcnmH0WZICYh08tJnytkRowtUKa43ZWwIVWUGZtP2YbgLZ68DM2Lmmf5/rJavyniKMExnMAZeHAFdbiDBvjAgMMzvMKbI50X5935mLeuOMXMEfyR8/kDp1eOjg==</latexit>

µ
<latexit sha1_base64="3snGGsR1DkFATpHzO6+HwTHgCHI=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGg/oF1KNp1tQ5PskmSFUvoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvFEquLG+/+0V1tY3NreK26Wd3b39g/LhUdMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0e2s3npCbXiiHu04xVDSgeIxZ9Q666Ers1654lf9ucgqBDlUIFe9V/7q9hOWSVSWCWpMJ/BTG06otpwJnJa6mcGUshEdYMehohJNOJmvOiVnzumTONHuKUvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZja/DCVdpZlGxxUdxJohNyOxu0ucamRVjB5Rp7nYlbEg1ZdalU3IhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8kff5A1wsjdI=</latexit><latexit sha1_base64="3snGGsR1DkFATpHzO6+HwTHgCHI=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGg/oF1KNp1tQ5PskmSFUvoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvFEquLG+/+0V1tY3NreK26Wd3b39g/LhUdMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0e2s3npCbXiiHu04xVDSgeIxZ9Q666Ers1654lf9ucgqBDlUIFe9V/7q9hOWSVSWCWpMJ/BTG06otpwJnJa6mcGUshEdYMehohJNOJmvOiVnzumTONHuKUvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZja/DCVdpZlGxxUdxJohNyOxu0ucamRVjB5Rp7nYlbEg1ZdalU3IhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8kff5A1wsjdI=</latexit><latexit sha1_base64="3snGGsR1DkFATpHzO6+HwTHgCHI=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGg/oF1KNp1tQ5PskmSFUvoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvFEquLG+/+0V1tY3NreK26Wd3b39g/LhUdMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0e2s3npCbXiiHu04xVDSgeIxZ9Q666Ers1654lf9ucgqBDlUIFe9V/7q9hOWSVSWCWpMJ/BTG06otpwJnJa6mcGUshEdYMehohJNOJmvOiVnzumTONHuKUvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZja/DCVdpZlGxxUdxJohNyOxu0ucamRVjB5Rp7nYlbEg1ZdalU3IhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8kff5A1wsjdI=</latexit><latexit sha1_base64="3snGGsR1DkFATpHzO6+HwTHgCHI=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGg/oF1KNp1tQ5PskmSFUvoTvHhQxKu/yJv/xrTdg7a+EHh4Z4bMvFEquLG+/+0V1tY3NreK26Wd3b39g/LhUdMkmWbYYIlIdDuiBgVX2LDcCmynGqmMBLai0e2s3npCbXiiHu04xVDSgeIxZ9Q666Ers1654lf9ucgqBDlUIFe9V/7q9hOWSVSWCWpMJ/BTG06otpwJnJa6mcGUshEdYMehohJNOJmvOiVnzumTONHuKUvm7u+JCZXGjGXkOiW1Q7Ncm5n/1TqZja/DCVdpZlGxxUdxJohNyOxu0ucamRVjB5Rp7nYlbEg1ZdalU3IhBMsnr0Lzoho4vr+s1G7yOIpwAqdwDgFcQQ3uoA4NYDCAZ3iFN094L96797FoLXj5zDH8kff5A1wsjdI=</latexit>

�µ
<latexit sha1_base64="+W0zoP+/sBG/stkvlkUJPaotPzE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1KJs20oUlmyEUoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/FHKmTa+/+2V1tY3NrfK25Wd3b39g+rhUVsnVhHaIglPVDfCmnImacsww2k3VRSLiNNONLnL650nqjRL5KOZpjQUeCRZzAg2uXXRF3ZQrfl1fy60CkEBNSjUHFS/+sOEWEGlIRxr3Qv81IQZVoYRTmeVvtU0xWSCR7TnUGJBdZjNd52hM+cMUZwo96RBc/f3RIaF1lMRuU6BzVgv13Lzv1rPmvgmzJhMraGSLD6KLUcmQfnhaMgUJYZPHWCimNsVkTFWmBgXT8WFECyfvArty3rg+OGq1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwR97nD8XPjgk=</latexit><latexit sha1_base64="+W0zoP+/sBG/stkvlkUJPaotPzE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1KJs20oUlmyEUoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/FHKmTa+/+2V1tY3NrfK25Wd3b39g+rhUVsnVhHaIglPVDfCmnImacsww2k3VRSLiNNONLnL650nqjRL5KOZpjQUeCRZzAg2uXXRF3ZQrfl1fy60CkEBNSjUHFS/+sOEWEGlIRxr3Qv81IQZVoYRTmeVvtU0xWSCR7TnUGJBdZjNd52hM+cMUZwo96RBc/f3RIaF1lMRuU6BzVgv13Lzv1rPmvgmzJhMraGSLD6KLUcmQfnhaMgUJYZPHWCimNsVkTFWmBgXT8WFECyfvArty3rg+OGq1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwR97nD8XPjgk=</latexit><latexit sha1_base64="+W0zoP+/sBG/stkvlkUJPaotPzE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1KJs20oUlmyEUoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/FHKmTa+/+2V1tY3NrfK25Wd3b39g+rhUVsnVhHaIglPVDfCmnImacsww2k3VRSLiNNONLnL650nqjRL5KOZpjQUeCRZzAg2uXXRF3ZQrfl1fy60CkEBNSjUHFS/+sOEWEGlIRxr3Qv81IQZVoYRTmeVvtU0xWSCR7TnUGJBdZjNd52hM+cMUZwo96RBc/f3RIaF1lMRuU6BzVgv13Lzv1rPmvgmzJhMraGSLD6KLUcmQfnhaMgUJYZPHWCimNsVkTFWmBgXT8WFECyfvArty3rg+OGq1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwR97nD8XPjgk=</latexit><latexit sha1_base64="+W0zoP+/sBG/stkvlkUJPaotPzE=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1KJs20oUlmyEUoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/FHKmTa+/+2V1tY3NrfK25Wd3b39g+rhUVsnVhHaIglPVDfCmnImacsww2k3VRSLiNNONLnL650nqjRL5KOZpjQUeCRZzAg2uXXRF3ZQrfl1fy60CkEBNSjUHFS/+sOEWEGlIRxr3Qv81IQZVoYRTmeVvtU0xWSCR7TnUGJBdZjNd52hM+cMUZwo96RBc/f3RIaF1lMRuU6BzVgv13Lzv1rPmvgmzJhMraGSLD6KLUcmQfnhaMgUJYZPHWCimNsVkTFWmBgXT8WFECyfvArty3rg+OGq1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwR97nD8XPjgk=</latexit>

ẑ
<latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/ms36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/ms36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/ms36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit><latexit sha1_base64="YBNOFlEiZzP9LNQa9bIDJYocX4U=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclUQEXUnBjcsK9gFNKJPppB06eTBzU6ihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTpFJodJxva219Y3Nru7JT3d3bPzi0j47bOskU4y2WyER1A6q5FDFvoUDJu6niNAok7wTju8LvTLjSIokfcZpyP6LDWISCUTRS37a9EcXciyiOgjB/ms36ds2pO3OQVeKWpAYlmn37yxskLIt4jExSrXuuk6KfU4WCST6repnmKWVjOuQ9Q2Mace3n8+Qzcm6UAQkTZV6MZK7+3shppPU0CsxkEVEve4X4n9fLMLzxcxGnGfKYLQ6FmSSYkKIGMhCKM5RTQyhTwmQlbEQVZWjKqpoS3OUvr5L2Zd01/OGq1rgt66jAKZzBBbhwDQ24hya0gMEEnuEV3qzcerHerY/F6JpV7pzAH1ifP1fflBg=</latexit>
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FIG. 1. U(1)-symmetric antiferromagnetic insulator. The bi-
partite antiferromagnet is composed of two sublattices A and
B, with, respectively, spin SA k ẑ and SB k �ẑ. The cor-
responding Hamiltonian can be diagonalized in terms of two
magnon eigenmodes, labelled as ↵ and �. The antiferromag-
netic mode ↵ (�), which carries ⌥~ spin angular momentum,
can be visualized as a combination of both up and down spins,
precessing counterclockwise (clockwise) at the frequency !↵

(!�). The two antiferromagnetic modes are associated with
an equal and opposite chemical potential µ, in analogy with
the particle-antiparticle pair illustrated on the left side.
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U(1)-symmetric magnetic insulator magnon-magnon scattering 
 much faster than spin  

non-conserving processes

particle-antiparticle pair

nBE,�(↵)(!�(↵), T,±µ)
<latexit sha1_base64="fiKY98YCe9BD9wba2t+ZYNZi/gI="></latexit><latexit sha1_base64="fiKY98YCe9BD9wba2t+ZYNZi/gI="></latexit><latexit sha1_base64="fiKY98YCe9BD9wba2t+ZYNZi/gI="></latexit><latexit sha1_base64="fiKY98YCe9BD9wba2t+ZYNZi/gI="></latexit>

µ =
@U

@(N� �N↵)
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mode

mode

�µ
<latexit sha1_base64="CNrLMaEep1o5sUDPFwDLmaUq7jE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKDLohuXFZy20A4lk2ba0CQz5CKUoc/gxoUibn0gd76NaTsLbf0h8PGfc8g5f5xxpo3vf3ultfWNza3ydmVnd2//oHp41NKpVYSGJOWp6sRYU84kDQ0znHYyRbGIOW3H47tZvf1ElWapfDSTjEYCDyVLGMHGWeFFT1jUr9b8uj8XWoWggBoUavarX71BSqyg0hCOte4GfmaiHCvDCKfTSs9qmmEyxkPadSixoDrK58tO0ZlzBihJlXvSoLn7eyLHQuuJiF2nwGakl2sz879a15rkJsqZzKyhkiw+SixHJkWzy9GAKUoMnzjARDG3KyIjrDAxLp+KCyFYPnkVWpf1wPHDVa1xW8RRhhM4hXMI4BoacA9NCIEAg2d4hTdPei/eu/exaC15xcwx/JH3+QMd5443</latexit><latexit sha1_base64="CNrLMaEep1o5sUDPFwDLmaUq7jE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKDLohuXFZy20A4lk2ba0CQz5CKUoc/gxoUibn0gd76NaTsLbf0h8PGfc8g5f5xxpo3vf3ultfWNza3ydmVnd2//oHp41NKpVYSGJOWp6sRYU84kDQ0znHYyRbGIOW3H47tZvf1ElWapfDSTjEYCDyVLGMHGWeFFT1jUr9b8uj8XWoWggBoUavarX71BSqyg0hCOte4GfmaiHCvDCKfTSs9qmmEyxkPadSixoDrK58tO0ZlzBihJlXvSoLn7eyLHQuuJiF2nwGakl2sz879a15rkJsqZzKyhkiw+SixHJkWzy9GAKUoMnzjARDG3KyIjrDAxLp+KCyFYPnkVWpf1wPHDVa1xW8RRhhM4hXMI4BoacA9NCIEAg2d4hTdPei/eu/exaC15xcwx/JH3+QMd5443</latexit><latexit sha1_base64="CNrLMaEep1o5sUDPFwDLmaUq7jE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKDLohuXFZy20A4lk2ba0CQz5CKUoc/gxoUibn0gd76NaTsLbf0h8PGfc8g5f5xxpo3vf3ultfWNza3ydmVnd2//oHp41NKpVYSGJOWp6sRYU84kDQ0znHYyRbGIOW3H47tZvf1ElWapfDSTjEYCDyVLGMHGWeFFT1jUr9b8uj8XWoWggBoUavarX71BSqyg0hCOte4GfmaiHCvDCKfTSs9qmmEyxkPadSixoDrK58tO0ZlzBihJlXvSoLn7eyLHQuuJiF2nwGakl2sz879a15rkJsqZzKyhkiw+SixHJkWzy9GAKUoMnzjARDG3KyIjrDAxLp+KCyFYPnkVWpf1wPHDVa1xW8RRhhM4hXMI4BoacA9NCIEAg2d4hTdPei/eu/exaC15xcwx/JH3+QMd5443</latexit><latexit sha1_base64="CNrLMaEep1o5sUDPFwDLmaUq7jE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKDLohuXFZy20A4lk2ba0CQz5CKUoc/gxoUibn0gd76NaTsLbf0h8PGfc8g5f5xxpo3vf3ultfWNza3ydmVnd2//oHp41NKpVYSGJOWp6sRYU84kDQ0znHYyRbGIOW3H47tZvf1ElWapfDSTjEYCDyVLGMHGWeFFT1jUr9b8uj8XWoWggBoUavarX71BSqyg0hCOte4GfmaiHCvDCKfTSs9qmmEyxkPadSixoDrK58tO0ZlzBihJlXvSoLn7eyLHQuuJiF2nwGakl2sz879a15rkJsqZzKyhkiw+SixHJkWzy9GAKUoMnzjARDG3KyIjrDAxLp+KCyFYPnkVWpf1wPHDVa1xW8RRhhM4hXMI4BoacA9NCIEAg2d4hTdPei/eu/exaC15xcwx/JH3+QMd5443</latexit>

increase

µ
<latexit sha1_base64="ePkv78GcrQ7u2gHmII5Q+muMXeE=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3oqI/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPtAaOAA==</latexit><latexit sha1_base64="ePkv78GcrQ7u2gHmII5Q+muMXeE=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3oqI/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPtAaOAA==</latexit><latexit sha1_base64="ePkv78GcrQ7u2gHmII5Q+muMXeE=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3oqI/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPtAaOAA==</latexit><latexit sha1_base64="ePkv78GcrQ7u2gHmII5Q+muMXeE=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3oqI/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPtAaOAA==</latexit>

increaseB.F., PRB (2019)



longitudinal fluctuations
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<latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit><latexit sha1_base64="D/PmaFFZvlISlRYbamgZbrBmU/g="></latexit>

Two-magnon noise ⇠<latexit sha1_base64="NXBNjb80VXQZLGlR4rfZ/Al5b04=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OpZofrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB59jkM=</latexit><latexit sha1_base64="NXBNjb80VXQZLGlR4rfZ/Al5b04=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OpZofrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB59jkM=</latexit><latexit sha1_base64="NXBNjb80VXQZLGlR4rfZ/Al5b04=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OpZofrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB59jkM=</latexit><latexit sha1_base64="NXBNjb80VXQZLGlR4rfZ/Al5b04=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OpZofrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB59jkM=</latexit> scattering processes

Two-magnon noise encodes magnon transport properties

Quantum-impurity relaxometry as  
a transport probe

! / �(!)



Probing bulk transport properties

relaxation rate: �(!) / h{sz(~ri, t), sz(~rj , 0)}i
<latexit sha1_base64="nvAJ30aB7CWvBBZzrOgDIKejB2Y="></latexit><latexit sha1_base64="nvAJ30aB7CWvBBZzrOgDIKejB2Y="></latexit><latexit sha1_base64="nvAJ30aB7CWvBBZzrOgDIKejB2Y="></latexit><latexit sha1_base64="nvAJ30aB7CWvBBZzrOgDIKejB2Y="></latexit>

Spin diffusion equation

@tsz �Dr2sz = �sz
⌧s

<latexit sha1_base64="xmUJhZA/4NFYFBlEEU4Q6slkmVE=">AAACKXicbVBNS8QwEE39XNevVY9egovgRWlF0IuwqAePCq4K27VMs6kG07QkU2EN/Tte/CteFBT16h8xu/bg14PAy3szzMyLcykM+v6bNzI6Nj4xWZuqT8/Mzs03FhZPTVZoxtssk5k+j8FwKRRvo0DJz3PNIY0lP4uv9wf+2Q3XRmTqBPs576ZwqUQiGKCTokYrzEGjABlZLKmJ7G1J1+kBDRXEEi7sZiXurtMw0cDs8FfaEKGIrCnLqNH0N/wh6F8SVKRJKhxFjaewl7Ei5QqZBGM6gZ9j1w62YJKX9bAwPAd2DZe846iClJuuHV5a0lWn9GiSafcU0qH6vcNCakw/jV1lCnhlfnsD8T+vU2Cy07VC5QVyxb4GJYWkmNFBbLQnNGco+44A08LtStkVuEDQhVt3IQS/T/5LTjc3AsePt5qtvSqOGlkmK2SNBGSbtMghOSJtwsgdeSDP5MW79x69V+/9q3TEq3qWyA94H585Qqfg</latexit><latexit sha1_base64="xmUJhZA/4NFYFBlEEU4Q6slkmVE=">AAACKXicbVBNS8QwEE39XNevVY9egovgRWlF0IuwqAePCq4K27VMs6kG07QkU2EN/Tte/CteFBT16h8xu/bg14PAy3szzMyLcykM+v6bNzI6Nj4xWZuqT8/Mzs03FhZPTVZoxtssk5k+j8FwKRRvo0DJz3PNIY0lP4uv9wf+2Q3XRmTqBPs576ZwqUQiGKCTokYrzEGjABlZLKmJ7G1J1+kBDRXEEi7sZiXurtMw0cDs8FfaEKGIrCnLqNH0N/wh6F8SVKRJKhxFjaewl7Ei5QqZBGM6gZ9j1w62YJKX9bAwPAd2DZe846iClJuuHV5a0lWn9GiSafcU0qH6vcNCakw/jV1lCnhlfnsD8T+vU2Cy07VC5QVyxb4GJYWkmNFBbLQnNGco+44A08LtStkVuEDQhVt3IQS/T/5LTjc3AsePt5qtvSqOGlkmK2SNBGSbtMghOSJtwsgdeSDP5MW79x69V+/9q3TEq3qWyA94H585Qqfg</latexit><latexit sha1_base64="xmUJhZA/4NFYFBlEEU4Q6slkmVE=">AAACKXicbVBNS8QwEE39XNevVY9egovgRWlF0IuwqAePCq4K27VMs6kG07QkU2EN/Tte/CteFBT16h8xu/bg14PAy3szzMyLcykM+v6bNzI6Nj4xWZuqT8/Mzs03FhZPTVZoxtssk5k+j8FwKRRvo0DJz3PNIY0lP4uv9wf+2Q3XRmTqBPs576ZwqUQiGKCTokYrzEGjABlZLKmJ7G1J1+kBDRXEEi7sZiXurtMw0cDs8FfaEKGIrCnLqNH0N/wh6F8SVKRJKhxFjaewl7Ei5QqZBGM6gZ9j1w62YJKX9bAwPAd2DZe846iClJuuHV5a0lWn9GiSafcU0qH6vcNCakw/jV1lCnhlfnsD8T+vU2Cy07VC5QVyxb4GJYWkmNFBbLQnNGco+44A08LtStkVuEDQhVt3IQS/T/5LTjc3AsePt5qtvSqOGlkmK2SNBGSbtMghOSJtwsgdeSDP5MW79x69V+/9q3TEq3qWyA94H585Qqfg</latexit><latexit sha1_base64="xmUJhZA/4NFYFBlEEU4Q6slkmVE=">AAACKXicbVBNS8QwEE39XNevVY9egovgRWlF0IuwqAePCq4K27VMs6kG07QkU2EN/Tte/CteFBT16h8xu/bg14PAy3szzMyLcykM+v6bNzI6Nj4xWZuqT8/Mzs03FhZPTVZoxtssk5k+j8FwKRRvo0DJz3PNIY0lP4uv9wf+2Q3XRmTqBPs576ZwqUQiGKCTokYrzEGjABlZLKmJ7G1J1+kBDRXEEi7sZiXurtMw0cDs8FfaEKGIrCnLqNH0N/wh6F8SVKRJKhxFjaewl7Ei5QqZBGM6gZ9j1w62YJKX9bAwPAd2DZe846iClJuuHV5a0lWn9GiSafcU0qH6vcNCakw/jV1lCnhlfnsD8T+vU2Cy07VC5QVyxb4GJYWkmNFBbLQnNGco+44A08LtStkVuEDQhVt3IQS/T/5LTjc3AsePt5qtvSqOGlkmK2SNBGSbtMghOSJtwsgdeSDP5MW79x69V+/9q3TEq3qWyA94H585Qqfg</latexit>

X. Wang, B.F. et al., under PRL review

B.F., Y. Tserkovnyak, PRL (2018)

in very good agreement with  
the nonlocal transport results  

of  Cornelissen et al., PRB (2016)

YIG spin diffusion coefficient ss  
from two-magnon noise

D ⇠ 10�5 m2 · s�1

D
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Purely bulk measurement (no need for external spin excitations)



Up to now …

Quantum-impurity spin relaxometry 

in terms of one- and two-magnon processes

as probe of magnon statistics (e.g., AF chemical potential)

as probe of bulk spin-wave diffusive transport properties

applicable to any spin transport regime

Questions?

… Coming next : NV centers and spin textures



Spectroscopic imaging spin textures

D
W

Scanning probe 

Collective spin modes of the DW and of the bulk

Appropriate regime for DW modes detection

Symmetry-based checks

Example: domain wall in a U(1)-symmetric antiferromagnet



Antiferromagnetic domain-wall

L =

Z
d~r


�

2
(@tl)

2 � A

2
(@il)

2 � K

2
|l⇥ ẑ|2
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Dynamic imaging of an antiferromagnetic domain wall via quantum-impurity

relaxometry
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While spin textures in materials exhibiting zero net magnetization, such as antiferromagnetic
domain walls (DWs), have attracted much interest lately due to their robustness against exter-
nal magnetic noise, their generic detection via conventional magnetometry remains a challenging
task. Here, we propose quantum relaxometry as a new route to image spin textures by probing
the collective spin modes harbored by them. We investigate the Goldstone modes hosted by an
antiferromagnetic domain wall and assess the relaxation rate of a quantum-spin sensor interacting
with them. We show that such modes can be detected via relaxometry in some common antiferro-
magnets. Moreover, based on symmetry considerations, we propose a simple protocol to probe the
individual dynamics of each mode.

Introduction. Over the last few decades, ferromagnets
have engendered the dominant material platform for ex-
ploring spin-based phenomena and devices [1]. Recently,
antiferromagnets have emerged as the next-generation
systems with a potential for constructing denser and
faster spintronic devices [2]. Antiferromagnets derive
their advantage from the fact that the Néel order pa-
rameter encoding the information is composed of a set of
strongly-coupled oppositely-oriented spins. This results
in a vanishing net magnetic moment, which makes the in-
formation robust against external magnetic noise. Con-
sequently, computer elements composed of antiferromag-
nets can be packed closer than their ferromagnetic coun-
terparts without undesired dipolar interaction-induced
cross talks, giving a route to higher density. Secondly,
the inherent spin dynamics is governed by the exchange
coupling between the oppositely oriented spins and lies
in the THz regime (as opposed to GHz frequencies in
ferromagnets), paving the way for faster computation.
In order to achieve this goal, phenomena allowing for
imaging of the Néel order down to nanoscale in a non in-
vasive manner and operating in ambient conditions will
play a crucial role. However, the absence of net mag-
netic moment presents a significant challenge in adapting
the widely-used nanoscale imaging techniques for ferro-
magnets to antiferromagnets [3]. In particular, imaging
techniques to characterize domain walls in a generic an-
tiferromagnet are needed, as they will provide the ba-
sis for building antiferromagnet-based single-domain and
domain-wall-based devices [4].

On another front, atomic-size quantum spin systems
have recently surfaced as precision sensors of nanoscale
magnetic fields in a variety of solid-state systems [5].
Among these, quantum-impurity (QI) spins hosted by
the Nitrogen-vacancy (NV) defects in diamond are par-
ticularly interesting owing to their ability to operate at
room temperature [5, 6]. Notably, NVs have been re-
cently deployed to image domains and spin cycloids in
antiferromagnets Cr2O3 [7] and BiFeO3 [3], respectively.

However, in these demonstrations, NVs sense the Néel
order via imaging the static magnetic fields emanating
from a non-zero magnetic moment, which is imprinted
by the textured Néel order [8]. These demonstrations
are thus limited to the special class of magnetoelectric
antiferromagnets. In contrast to the modality of imaging
static magnetic fields, a scheme to sense the magnetic
noise generated by collective spin modes has been re-
cently established [9]. Within this method, referred to
as relaxometry, fluctuating magnetic fields resonant with
the NVs spin transitions are detected by monitoring the
change in relaxation rate caused by the magnetic noise.

FIG. 1. (a) Detection scheme proposed in the text. The color
gradient represents the z component of the Néel order param-
eter, l

z

. The antiferromagnet hosts a DW along the x axis
(dashed red line). Within the DW width �, the order pa-
rameter (black arrow) lies within the xy plane. Its dynamics
engender the spin density m. The associated stray field is
detected by the QI spin. (b) Collective field variables repre-
senting the soft modes of the DW. (c) Dispersion relations of
the string and spin superfluid modes harbored by the DW.
For the former, the dispersion relation deviates from ! = ck

at k ⇠ �

�1 due to the bending sti↵ness. The dashed line cor-
responds to the bulk spin waves (SWs) away from the DW.
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While spin textures in materials exhibiting zero net magnetization, such as antiferromagnetic
domain walls (DW), have attracted much interest lately due to their robustness against external
magnetic noise, their detection via conventional magnetometry remains a challenging task. Here,
we propose quantum relaxometry as a new route to image spin textures by probing the collective
spin modes harbored by them. We investigate the Goldstone modes hosted by an antiferromagnetic
domain wall and assess the relaxation rate of a quantum-spin sensor interacting with them. We
show that, for reasonable material parameters, such modes, and thus the domain-wall position, can
be detected via relaxometry. Moreover, based on symmetry considerations, we propose a simple
protocol to relate the experimental signal with the individual dynamics of each mode.

Introduction. Over the last few decades, ferromagnets
have provided the dominant platform for exploring spin-
based phenomena and devices [1]. Recently, antiferro-
magnets have emerged as the next-generation systems
for constructing denser and faster spintronic devices [2].
Antiferromagnets derive their advantage from the fact
that the Néel order parameter encoding the information
is composed of a set of oppositely-oriented spins. This
results in a vanishing net magnetic moment, which makes
the information robust against external magnetic noise.
Consequently, compute elements composed of antiferro-
magnets can be packed closer than their ferromagnetic
counterparts without dipolar interaction-induced unde-
sired cross-talks, giving a route to higher density. Sec-
ondly, the inherent spin dynamics is governed by the ex-
change coupling between the oppositely oriented spins
and lies in the THz regime (as opposed to GHz frequen-
cies in ferromagnets), paving the way for faster com-
putation. In order to achieve this goal, phenomena al-
lowing for imaging the Néel order parameter down to
nanoscale in a non-invasive manner and operating in am-
bient conditions will play a crucial role. However, the
absence of net magnetic moment presents a significant
challenge in adapting the widely-used nanoscale imag-
ing techniques for ferromagnets to antiferromagnets [3].
In particular, imaging techniques to characterize domain
walls in a generic antiferromagnet are needed, as they
will provide the basis for building antiferromagnet-based
single-domain and domain-wall-based devices [4].

On another front, atomic-sized quantum spin systems
have recently surfaced as precision sensors of nanoscale
magnetic fields in a variety of solid-state systems [5].
Among these, quantum-impurity (QI) spins hosted by
the Nitrogen-vacancy (NV) defects in diamond are par-
ticularly interesting owing to their ability to operate at
room temperature [5, 6]. Notably, NVs have been re-
cently deployed to image domains and spin cycloids in
antiferromagnets Cr2O3 [7] and BiFeO3 [3], respectively.
However, in these demonstrations, NVs sense the Néel
order via imaging the static magnetic fields emanating
from a non-zero magnetic moment, which is locked to

the Néel order parameter due to magnetoelectric cou-
pling [10]. These demonstrations are thus limited to the
special case of magnetoelectric antiferromagnets. In con-
trast to the modality of imaging static magnetic fields,
a scheme to sense the magnetic noise generated by col-
lective spin modes has been recently demonstrated [12].
Within this method, referred to as relaxometry, fluctu-
ating magnetic fields resonant with the NVs spin transi-
tions are detected by monitoring the change in relaxation
rate caused by the magnetic noise. In this Letter, invok-
ing relaxometry, we present a new scheme for mitigating
the challenge of imaging domain walls in a generic antifer-
romagnet. The proposed imaging method, schematically
depicted in Fig. 1 (a), amounts to record the relaxation

FIG. 1. (a) Detection scheme proposed in the text. The color
expresses the ẑ-component of the Néel order, lz. The anti-
ferromagnet hosts a DW along the x-axis (dashed red line).
Within the DW width �, the order parameter (black arrow)
lies within the xy plane. Its dynamics engenders the spin den-
sity m. The associated stray field is detected by the QI. (b)
Collective field variables representing the soft modes of the
DW. (c) Dispersion relations of the string and spin superfluid

modes of the DW. For the former, the dispersion relation devi-
ates from ! = ck at k ⇠ �

�1 due to the bending sti↵ness. The
dashed line corresponds to the spin waves on top of l = ±ẑ.
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FIG. 2. Quantum-spin relaxation rate as function of fre-
quency. (a) Relaxation rate due to the transverse (blue line)
and longitudinal (red line) magnetic noise of a spatially homo-
geneous region within the film for ✓s = 0. (b) For � = 0 and
n̂ k ẑ, we plot the relaxation rate induced by the superfluid
mode (blue line) and the string mode (yellow line). For � = 0
and n̂ k ŷ, the spin superfluid is the only soft mode respon-
sible for quantum-spin relaxation (red line). The relaxation
rate is normalized by �̃ = (��̃)2�/8⇡a4

0.

the one associated with the coherent and incoherent spin
dynamics in an uniform region of the film. The relaxation
time induced by the DW dynamics, at ! ⇡ 10 GHz for
n̂ k ẑ, can be estimated as ��1 ⇠ ms, suggesting that the
signal can be experimentally detected, as it corresponds
to a much shorter relaxation time than the intrinsic one
of, e.g., an NV center [26]. Once a signal is detected,
one can rule out contributions other than the DW modes
by first applying a static magnetic field oriented along ŷ.
The field induces a gap in the spin-superfluid dispersion,
which would, in turn, lead to a decrease of the signal as
long as the resonance frequency is much lower than the
spin-superfluid gap. At the same time, the external field
enforces a Néel DW profile. Thus, the residual signal,
engendered by the bending mode, should vanish when
reorienting the quantum spin along the ŷ axis.

Discussion and conclusions. In this work, we propose
imaging spin textures by detecting, via relaxometry, the
dynamics of their collective spin excitations, rather than
measuring directly the stray fields emitted by them. This
approach can circumvent the challenging task of recon-
structing the spatial magnetization from the measured
stray-field profiles [27]. Moreover, a QI spin sensor can
be tuned to a narrow frequency range, allowing to fil-
ter unwanted signal indipendently from the magnitude
of the associated stray field. While here we have fo-
cused specifically on probing an antiferromagnetic do-
main wall, our approach could be straightforwardly ex-
tended to other nontrivial spin textures such as antifer-
romagnetic skyrmions. Our results indicates that, by,
e.g., embedding a quantum-spin impurity on a tip and
scanning the sample, the position of a domain wall could
be detected in correspondence to a significant increase
of the quantum-spin relaxation rate. Moreover, our es-
timates shows that, within a broad range of frequencies,
the quantum spin can couple with the domain wall modes
much more e↵ectively than with the uniform coherent
spin-density dynamics. This finding suggests that an-

tiferromagnetic domain walls might have a potential as
a robust one-dimensional waveguide for coupling distant
spin qubits.

Future work should also address the detection of spin-
superfluid transport properties when the spin superfluid
mode is populated coherenty by, e.g., attaching metallic
reservoirs at the two terminations of the DW [14]. Fur-
thermore, it has been recently predicted that the spin
superfluid current decays only through phase slips, con-
sisting in the emission/absortion of skyrmions of the Néel
order [14], whose proliferation can be controlled by the
external bias. Probing this non-equilibrium dynamics via
quantum-impurity relaxometry will be investigated else-
where.
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While spin textures in materials exhibiting zero net magnetization, such as antiferromagnetic
domain walls (DW), have attracted much interest lately due to their robustness against external
magnetic noise, their detection via conventional magnetometry remains a challenging task. Here,
we propose quantum relaxometry as a new route to image spin textures by probing the collective
spin modes harbored by them. We investigate the Goldstone modes hosted by an antiferromagnetic
domain wall and assess the relaxation rate of a quantum-spin sensor interacting with them. We
show that, for reasonable material parameters, such modes, and thus the domain-wall position, can
be detected via relaxometry. Moreover, based on symmetry considerations, we propose a simple
protocol to relate the experimental signal with the individual dynamics of each mode.

Introduction. Over the last few decades, ferromagnets
have provided the dominant platform for exploring spin-
based phenomena and devices [1]. Recently, antiferro-
magnets have emerged as the next-generation systems
for constructing denser and faster spintronic devices [2].
Antiferromagnets derive their advantage from the fact
that the Néel order parameter encoding the information
is composed of a set of oppositely-oriented spins. This
results in a vanishing net magnetic moment, which makes
the information robust against external magnetic noise.
Consequently, compute elements composed of antiferro-
magnets can be packed closer than their ferromagnetic
counterparts without dipolar interaction-induced unde-
sired cross-talks, giving a route to higher density. Sec-
ondly, the inherent spin dynamics is governed by the ex-
change coupling between the oppositely oriented spins
and lies in the THz regime (as opposed to GHz frequen-
cies in ferromagnets), paving the way for faster com-
putation. In order to achieve this goal, phenomena al-
lowing for imaging the Néel order parameter down to
nanoscale in a non-invasive manner and operating in am-
bient conditions will play a crucial role. However, the
absence of net magnetic moment presents a significant
challenge in adapting the widely-used nanoscale imag-
ing techniques for ferromagnets to antiferromagnets [3].
In particular, imaging techniques to characterize domain
walls in a generic antiferromagnet are needed, as they
will provide the basis for building antiferromagnet-based
single-domain and domain-wall-based devices [4].

On another front, atomic-sized quantum spin systems
have recently surfaced as precision sensors of nanoscale
magnetic fields in a variety of solid-state systems [5].
Among these, quantum-impurity (QI) spins hosted by
the Nitrogen-vacancy (NV) defects in diamond are par-
ticularly interesting owing to their ability to operate at
room temperature [5, 6]. Notably, NVs have been re-
cently deployed to image domains and spin cycloids in
antiferromagnets Cr2O3 [7] and BiFeO3 [3], respectively.
However, in these demonstrations, NVs sense the Néel
order via imaging the static magnetic fields emanating
from a non-zero magnetic moment, which is locked to

the Néel order parameter due to magnetoelectric cou-
pling [10]. These demonstrations are thus limited to the
special case of magnetoelectric antiferromagnets. In con-
trast to the modality of imaging static magnetic fields,
a scheme to sense the magnetic noise generated by col-
lective spin modes has been recently demonstrated [12].
Within this method, referred to as relaxometry, fluctu-
ating magnetic fields resonant with the NVs spin transi-
tions are detected by monitoring the change in relaxation
rate caused by the magnetic noise. In this Letter, invok-
ing relaxometry, we present a new scheme for mitigating
the challenge of imaging domain walls in a generic antifer-
romagnet. The proposed imaging method, schematically
depicted in Fig. 1 (a), amounts to record the relaxation

FIG. 1. (a) Detection scheme proposed in the text. The color
expresses the ẑ-component of the Néel order, lz. The anti-
ferromagnet hosts a DW along the x-axis (dashed red line).
Within the DW width �, the order parameter (black arrow)
lies within the xy plane. Its dynamics engenders the spin den-
sity m. The associated stray field is detected by the QI. (b)
Collective field variables representing the soft modes of the
DW. (c) Dispersion relations of the string and spin superfluid

modes of the DW. For the former, the dispersion relation devi-
ates from ! = ck at k ⇠ �

�1 due to the bending sti↵ness. The
dashed line corresponds to the spin waves on top of l = ±ẑ.
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While spin textures in materials exhibiting zero net magnetization, such as antiferromagnetic
domain walls (DWs), have attracted much interest lately due to their robustness against exter-
nal magnetic noise, their generic detection via conventional magnetometry remains a challenging
task. Here, we propose quantum relaxometry as a new route to image spin textures by probing
the collective spin modes harbored by them. We investigate the Goldstone modes hosted by an
antiferromagnetic domain wall and assess the relaxation rate of a quantum-spin sensor interacting
with them. We show that such modes can be detected via relaxometry in some common antiferro-
magnets. Moreover, based on symmetry considerations, we propose a simple protocol to probe the
individual dynamics of each mode.

Introduction. Over the last few decades, ferromagnets
have engendered the dominant material platform for ex-
ploring spin-based phenomena and devices [1]. Recently,
antiferromagnets have emerged as the next-generation
systems with a potential for constructing denser and
faster spintronic devices [2]. Antiferromagnets derive
their advantage from the fact that the Néel order pa-
rameter encoding the information is composed of a set of
strongly-coupled oppositely-oriented spins. This results
in a vanishing net magnetic moment, which makes the in-
formation robust against external magnetic noise. Con-
sequently, computer elements composed of antiferromag-
nets can be packed closer than their ferromagnetic coun-
terparts without undesired dipolar interaction-induced
cross talks, giving a route to higher density. Secondly,
the inherent spin dynamics is governed by the exchange
coupling between the oppositely oriented spins and lies
in the THz regime (as opposed to GHz frequencies in
ferromagnets), paving the way for faster computation.
In order to achieve this goal, phenomena allowing for
imaging of the Néel order down to nanoscale in a non in-
vasive manner and operating in ambient conditions will
play a crucial role. However, the absence of net mag-
netic moment presents a significant challenge in adapting
the widely-used nanoscale imaging techniques for ferro-
magnets to antiferromagnets [3]. In particular, imaging
techniques to characterize domain walls in a generic an-
tiferromagnet are needed, as they will provide the ba-
sis for building antiferromagnet-based single-domain and
domain-wall-based devices [4].

On another front, atomic-size quantum spin systems
have recently surfaced as precision sensors of nanoscale
magnetic fields in a variety of solid-state systems [5].
Among these, quantum-impurity (QI) spins hosted by
the Nitrogen-vacancy (NV) defects in diamond are par-
ticularly interesting owing to their ability to operate at
room temperature [5, 6]. Notably, NVs have been re-
cently deployed to image domains and spin cycloids in
antiferromagnets Cr2O3 [7] and BiFeO3 [3], respectively.

However, in these demonstrations, NVs sense the Néel
order via imaging the static magnetic fields emanating
from a non-zero magnetic moment, which is imprinted
by the textured Néel order [8]. These demonstrations
are thus limited to the special class of magnetoelectric
antiferromagnets. In contrast to the modality of imaging
static magnetic fields, a scheme to sense the magnetic
noise generated by collective spin modes has been re-
cently established [9]. Within this method, referred to
as relaxometry, fluctuating magnetic fields resonant with
the NVs spin transitions are detected by monitoring the
change in relaxation rate caused by the magnetic noise.

FIG. 1. (a) Detection scheme proposed in the text. The color
gradient represents the z component of the Néel order param-
eter, l

z

. The antiferromagnet hosts a DW along the x axis
(dashed red line). Within the DW width �, the order pa-
rameter (black arrow) lies within the xy plane. Its dynamics
engender the spin density m. The associated stray field is
detected by the QI spin. (b) Collective field variables repre-
senting the soft modes of the DW. (c) Dispersion relations of
the string and spin superfluid modes harbored by the DW.
For the former, the dispersion relation deviates from ! = ck

at k ⇠ �

�1 due to the bending sti↵ness. The dashed line cor-
responds to the bulk spin waves (SWs) away from the DW.
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One can probe each mode (couple separately to it) via  
NV relaxometry by controlling the external magnetic field and  

the frequency, orientation and position of the NV center

selective coupling NV center - spin mode (strong spin-spin coupling)

bulk SW
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We propose a mechanism of coherent coupling between distant spin qubits interacting dipolarly with a

ferromagnet. We derive an effective two-spin interaction Hamiltonian and find a regime where the

dynamics is coherent. Finally, we present a sequence for the implementation of the entangling controlled-

NOT gate and estimate the corresponding operation time to be a few tens of nanoseconds. A particularly

promising application of our proposal is to atomistic spin qubits such as silicon-based qubits and nitrogen-

vacancy centers in diamond to which existing coupling schemes do not apply.
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I. INTRODUCTION

Quantum coherence and entanglement lie at the heart of
quantum-information processing. One of the basic require-
ments for implementing quantum computing is to generate,
control, and measure entanglement in a given quantum
system. This implementation is a rather challenging task,
as it requires us to overcome several obstacles, the most
important one being decoherence processes. These nega-
tive effects have their origin in the unavoidable coupling of
the quantum systems to the environment in which they
reside.

A guiding principle in the search for a good system to
encode qubits is the smaller the system, the more coher-
ence—or, more precisely, the fewer degrees of freedom, the
weaker the coupling to the environment. Simultaneously,
one needs to be able to coherently manipulate the individual
quantum objects, which is more efficient for larger systems.
These opposing requirements immediately force us to
compromise between manipulation and decoherence
requirements.

Following this principle, among the most promising
candidates for encoding a qubit, we find atomistic two-
level systems, such as nitrogen-vacancy (NV) centers and
silicon-based spin qubits [1–12]. The latter are composed
of nuclear (electron) spins of phosphorus atoms in a silicon
nanostructure. They have very long T2 times of 60 ms [13]
for nuclei and of 200 !s for electrons [14]. Recently, high-
fidelity single-qubit gates and readout have been demon-
strated experimentally [14]. Nitrogen-vacancy centers [15]
in diamond have also been demonstrated experimentally to
be very stable, with long decoherence times of T!

2 " 20 !s
and T2 " 1:8 ms [16]. Both types of spin qubit have the
additional advantage that noise due to surrounding nuclear
spins can be avoided by isotopically purifying the material.

Unfortunately, it is difficult to make these spin qubits
interact with each other in a controlled and scalable fashion
[17,18]. They are very localized, and their position in the
host material is given and cannot be adjusted easily.
Therefore, if, during their production, two qubits turn out
to lie close to each other, they will always be coupled,
while if they are well isolated from each other, they will
never interact. It is thus of high interest to propose a
scheme to couple such atomistic qubits in a way that allows
a high degree of control.
We fill this gap in the present work by proposing a setup

to couple two spin qubits separated by a relatively large
distance on the order of micrometers; see Fig. 1. The
coupling is mediated via a ferromagnet with gapped excita-
tions to which the spin qubits are coupled by magnetic
dipole-dipole interaction. Since the ferromagnet is gapped,
only virtual magnons are excited, but in order to obtain a
sizable coupling, one needs to tune the splitting of the qubit
close to ferromagnetic resonance (FMR). Another possibil-
ity could be to use magnonic crystals in place of the ferro-
magnet [19]. The on-and-off switching of the qubit-qubit
interaction is therefore achieved by tuning qubits on and
off resonance (see below). The resulting system is thus

FIG. 1. The schematics of the ferromagnetic coupler setup.
The orange dogbone shape denotes the ferromagnet that is
coupled via magnetic dipole interaction to spins of nearby
quantum dots (red spheres with green arrows). The ferromagnet
is assumed to be a monodomain, and its magnetization is
denoted by blue arrows (M) that can take arbitrary orientation.
L is the length of the quasi-1D ferromagnetic channel that is
approximately equal to the distance between the qubits. The
shape of the ferromagnetic coupler is chosen such that it enables
strong coupling to the spin qubits while maintaining the spatially
slowly decaying 1D susceptibility between the two disks.
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the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW X 3, 041023 (2013)

2160-3308=13=3(4)=041023(15) 041023-1 Published by the American Physical Society

F. Trifunovic et al., PRX 2013

Dogbone-shaped FM

21

FIG. 10. Phonon-mediated spin-spin interactions. (a) Multiple NV centers embedded in a diamond mechanical resonator
couple to each other through a common mechanical mode. Because the phonon extends over the entire structure, long-range
interactions between spins are possible. (b) Dispersive coupling of an ensemble of NV spins to a common mechanical mode
allows for squeezing of the spin uncertainty distribution. Here, the x quadrature of the spin variance is squeezed as discussed
in the main text. Figure reprinted with permission from [18]. Copyright Physical Review Letters

a qubit and the E symmetric spin-phonon interaction,
which directly couples the |±1i spin levels. The Hamil-
tonian describing the hybrid system in the rotating wave
approximation is given by [18]

H =
2X
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where !
j

is the energy of the j-th qubit, �+(�)
j

is
the spin raising (lowering) operator for the j-th qubit,
and g

j

is the single phonon coupling for the j-th qubit.
Most proposals consider the dispersive coupling regime in
which g

j

⌧ � = !
j

�!
m

. In this regime, spin-spin inter-
actions are mediated by a virtual exchange of phonons.
To obtain the e↵ective spin-spin interaction, we move
into the interaction picture with respect to the qubit and
oscillator and apply the unitary transformation UHU †,
where the unitary operator U is given by

U = exp
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For simplicity, the detunings �
j

and single phonon cou-
plings g

j

are assumed to be equal and are defined as g
and �. In the dispersive regime, the unitary transforma-
tion can be carried out to second order in (g/�), and the
spin-spin interaction Hamiltonian is given by
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In the first term, we see an e↵ective AC Stark shift
due to the dispersive coupling and in the second term
we have an e↵ective spin-spin interaction. By choosing
a suitable gate time, the spins can be completely dis-
entangled from the mechanical resonator and entangled
with each other. For instance, proper gate timing and
an initial preparation of both qubits in an eigenstate of
�
�

= cos (�)�
x

+ sin (�)�
y

leads to the two-qubit en-
tangled state | i = 1

2 (|1i1 |�1i2 + ei� |�1i1 |1i2). When
integrated into a phonon router, this entangling scheme
can be used to deterministically shuttle information be-
tween distant NV centers where phonons serve as a flying
qubit [19, 20, 135].

As mentioned, these applications require operation in
the high cooperativity regime. To date, no such de-
vices have been demonstrated in this regime with NV
centers as shown in Table 1. For magnetically coupled
devices, it should be possible to enter the strong cou-
pling regime by designing nanoscale resonators with large
zero-point motion amplitudes and employing dynamical
decoupling. For instance, for the magnetized cantilever
tip device scheme described in ref. [48], designing a res-
onator with Q > 106, !

m

/2⇡ ⇠ 1 MHz, and a field gradi-
ent @B

@z

⇠ 105T/m and coupling it to a shallow spin with
a coherence time on the millisecond time scale, it should
be possible to enter the high cooperativity regime. In the
case of strain-coupled devices, it should be possible to en-
ter the high cooperativity regime using both the spin and
orbital degrees of freedom. For instance, the nanobeam
described in the previous section could also achieve the
high cooperativity regime for spin-strain coupling by op-
erating at dilution refrigerator temperatures (T ⇠ 100
mk) [49]. In the final section, we will evaluate the chal-
lenges facing the development of these types of devices
and o↵er promising alternative architectures for hybrid
NV-mechanical devices.

Diamond mechanical resonator

S. B. Bennett et al., PRL 2013
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Entangling Distant Spin qubits via a Magnetic Domain Wall

B. Flebus and Y. Tserkovnyak
Department of Physics and Astronomy, University of California, Los Angeles, California 90095, USA

The scalability of quantum networks based on solid-state spin qubits is hampered by the short
range of natural spin-spin interactions. Here, we propose a scheme to entangle distant spin qubits
via the soft modes of an antiferromagnetic domain wall (DW). As spin qubits, we focus on quantum
impurities (QI’s) placed in the vicinity of an insulating antiferromagnetic thin film. The low-energy
modes harbored by the DW are embedded in the antiferromagnetic bulk, whose intrinsic spin-
wave dynamics have a gap that can exceed the THz range. By setting the QI frequency and the
temperature well within the bulk gap, we focus on the dipolar interaction between the QI and two
soft modes localized at the DW. One is a string-like mode associated with transverse displacements
of the DW position, while the dynamics of the other, corresponding to planar rotations of the
Néel order parameter, constitute a spin superfluid. By choosing the geometry in which the QI
does not couple to the string mode, we use an external magnetic field to control the gap of the
spin superfluid and the qubit-qubit coupling it engenders. We suggest that a tunable micron-range
coherent coupling between qubits can be established using common antiferromagnetic materials.

Introduction. The discovery of quantum-impurity (QI)
model systems, such as NV color centers [1], which show
long coherence times and can be initialized and read-out
optically [2–5], has stimulated a vast interest within the
field of quantum computing [6–8]. Direct coherent cou-
pling between single NV centers has been already ob-
served by several groups [9–11]. However, due to its
dipolar nature, such spin-spin coupling extends only up
to tens of nanometers. This distance requirement for
their interaction limits the implementation of large-scale
quantum entanglement schemes, where the ability of ad-
dressing each qubit individually must also be preserved.
To circumvent this drawback, numerous proposals for the
coherent coupling of atomistic qubits revolve around hy-
brid quantum devices, where distant qubits interact in-
directly via, e.g., mechanical resonators [12], supercon-
ducting flux qubits [13], photons [14], or spin waves [15].

While the interaction between NV centers and spin
waves has recently allowed to probe a range of magnetic
phenomena with high spatiotemporal resolution [16], hy-
brid architectures relying on magnetic insulators as build-
ing blocks remain relatively unexplored. In Ref. [15], spin
waves in microfabricated ferromagnetic waveguides have
been proposed to mediate long-distance coupling between
spin qubits. In this Letter, we instead suggest to employ
low-energy excitations associated with extended spin tex-
tures, such as domain walls, in an otherwise homogeneous
magnetic background.

Specifically, we consider an antiferromagnetic insulat-
ing film with uniaxial anisotropy, which supports an ex-
tended domain wall (DW), as depicted in Fig. 1(a). The
antiferromagnetic DW harbors two types of Goldstone
modes associated with its real- and spin-space dynam-
ics [17]. These are respectively related to the zero modes
associated with the DW displacement Y and the az-
imuthal angle � of the Néel order parameter therein.
Two QI spins, placed above the DW, interact dipolarly
with the collective spin modes of the antiferromagnetic

system, whose dispersion relations are shown in Fig. 1(b).
By setting the QI resonance frequency within the bulk
gap, which is of the order of 0.1 ÷ 1 THz in many of the
common antiferromagnetic materials [18], we can focus
on the excitations endowed by the DW for both qubit de-
coherence and qubit-qubit coupling. The string mode is
a translational-symmetry restoring Goldstone mode that

antiferromagnetic insulator
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FIG. 1. (a) The proposed hybrid quantum system: An an-
tiferromagnetic film harbors a DW of width � along the x

axis. This soliton interpolates between the ground states with
lz = ±1 at y ! ⌥1, where l is the Néel order parameter. The
x-dependent variables (Y,�) identify, respectively, the y po-
sition and the azimuthal angle of the order parameter at the
DW center. Two QI’s, placed at a height d above the DW
and distance L from each other, interact magnetostatically
with the film’s spin density m. The axial-symmetry breaking
magnetic field h is applied along the y direction. (b) Disper-
sions of the collective spin modes in the film. Dark green line:
bulk spin-wave (SW) dispersion with energy gap �. Blue line:
dispersion of the spin-superfluid mode in the presence of the
magnetic field h = hy, which opens a gap �s / h. Red line:
string sound mode. (c) The QI spin 1/2 is quantized along
the y axis, with the level splitting of ~!.

ar
X

iv
:1

80
9.

07
78

5v
1 

 [c
on

d-
m

at
.m

es
-h

al
l] 

 2
0 

Se
p 

20
18

DW
<latexit sha1_base64="PVGlykidF83qrFeuHbaqC4F/g7M=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCqJCIqngh48VrAf0oay2W7apbubsDsRS+iv8OJBEa/+HG/+G7dtDtr6wsLDOzPszBsmghv0vG+nsLK6tr5R3Cxtbe/s7pX3D5omTjVlDRqLWLdDYpjgijWQo2DtRDMiQ8Fa4eh6Wm89Mm14rO5xnLBAkoHiEacErfXQRfaE2U1r0itXvKo3k7sMfg4VyFXvlb+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rGoiGQmyGYLT9wT6/TdKNb2KXRn7u+JjEhjxjK0nZLg0CzWpuZ/tU6K0WWQcZWkyBSdfxSlwsXYnV7v9rlmFMXYAqGa211dOiSaULQZlWwI/uLJy9A8q/qW784rtas8jiIcwTGcgg8XUINbqEMDKEh4hld4c7Tz4rw7H/PWgpPPHMIfOZ8/AWaQgA==</latexit><latexit sha1_base64="PVGlykidF83qrFeuHbaqC4F/g7M=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCqJCIqngh48VrAf0oay2W7apbubsDsRS+iv8OJBEa/+HG/+G7dtDtr6wsLDOzPszBsmghv0vG+nsLK6tr5R3Cxtbe/s7pX3D5omTjVlDRqLWLdDYpjgijWQo2DtRDMiQ8Fa4eh6Wm89Mm14rO5xnLBAkoHiEacErfXQRfaE2U1r0itXvKo3k7sMfg4VyFXvlb+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rGoiGQmyGYLT9wT6/TdKNb2KXRn7u+JjEhjxjK0nZLg0CzWpuZ/tU6K0WWQcZWkyBSdfxSlwsXYnV7v9rlmFMXYAqGa211dOiSaULQZlWwI/uLJy9A8q/qW784rtas8jiIcwTGcgg8XUINbqEMDKEh4hld4c7Tz4rw7H/PWgpPPHMIfOZ8/AWaQgA==</latexit><latexit sha1_base64="PVGlykidF83qrFeuHbaqC4F/g7M=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCqJCIqngh48VrAf0oay2W7apbubsDsRS+iv8OJBEa/+HG/+G7dtDtr6wsLDOzPszBsmghv0vG+nsLK6tr5R3Cxtbe/s7pX3D5omTjVlDRqLWLdDYpjgijWQo2DtRDMiQ8Fa4eh6Wm89Mm14rO5xnLBAkoHiEacErfXQRfaE2U1r0itXvKo3k7sMfg4VyFXvlb+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rGoiGQmyGYLT9wT6/TdKNb2KXRn7u+JjEhjxjK0nZLg0CzWpuZ/tU6K0WWQcZWkyBSdfxSlwsXYnV7v9rlmFMXYAqGa211dOiSaULQZlWwI/uLJy9A8q/qW784rtas8jiIcwTGcgg8XUINbqEMDKEh4hld4c7Tz4rw7H/PWgpPPHMIfOZ8/AWaQgA==</latexit><latexit sha1_base64="PVGlykidF83qrFeuHbaqC4F/g7M=">AAAB8HicbZBNS8NAEIYn9avWr6pHL8EieCqJCIqngh48VrAf0oay2W7apbubsDsRS+iv8OJBEa/+HG/+G7dtDtr6wsLDOzPszBsmghv0vG+nsLK6tr5R3Cxtbe/s7pX3D5omTjVlDRqLWLdDYpjgijWQo2DtRDMiQ8Fa4eh6Wm89Mm14rO5xnLBAkoHiEacErfXQRfaE2U1r0itXvKo3k7sMfg4VyFXvlb+6/ZimkimkghjT8b0Eg4xo5FSwSambGpYQOiID1rGoiGQmyGYLT9wT6/TdKNb2KXRn7u+JjEhjxjK0nZLg0CzWpuZ/tU6K0WWQcZWkyBSdfxSlwsXYnV7v9rlmFMXYAqGa211dOiSaULQZlWwI/uLJy9A8q/qW784rtas8jiIcwTGcgg8XUINbqEMDKEh4hld4c7Tz4rw7H/PWgpPPHMIfOZ8/AWaQgA==</latexit>

B.F. et al., PRB Rapids (2019)

string mode gap not easily tunable

noise can be completely gapped out

gap easily tunable via external field

spin superfluid mode



Under these conditions,  both coupling and noise  
are due to the spin superfluid mode

Noise

Dynamic imaging of an antiferromagnetic domain wall via quantum relaxometry
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While spin textures in materials exhibiting zero net magnetization, such as antiferromagnetic
domain walls (DW), have attracted much interest lately due to their robustness against external
magnetic noise, their detection via conventional magnetometry remains a challenging task. Here,
we propose quantum relaxometry as a new route to image spin textures by probing the collective
spin modes harbored by them. We investigate the Goldstone modes hosted by an antiferromagnetic
domain wall and assess the relaxation rate of a quantum-spin sensor interacting with them. We
show that, for reasonable material parameters, such modes, and thus the domain-wall position, can
be detected via relaxometry. Moreover, based on symmetry considerations, we propose a simple
protocol to relate the experimental signal with the individual dynamics of each mode.

Introduction. Over the last few decades, ferromagnets
have provided the dominant platform for exploring spin-
based phenomena and devices [1]. Recently, antiferro-
magnets have emerged as the next-generation systems
for constructing denser and faster spintronic devices [2].
Antiferromagnets derive their advantage from the fact
that the Néel order parameter encoding the information
is composed of a set of oppositely-oriented spins. This
results in a vanishing net magnetic moment, which makes
the information robust against external magnetic noise.
Consequently, compute elements composed of antiferro-
magnets can be packed closer than their ferromagnetic
counterparts without dipolar interaction-induced unde-
sired cross-talks, giving a route to higher density. Sec-
ondly, the inherent spin dynamics is governed by the ex-
change coupling between the oppositely oriented spins
and lies in the THz regime (as opposed to GHz frequen-
cies in ferromagnets), paving the way for faster com-
putation. In order to achieve this goal, phenomena al-
lowing for imaging the Néel order parameter down to
nanoscale in a non-invasive manner and operating in am-
bient conditions will play a crucial role. However, the
absence of net magnetic moment presents a significant
challenge in adapting the widely-used nanoscale imag-
ing techniques for ferromagnets to antiferromagnets [3].
In particular, imaging techniques to characterize domain
walls in a generic antiferromagnet are needed, as they
will provide the basis for building antiferromagnet-based
single-domain and domain-wall-based devices [4].

On another front, atomic-sized quantum spin systems
have recently surfaced as precision sensors of nanoscale
magnetic fields in a variety of solid-state systems [5].
Among these, quantum-impurity (QI) spins hosted by
the Nitrogen-vacancy (NV) defects in diamond are par-
ticularly interesting owing to their ability to operate at
room temperature [5, 6]. Notably, NVs have been re-
cently deployed to image domains and spin cycloids in
antiferromagnets Cr2O3 [7] and BiFeO3 [3], respectively.
However, in these demonstrations, NVs sense the Néel
order via imaging the static magnetic fields emanating
from a non-zero magnetic moment, which is locked to

the Néel order parameter due to magnetoelectric cou-
pling [10]. These demonstrations are thus limited to the
special case of magnetoelectric antiferromagnets. In con-
trast to the modality of imaging static magnetic fields,
a scheme to sense the magnetic noise generated by col-
lective spin modes has been recently demonstrated [12].
Within this method, referred to as relaxometry, fluctu-
ating magnetic fields resonant with the NVs spin transi-
tions are detected by monitoring the change in relaxation
rate caused by the magnetic noise. In this Letter, invok-
ing relaxometry, we present a new scheme for mitigating
the challenge of imaging domain walls in a generic antifer-
romagnet. The proposed imaging method, schematically
depicted in Fig. 1 (a), amounts to record the relaxation

FIG. 1. (a) Detection scheme proposed in the text. The color
expresses the ẑ-component of the Néel order, lz. The anti-
ferromagnet hosts a DW along the x-axis (dashed red line).
Within the DW width �, the order parameter (black arrow)
lies within the xy plane. Its dynamics engenders the spin den-
sity m. The associated stray field is detected by the QI. (b)
Collective field variables representing the soft modes of the
DW. (c) Dispersion relations of the string and spin superfluid

modes of the DW. For the former, the dispersion relation devi-
ates from ! = ck at k ⇠ �

�1 due to the bending sti↵ness. The
dashed line corresponds to the spin waves on top of l = ±ẑ.
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Gap noise from magnetic bulk

!, T ⌧ �
<latexit sha1_base64="kyeva8HU1UcBTsyHOWxbUN9+Kuo=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARXEiZEUGXRV24rNAbdIaSSc+0oUlmSDJCHYqv4saFIm59D3e+jelloa0/BD7+cw7n5I9SzrTxvG9naXlldW29sFHc3Nre2XX39hs6yRSFOk14oloR0cCZhLphhkMrVUBExKEZDW7G9eYDKM0SWTPDFEJBepLFjBJjrY57GCQCeuQM13DAOQ5ugRvScUte2ZsIL4I/gxKaqdpxv4JuQjMB0lBOtG77XmrCnCjDKIdRMcg0pIQOSA/aFiURoMN8cv0In1ini+NE2ScNnri/J3IitB6KyHYKYvp6vjY2/6u1MxNfhTmTaWZA0umiOOPYJHgcBe4yBdTwoQVCFbO3YtonilBjAyvaEPz5Ly9C47zsW76/KFWuZ3EU0BE6RqfIR5eogu5QFdURRY/oGb2iN+fJeXHenY9p65IzmzlAf+R8/gDg8ZQy</latexit><latexit sha1_base64="kyeva8HU1UcBTsyHOWxbUN9+Kuo=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARXEiZEUGXRV24rNAbdIaSSc+0oUlmSDJCHYqv4saFIm59D3e+jelloa0/BD7+cw7n5I9SzrTxvG9naXlldW29sFHc3Nre2XX39hs6yRSFOk14oloR0cCZhLphhkMrVUBExKEZDW7G9eYDKM0SWTPDFEJBepLFjBJjrY57GCQCeuQM13DAOQ5ugRvScUte2ZsIL4I/gxKaqdpxv4JuQjMB0lBOtG77XmrCnCjDKIdRMcg0pIQOSA/aFiURoMN8cv0In1ini+NE2ScNnri/J3IitB6KyHYKYvp6vjY2/6u1MxNfhTmTaWZA0umiOOPYJHgcBe4yBdTwoQVCFbO3YtonilBjAyvaEPz5Ly9C47zsW76/KFWuZ3EU0BE6RqfIR5eogu5QFdURRY/oGb2iN+fJeXHenY9p65IzmzlAf+R8/gDg8ZQy</latexit><latexit sha1_base64="kyeva8HU1UcBTsyHOWxbUN9+Kuo=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARXEiZEUGXRV24rNAbdIaSSc+0oUlmSDJCHYqv4saFIm59D3e+jelloa0/BD7+cw7n5I9SzrTxvG9naXlldW29sFHc3Nre2XX39hs6yRSFOk14oloR0cCZhLphhkMrVUBExKEZDW7G9eYDKM0SWTPDFEJBepLFjBJjrY57GCQCeuQM13DAOQ5ugRvScUte2ZsIL4I/gxKaqdpxv4JuQjMB0lBOtG77XmrCnCjDKIdRMcg0pIQOSA/aFiURoMN8cv0In1ini+NE2ScNnri/J3IitB6KyHYKYvp6vjY2/6u1MxNfhTmTaWZA0umiOOPYJHgcBe4yBdTwoQVCFbO3YtonilBjAyvaEPz5Ly9C47zsW76/KFWuZ3EU0BE6RqfIR5eogu5QFdURRY/oGb2iN+fJeXHenY9p65IzmzlAf+R8/gDg8ZQy</latexit><latexit sha1_base64="kyeva8HU1UcBTsyHOWxbUN9+Kuo=">AAAB/XicbZDLSgMxFIYzXmu9jZedm2ARXEiZEUGXRV24rNAbdIaSSc+0oUlmSDJCHYqv4saFIm59D3e+jelloa0/BD7+cw7n5I9SzrTxvG9naXlldW29sFHc3Nre2XX39hs6yRSFOk14oloR0cCZhLphhkMrVUBExKEZDW7G9eYDKM0SWTPDFEJBepLFjBJjrY57GCQCeuQM13DAOQ5ugRvScUte2ZsIL4I/gxKaqdpxv4JuQjMB0lBOtG77XmrCnCjDKIdRMcg0pIQOSA/aFiURoMN8cv0In1ini+NE2ScNnri/J3IitB6KyHYKYvp6vjY2/6u1MxNfhTmTaWZA0umiOOPYJHgcBe4yBdTwoQVCFbO3YtonilBjAyvaEPz5Ly9C47zsW76/KFWuZ3EU0BE6RqfIR5eogu5QFdURRY/oGb2iN+fJeXHenY9p65IzmzlAf+R8/gDg8ZQy</latexit>

Gap noise from string mode  
via a magnetic field
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Entanglement via spin modes
A spin superfluid mode hosted by an antiferromagnetic 
domain wall can mediate coherent coupling between 

 QI spins at distances  sssss⇠ 1 µm
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