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RhSiChang et. al PRL ‘17

F. De Juan et al Nat. Comm (2017)F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)
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F. De Juan et al Nat. Comm (2017)F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)

H(�,~k) = ~S(�) · ~k
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RhSiChang et. al PRL ‘17

F. De Juan et al Nat. Comm (2017)F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)

H(�,~k) = ~S(�) · ~k �(!) = 4⇡2�0

Z
d⌦

(2⇡)3
R̄nm

<latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="DXC4rr/U0o0fPD4zVGr75UsukI4="></latexit><latexit sha1_base64="DXC4rr/U0o0fPD4zVGr75UsukI4="></latexit><latexit sha1_base64="j3rteGDZPweSeUjmcG8JPDHopc4="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit>

C⌃
<latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit>
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<latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit>
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<latexit sha1_base64="p9D6pT2rme8GMwvjSDDE3RmS9iA="></latexit><latexit sha1_base64="p9D6pT2rme8GMwvjSDDE3RmS9iA="></latexit><latexit sha1_base64="p9D6pT2rme8GMwvjSDDE3RmS9iA="></latexit><latexit sha1_base64="p9D6pT2rme8GMwvjSDDE3RmS9iA="></latexit>

RhSiChang et. al PRL ‘17

F. De Juan et al Nat. Comm (2017)F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)

H(�,~k) = ~S(�) · ~k �(!) = 4⇡2�0
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<latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="DXC4rr/U0o0fPD4zVGr75UsukI4="></latexit><latexit sha1_base64="DXC4rr/U0o0fPD4zVGr75UsukI4="></latexit><latexit sha1_base64="j3rteGDZPweSeUjmcG8JPDHopc4="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit><latexit sha1_base64="WsILGfAkvXetZFwIvD465Bhk7YE="></latexit>
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<latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit><latexit sha1_base64="X/VeoZRNDrbM7R01n8kCKBAcgiA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMdgLh4jmgcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZMe6/2sd8+GAk/75Ypf9edAqyTISQVyNPrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadVRiQU2YzS+eojOnDFCstCtp0Vz9PZFhYcxERK5TYDsyy95M/M/rpja+DjMmk9RSSRaL4pQjq9DsfTRgmhLLJ45gopm7FZER1phYF1LJhRAsv7xKWhfVwK8Gd5eV2k0eRxFO4BTOIYArqMEtNKAJBCQ8wyu8ecZ78d69j0VrwctnjuEPvM8fd7WQxQ==</latexit>
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<latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit>

F. De Juan et al Nat. Comm (2017)

RhSi

F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)
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<latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit><latexit sha1_base64="XB47Vj6u+tsw9Hg7tq8fTzDmXNI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GpJqtd0VH+Cygn1AO5RMmrahmcyYZApl6He4caGIWz/GnX9j2o6gogcuHM65l3vv8SPBtUHow8ksLa+srmXXcxubW9s7+d29hg5jRVmdhiJULZ9oJrhkdcONYK1IMRL4gjX90eXMb46Z0jyUd2YSMS8gA8n7nBJjJa9zxYQh8Lqb4JNpN19AbgnhyhmGyEVzWFIsoUoZQZwqBZCi1s2/d3ohjQMmDRVE6zZGkfESogyngk1znViziNARGbC2pZIETHvJ/OgpPLJKD/ZDZUsaOFe/TyQk0HoS+LYzIGaof3sz8S+vHZt+2Uu4jGLDJF0s6scCmhDOEoA9rhg1YmIJoYrbWyEdEkWosTnlbAhfn8L/SaPoYuTi29NC9SKNIwsOwCE4Bhicgyq4ATVQBxTcgwfwBJ6dsfPovDivi9aMk87sgx9w3j4B8/ORkA==</latexit>
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<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

Pershan, Phys. Rev. 143, 574 (1965) 



signal that oscillates with the frequency difference !1 � !2
<latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit>

An alternative: difference frequency generation

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>�! =

<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

� ⌧�1
<latexit sha1_base64="Iq547J4Ayx79YWweDtO++MsAO5o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegF48RzAOya5idzCZDZh/O9AbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD26nfGnGlRRw94DjhXkj7kQgEo2gkz+33iYs0fczOnUm3VLYr9gxkmTg5KUOOerf05fZiloY8Qiap1h3HTtDLqELBJJ8U3VTzhLIh7fOOoRENufay2dETcmqUHgliZSpCMlN/T2Q01Hoc+qYzpDjQi95U/M/rpBhce5mIkhR5xOaLglQSjMk0AdITijOUY0MoU8LcStiAKsrQ5FQ0ITiLLy+TZrXiXFSq95fl2k0eRwGO4QTOwIErqMEd1KEBDJ7gGV7hzRpZL9a79TFvXbHymSP4A+vzBxHkkaQ=</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

if: with

Pershan, Phys. Rev. 143, 574 (1965) 



signal that oscillates with the frequency difference !1 � !2
<latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit>

An alternative: difference frequency generation

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>�! =

<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

� ⌧�1
<latexit sha1_base64="Iq547J4Ayx79YWweDtO++MsAO5o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegF48RzAOya5idzCZDZh/O9AbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD26nfGnGlRRw94DjhXkj7kQgEo2gkz+33iYs0fczOnUm3VLYr9gxkmTg5KUOOerf05fZiloY8Qiap1h3HTtDLqELBJJ8U3VTzhLIh7fOOoRENufay2dETcmqUHgliZSpCMlN/T2Q01Hoc+qYzpDjQi95U/M/rpBhce5mIkhR5xOaLglQSjMk0AdITijOUY0MoU8LcStiAKsrQ5FQ0ITiLLy+TZrXiXFSq95fl2k0eRwGO4QTOwIErqMEd1KEBDJ7gGV7hzRpZL9a79TFvXbHymSP4A+vzBxHkkaQ=</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

if: with
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signal that oscillates with the frequency difference !1 � !2
<latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit>

An alternative: difference frequency generation

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

CPGE 

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>�! =

<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

� ⌧�1
<latexit sha1_base64="Iq547J4Ayx79YWweDtO++MsAO5o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegF48RzAOya5idzCZDZh/O9AbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD26nfGnGlRRw94DjhXkj7kQgEo2gkz+33iYs0fczOnUm3VLYr9gxkmTg5KUOOerf05fZiloY8Qiap1h3HTtDLqELBJJ8U3VTzhLIh7fOOoRENufay2dETcmqUHgliZSpCMlN/T2Q01Hoc+qYzpDjQi95U/M/rpBhce5mIkhR5xOaLglQSjMk0AdITijOUY0MoU8LcStiAKsrQ5FQ0ITiLLy+TZrXiXFSq95fl2k0eRwGO4QTOwIErqMEd1KEBDJ7gGV7hzRpZL9a79TFvXbHymSP4A+vzBxHkkaQ=</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

if: with
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signal that oscillates with the frequency difference !1 � !2
<latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit>

An alternative: difference frequency generation

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

CPGE Free carrier

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>�! =

<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

� ⌧�1
<latexit sha1_base64="Iq547J4Ayx79YWweDtO++MsAO5o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegF48RzAOya5idzCZDZh/O9AbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD26nfGnGlRRw94DjhXkj7kQgEo2gkz+33iYs0fczOnUm3VLYr9gxkmTg5KUOOerf05fZiloY8Qiap1h3HTtDLqELBJJ8U3VTzhLIh7fOOoRENufay2dETcmqUHgliZSpCMlN/T2Q01Hoc+qYzpDjQi95U/M/rpBhce5mIkhR5xOaLglQSjMk0AdITijOUY0MoU8LcStiAKsrQ5FQ0ITiLLy+TZrXiXFSq95fl2k0eRwGO4QTOwIErqMEd1KEBDJ7gGV7hzRpZL9a79TFvXbHymSP4A+vzBxHkkaQ=</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

if: with
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signal that oscillates with the frequency difference !1 � !2
<latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit><latexit sha1_base64="s1CKvNUVQaLqRMuuc2K3/nGm5Fc=">AAAB+nicbZDLSgMxFIbP1Futt6ku3QSL4MYyUwRdFt24rGAv0A5DJk3b0CQzJBmljH0UNy4UceuTuPNtTNtZaOsPgY//nMM5+aOEM20879sprK1vbG4Vt0s7u3v7B275sKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6Z1dsPVGkWy3szSWgg8FCyASPYWCt0y71Y0CEO/fMcaqFb8areXGgV/BwqkKsRul+9fkxSQaUhHGvd9b3EBBlWhhFOp6VeqmmCyRgPadeixILqIJufPkWn1umjQazskwbN3d8TGRZaT0RkOwU2I71cm5n/1bqpGVwFGZNJaqgki0WDlCMTo1kOqM8UJYZPLGCimL0VkRFWmBibVsmG4C9/eRVatarvVf27i0r9Oo+jCMdwAmfgwyXU4RYa0AQCj/AMr/DmPDkvzrvzsWgtOPnMEfyR8/kDZueTbQ==</latexit>

An alternative: difference frequency generation

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

F. de Juan, Y. Zhang, T. Morimoto, Y. Sun, J. E. Moore, AGG 1907.02537

CPGE Free carrier

Genkin & Mednis , Sov. Phys. JETP 27, 609 (1968) 

Belinicher, Sov. Phys. Semicond. 20, 558 (1986) 

k derivative of the integrand of the 
reactive part of the linear conductivity

�ab
rea = �ab � (�ba)⇤

<latexit sha1_base64="3EqFf5HO44ZouIch6DlA9SV6AUg=">AAACH3icbVDLSgMxFM3UV62vUZduBotQBcuM741QdOOygn1Apy130rQNTWaGJCOUYf7Ejb/ixoUi4q5/Y9qOUKsHAifn3HuTe7yQUalse2RkFhaXlleyq7m19Y3NLXN7pyqDSGBSwQELRN0DSRj1SUVRxUg9FAS4x0jNG9yO/dojEZIG/oMahqTJoefTLsWgtNQ2L1xJexxaMXhJ2+Wg+oLHekByPWMcF34uHiSHrfgoaZt5u2hPYP0lTkryKEW5bX65nQBHnPgKM5Cy4dihasYgFMWMJDk3kiQEPIAeaWjqAyeyGU/2S6wDrXSsbiD08ZU1UWc7YuBSDrmnK8cbyHlvLP7nNSLVvWrG1A8jRXw8fagbMUsF1jgsq0MFwYoNNQEsqP6rhfsgACsdaU6H4Myv/JdUT4rOafH8/ixfuknjyKI9tI8KyEGXqITuUBlVEEZP6AW9oXfj2Xg1PozPaWnGSHt20S8Yo2/V36QP</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>�! =

<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

� ⌧�1
<latexit sha1_base64="Iq547J4Ayx79YWweDtO++MsAO5o=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegF48RzAOya5idzCZDZh/O9AbCku/w4kERr36MN//GSbIHTSxoKKq66e7yEyk02va3tbK6tr6xWdgqbu/s7u2XDg6bOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD26nfGnGlRRw94DjhXkj7kQgEo2gkz+33iYs0fczOnUm3VLYr9gxkmTg5KUOOerf05fZiloY8Qiap1h3HTtDLqELBJJ8U3VTzhLIh7fOOoRENufay2dETcmqUHgliZSpCMlN/T2Q01Hoc+qYzpDjQi95U/M/rpBhce5mIkhR5xOaLglQSjMk0AdITijOUY0MoU8LcStiAKsrQ5FQ0ITiLLy+TZrXiXFSq95fl2k0eRwGO4QTOwIErqMEd1KEBDJ7gGV7hzRpZL9a79TFvXbHymSP4A+vzBxHkkaQ=</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>

�! =
<latexit sha1_base64="PyHyMjWmrvNgIqzhkvmbE8oTUqk=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBU9mtgl6Eoh48VrAf0F1KNp1tQ7PJkmSFWvpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvCjlTBvP+3ZWVtfWNzYLW8Xtnd29krt/0NQyUxQaVHKp2hHRwJmAhmGGQztVQJKIQysa3kz91iMozaR4MKMUwoT0BYsZJcZKXbcU3AI3BAcygT7BV1237FW8GfAy8XNSRjnqXfcr6EmaJSAM5UTrju+lJhwTZRjlMCkGmYaU0CHpQ8dSQRLQ4Xh2+ASfWKWHY6lsCYNn6u+JMUm0HiWR7UyIGehFbyr+53UyE1+GYybSzICg80VxxrGReJoC7jEF1PCRJYQqZm/FdEAUocZmVbQh+IsvL5NmteKfVar35+XadR5HAR2hY3SKfHSBaugO1VEDUZShZ/SK3pwn58V5dz7mrStOPnOI/sD5/AGld5Jt</latexit>

!1 + !2 �
<latexit sha1_base64="lp/2GsXu7dTmAGJaq54NtBpt0ZU=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWQRBKUgVdFt24rGAv0IQwmU7ToXMJMxOhhIKv4saFIm59Dne+jdM2C239YeDjP+dwzvxxyqg2nvftlFZW19Y3ypuVre2d3T13/6CtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUe303rnkShNpXgw45SEHCWCDihGxlqRexRIThIU+ecF1IMkgZFb9WreTHAZ/AKqoFAzcr+CvsQZJ8JghrTu+V5qwhwpQzEjk0qQaZIiPEIJ6VkUiBMd5rPzJ/DUOn04kMo+YeDM/T2RI671mMe2kyMz1Iu1qflfrZeZwXWYU5Fmhgg8XzTIGDQSTrOAfaoINmxsAWFF7a0QD5FC2NjEKjYEf/HLy9Cu1/yLWv3+stq4KeIog2NwAs6AD65AA9yBJmgBDHLwDF7Bm/PkvDjvzse8teQUM4fgj5zPHwirlOE=</latexit>
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An alternative: difference frequency generation

Divergences and plateaus appear at node activation frequencies



S. D. Ganichev et. al. Nature 417, 153 (2002)
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Food for spin-thought: Spin-galvanic effect
Asymmetric spin populations and scattering induces electric current

electron spin

allowed in gyrotropic point groups

ji = ⌧sQijSj
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Asymmetric spin populations and scattering induces electric current

electron spin

allowed in gyrotropic point groups
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photon angular momentum

ji = ⌧sQijSj
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Quantization

ji = �ijEj + �ijlEjEl + · · ·

Quantized photogalvanic effect

D. Rees et al arXiv: 1902.03230
F. De Juan et al Nat. Comm (2017)

Quantum Hall effect
von Klitzing, Tsui, Stormer (80’s)

Rotation of plane of polarization
L. Wu, et al Science (2016)

…not so often experimentally observed

ji = �ijEj + �ijlEjEl + · · ·





Circular dichroism of chiral 3D-HOTIs  
is quantized to integers, and   
distinguishes different HOTIs



Total circular dichroism measures the DC Hall conductivity

Bennett and Stern PRA (1965)
Souza and Vanderbilt PRB (2008)
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Total circular dichroism is quantized in Chern insulators

D. T. Tran, A. Dauphin, AGG, P. Zoller, N. Goldman Science Advances (2017)
L. Asteria et al Nat. Phys. (2019)
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Total circular dichroism is quantized in Chern insulators

D. T. Tran, A. Dauphin, AGG, P. Zoller, N. Goldman Science Advances (2017)

…but the total circular dichroism is zero in finite samples

L. Asteria et al Nat. Phys. (2019)
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Wannier basis ground-state 
projector operator

Bianco, Resta PRB (2011)
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the total circular dichroism is zero in finite samples (real space picture)



= 0
<latexit sha1_base64="z8MafEBS+p/oYl6vx2ff2cpzjW4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWerh2e6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G3SF5ozlGNLKNPC3krYkGrK0IZTtCF4iy8vk2a14p1XqvcX5dpNHkcBjuEEzsCDS6jBHdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AH7/Iz/</latexit>

�xy =
1

A

X

r

Cxy(r)
<latexit sha1_base64="NFPN/YRsVgkqpeyMuEbfrfAnHY4=">AAACJHicbVDLSsNAFJ34rPVVdekmWIS6KUkVFESoduOygn1AU8JkOmmHziRhZiKGIR/jxl9x48IHLtz4LU7agNp6YOBwzrnMvceLKBHSsj6NhcWl5ZXVwlpxfWNza7u0s9sWYcwRbqGQhrzrQYEpCXBLEklxN+IYMo/ijjduZH7nDnNBwuBWJhHuMzgMiE8QlFpyS+eOIEMGXXWfpBfOwOcQKTtVl6kjYuYqh0E58nzF07QxyVR+lCO3VLaq1gTmPLFzUgY5mm7pzRmEKGY4kIhCIXq2Fcm+glwSRHFadGKBI4jGcIh7mgaQYdFXkyNT81ArA9MPuX6BNCfq7wkFmRAJ83QyW1HMepn4n9eLpX/WVySIYokDNP3Ij6kpQzNrzBwQjpGkiSYQcaJ3NdEI6qKk7rWoS7BnT54n7VrVPq7Wbk7K9au8jgLYBwegAmxwCurgGjRBCyDwAJ7AC3g1Ho1n4934mEYXjHxmD/yB8fUNOuynAQ==</latexit>

Wannier basis ground-state 
projector operator

Bianco, Resta PRB (2011)

�1
<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

6
<latexit sha1_base64="isA7HMw1IyBJaGe6fSsV01e5RXQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIN/jL4=</latexit>

Cxy(r)
<latexit sha1_base64="bUnhWLbIItnX71ELbOYprogPrJY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkpSBV0Wu3FZwdZCG8JkOmmHTh7MTKQl5FfcuFDErT/izr9x0mahrQcGDufcyz1zvJgzqSzr2yhtbG5t75R3K3v7B4dH5nG1J6NEENolEY9E38OSchbSrmKK034sKA48Th+9aTv3H5+okCwKH9Q8pk6AxyHzGcFKS65ZbbvpbJ7VhwFWE89PRXbhmjWrYS2A1oldkBoU6Ljm13AUkSSgoSIcSzmwrVg5KRaKEU6zyjCRNMZkisd0oGmIAyqddJE9Q+daGSE/EvqFCi3U3xspDqScB56ezCPKVS8X//MGifJvnJSFcaJoSJaH/IQjFaG8CDRighLF55pgIpjOisgEC0yUrquiS7BXv7xOes2Gfdlo3l/VWrdFHWU4hTOogw3X0II76EAXCMzgGV7hzciMF+Pd+FiOloxi5wT+wPj8ARVVlHc=</latexit>

x/a
<latexit sha1_base64="2g7DxyPkzIRsx/uzM1fopUyWTSM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLtookeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK909ntFssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0mjUvbOy5W7i1L1OosjD0dwDKfgwSVU4RZqUAcGA3iGV3hzpPPivDsf89ack80cwh84nz8Mzo2k</latexit>

y/a
<latexit sha1_base64="byjmzI+flzxxjTPQ1/Zyv5rl0fE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkkV9Fj04rGi/YA2lM120i7dbMLuRgilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRZAn6ER1IHnJGjZUesnPaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjj6kynAmcFLupxoSyER1gx1JJI9T+eHbqhJxapU/CWNmShszU3xNjGmmdRYHtjKgZ6kVvKv7ndVITXvtjLpPUoGTzRWEqiInJ9G/S5wqZEZkllClubyVsSBVlxqZTtCF4iy8vk2a14l1UqveX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAOVI2l</latexit>

Cxy(r) = 2⇡Im hr|
⇥
Q̂x̂, P̂ ŷ

⇤
|ri

<latexit sha1_base64="U2DBBWSSRr2Q1uHzLgW+JeIbcF4="></latexit>

⌫
<latexit sha1_base64="Q5QBoJHXaSX6KvHmV3PNna1aMJc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBgMY3b</latexit>

the total circular dichroism is zero in finite samples (real space picture)



Real space

�1
<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

6
<latexit sha1_base64="isA7HMw1IyBJaGe6fSsV01e5RXQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIN/jL4=</latexit>

x/a
<latexit sha1_base64="2g7DxyPkzIRsx/uzM1fopUyWTSM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLtookeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK909ntFssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0mjUvbOy5W7i1L1OosjD0dwDKfgwSVU4RZqUAcGA3iGV3hzpPPivDsf89ack80cwh84nz8Mzo2k</latexit>

y/a
<latexit sha1_base64="byjmzI+flzxxjTPQ1/Zyv5rl0fE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkkV9Fj04rGi/YA2lM120i7dbMLuRgilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRZAn6ER1IHnJGjZUesnPaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjj6kynAmcFLupxoSyER1gx1JJI9T+eHbqhJxapU/CWNmShszU3xNjGmmdRYHtjKgZ6kVvKv7ndVITXvtjLpPUoGTzRWEqiInJ9G/S5wqZEZkllClubyVsSBVlxqZTtCF4iy8vk2a14l1UqveX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAOVI2l</latexit>

�� =
e2E2

~
X

r

Cxy(r) = 0
<latexit sha1_base64="ng6ORRy9JBgMOU4PSMWoUn8qQAg="></latexit>

the total circular dichroism is zero in finite samples (real and energy space picture)

�� =
e2E2

~
X

r

Cxy(r) = 0
<latexit sha1_base64="ng6ORRy9JBgMOU4PSMWoUn8qQAg="></latexit>



Real space

�1
<latexit sha1_base64="gxmVDwgXNkVVBW8MWuMKIAF1sIU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cO71SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+UwjPA=</latexit>

6
<latexit sha1_base64="isA7HMw1IyBJaGe6fSsV01e5RXQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftUrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIN/jL4=</latexit>

x/a
<latexit sha1_base64="2g7DxyPkzIRsx/uzM1fopUyWTSM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLtookeiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK909ntFssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0mjUvbOy5W7i1L1OosjD0dwDKfgwSVU4RZqUAcGA3iGV3hzpPPivDsf89ack80cwh84nz8Mzo2k</latexit>

y/a
<latexit sha1_base64="byjmzI+flzxxjTPQ1/Zyv5rl0fE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qkkV9Fj04rGi/YA2lM120i7dbMLuRgilP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRZAn6ER1IHnJGjZUesnPaK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjj6kynAmcFLupxoSyER1gx1JJI9T+eHbqhJxapU/CWNmShszU3xNjGmmdRYHtjKgZ6kVvKv7ndVITXvtjLpPUoGTzRWEqiInJ9G/S5wqZEZkllClubyVsSBVlxqZTtCF4iy8vk2a14l1UqveX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAOVI2l</latexit>

�� =
e2E2

~
X

r

Cxy(r) = 0
<latexit sha1_base64="ng6ORRy9JBgMOU4PSMWoUn8qQAg="></latexit>

the total circular dichroism is zero in finite samples (real and energy space picture)

�� =
X

n,m2{e,b}

�n!m = 0

<latexit sha1_base64="368Ba58HJ5vxg4z/ujbP0BUmWtU="></latexit>

Energy space

�� =
X

n,m2{e,b}

�n!m = 0

<latexit sha1_base64="368Ba58HJ5vxg4z/ujbP0BUmWtU="></latexit>
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2⇡E2
=

X

n,m

�� hm| (x̂± iŷ) |ni
��2�(Em � En � ~!)Calculated using Fermi’s Golden Rule

�� =
e2E2

~
X

r

Cxy(r) = 0
<latexit sha1_base64="ng6ORRy9JBgMOU4PSMWoUn8qQAg="></latexit>



Chiral higher order topological insulators

I�HOTI
<latexit sha1_base64="ADmF3zAma6t6GzLXkE/omLbL6kw=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwY0lqYIui27alRV6gzaUyXTSDp1JwsxEKCG48VXcuFDErU/hzrdxkmahrT8MfPznHOac3w0Zlcqyvo3Cyura+kZxs7S1vbO7Z+4fdGQQCUzaOGCB6LlIEkZ90lZUMdILBUHcZaTrTm/TeveBCEkDv6VmIXE4GvvUoxgpbQ3NowFHaoIRixtJhoLH5/W7ViMZmmWrYmWCy2DnUAa5mkPzazAKcMSJrzBDUvZtK1ROjISimJGkNIgkCRGeojHpa/QRJ9KJsxMSeKqdEfQCoZ+vYOb+nogRl3LGXd2ZbikXa6n5X60fKe/aiakfRor4eP6RFzGoApjmAUdUEKzYTAPCgupdIZ4ggbDSqZV0CPbiycvQqVbsi0r1/rJcu8njKIJjcALOgA2uQA3UQRO0AQaP4Bm8gjfjyXgx3o2PeWvByGcOwR8Znz9Rg5de</latexit>

F. Schindler et. al Science Advances (2018)
M. Ezawa Phys Rev. B (2018)

H = HTI +HCz
4T +HZeeman

<latexit sha1_base64="KhBAhtYUUfGAm81sq7csQQKHjJY=">AAACJnicbVDLSgMxFM34rPU16tJNsAiCUGZU0E2h2E3dVWhVbOuQSW9rMMkMSUaow3yNG3/FjYuKiDs/xfQhaPVA4OSce7n3njDmTBvP+3BmZufmFxZzS/nlldW1dXdj80JHiaLQoBGP1FVINHAmoWGY4XAVKyAi5HAZ3lWG/uU9KM0iWTf9GNqC9CTrMkqMlQK3VC3hapC2BDG3SqT1syzbt//KTfqQBUcjmRKe1sfyd9k1gCAyywK34BW9EfBf4k9IAU1QC9xBqxPRRIA0lBOtm74Xm3ZKlGGUQ5ZvJRpiQu9ID5qWSiJAt9PRmRnetUoHdyNlnzR4pP7sSInQui9CWzncU097Q/E/r5mY7kk7ZTJODEg6HtRNODYRHmaGO0wBNbxvCaGK2V0xvSWKUGOTzdsQ/OmT/5KLg6J/WDw4PyqUTydx5NA22kF7yEfHqIyqqIYaiKJH9IwG6NV5cl6cN+d9XDrjTHq20C84n18DNabI</latexit>

Cz
4I�HOTI

<latexit sha1_base64="xN84ST/7fpYetE+o9H4bXSjXT34=">AAACC3icbZC7TsMwFIadcivlFmBkiVohsVAlpRKMFV3aiSL1JrUhclyntWonke0glSg7C6/CwgBCrLwAG2+D02aAll+y9Ok/58jn/G5IiZCm+a3l1tY3Nrfy24Wd3b39A/3wqCuCiCPcQQENeN+FAlPi444kkuJ+yDFkLsU9d1pP6717zAUJ/LachdhmcOwTjyAoleXoxboTV5O7+CEZMignCNK4uUDO4vPGTbuZOHrJLJtzGatgZVACmVqO/jUcBShi2JeIQiEGlhlKO4ZcEkRxUhhGAocQTeEYDxT6kGFhx/NbEuNUOSPDC7h6vjTm7u+JGDIhZsxVnemWYrmWmv/VBpH0ruyY+GEksY8WH3kRNWRgpMEYI8IxknSmACJO1K4GmkAOkVTxFVQI1vLJq9CtlK2LcuW2WqpdZ3HkwQkogjNggUtQAw3QAh2AwCN4Bq/gTXvSXrR37WPRmtOymWPwR9rnD4P6m1Y=</latexit>

Model:
+



x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

z
<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>

Cz
4I�HOTI
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<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>
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<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>
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<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>
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<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>
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<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>

5 10 15 20
N

�1.0

�0.5

0.0

0.5

1.0

�
�

n
!

m
/(

E
2 A

)

��Cz
4I

b!b

��Cz
4I

e!b

��Cz
4I

e!e
5 10 15 20

N

�1.0

�0.5

0.0

0.5

1.0

�
�

n
!

m
/(

E
2 A

)

��Cz
4I

b!b

��Cz
4I

e!b

��Cz
4I

e!e

5 10 15 20
N

�1.0

�0.5

0.0

0.5

1.0

�
�

n
!

m
/(

E
2 A

)

��Cz
4I

b!b

��Cz
4I

e!b

��Cz
4I

e!e

5 10 15 20
N

�1.0

�0.5

0.0

0.5

1.0

�
�

n
!

m
/(

E
2 A

)

��Cz
4I

b!b

��Cz
4I

e!b

��Cz
4I

e!e

Quantized circular dichroism depends on irradiated surface

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>
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y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>
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<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>
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…but how can one measure quantization?



Edge state signal can be filtered out to measure quantization
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Quantized circular dichroism distinguishes chiral higher order topological insulators



Experiments?

Y Xu et al. PRL 122, 256402 (2019)
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Non-universal surface average of the local Chern marker

Quantization in chiral higher order topological insulators



Quantized optical responses in chiral insulators and metals
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Quantized circular dichroism distinguishes HOTIs
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Difference frequency generation reveals 
quantization and a free carrier response

FET-OPEN

F. de Juan, AGG, T. Morimoto, J. E. Moore Nat. Comm (2017) 
F. Flicker, F. de Juan, T. Morimoto, B. Bradlyn, M. Vergniory, AGG PRB (2018)

M.A. Sanchez-Martinez,  F. de Juan, AGG PRB (2019)

It is still worth looking for chiral Weyls to find exact quantization! 
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