
Stringy Origin of non-Abelian
Discrete Flavor Symmetries

String Phenomenology
KITP

Stuart Raby

August 29, 2006



Orb fold GUTs / String Orbifolds
Kobayashi,  SR,  Zhang 

hep-ph/0403065  & 0409098

Kobayashi, Nilles, Ploeger, SR, Ratz
- in preparation

Discrete  Flavor  Symmetries 



1. Preserve gauge coupling unification
2. Low energy SUSY                MZ << MG
3. Quarks and leptons in 16 of SO(10)
4. Higgs in 10
5. Preserve GUT relations for 3rd family Yukawa
6. “Natural” See-Saw scale  ~ MG
7. Use intuition from Orbifold GUTs



Field theory  vs. String orbifolds

3  Family Orbifold GUT on   M4 x S1/(Z2xZ2’)

Heterotic string compactified on  [T2]3/Z6
+  Wilson  lines

Consider SO(10) example
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SO(10) Orbifold GUT  on  M4 x S1/(Z2xZ2’)

0 πR

SO10 brane (SU4 × SU2L × SU2R) brane

Gauge – V, Σ ⊂ 45

6(10 + 10)
2(16)

4(16 + 16)



Compactify 6D   on  (T2)3

Then  mod by Z6 =  (Z3 x Z2)  
and 
Add  Wilson linesZ6 embedded in  E8 x E8 gauge lattice

as  shift  V6 :  consistent with mod. inv. !

SO4 root latticeG2 SU3× ×

ls R



, ,   1 (16 16)V Σ × + Untwisted sector

6 (10 10) 3 (16 16)× + + × + T2/T4 twisted sector
fixed points

SO4G2 SU3

V, Σ ∈ SO(10)

6(10 + 10)

4(16 + 16)



SO(10)  SO(10) SU(4)xSU(2)LxSU(2)R

f3 = (4,2,1),   f3c = (4c,1,2) ,  h = (1,2,2)

P P’( V2 ) ( V2+ W2 )

V ∈ PS, f3 ∈ 16[U1]

3(h + C) ∈ 6(10 + 10)

f c
3 + (χc + χ̄c) ∈ 3(16 + 16)
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Strings  &   Exotics  
No chiral exotics !!

SO4

0 πR

G2 SU3

SO10 SU4× SU2L× SU2R

16
16

Vector-like
exotics

Vector-like exotics
[(4,1,1) (4,1,1)] (1, 2,1) (1,1, 2)

(1, 2,1;1, 2) (1,1, 2;1, 2)
+ + +

+ +

Massive &
Decouple  !!
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Strings  
&   Discrete  N.A. family symmetries

D42  Light fam’s

SO4

0 πR

G2 SU3

SO10 SU4× SU2L× SU2R

16
16

Vector-like
exotics



S1/Z2

m = 1

m = 0
161 162



D4 family symmetry

{ }4 1 3 2

1 1 2 3 2 2

1, , ,

0 1 1 0
: :

1 0 0 1

D i

f f f f

σ σ σ

σ σ

= ± ± ±

⎛ ⎞ ⎛ ⎞
= ↔ = ↔ −⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

∓

1

2

f
f

⎛ ⎞
⎜ ⎟
⎝ ⎠

doublet 3f singlet

geometry space group



PS breaking VEVs

Oi = 〈χc
α χ̄c

i 〉, i = 1, 2

———————————————————–
• Fermion mass matrix [simple form]

(f1 f2 f3) h M
⎛
⎝

fc
1

fc
2

fc
3

⎞
⎠

M =

⎛
⎝

(O2 S̃e + Se) (O2 S̃o + So) (O1 O2 φe + φ̃e)
(O2 S̃o + So) (O2 S̃e + Se) (O1 O2 φo + φ̃o)

φ′
e φ′

o 1

⎞
⎠

Fermion mass   hierarchy
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Flavor Violation

Non-abelian family symmetry 

Fermion hierarchy               scalar flavor 
violation

Suppresses  flavor violation
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Orbifolds preserving  N=1  SUSY
(a) �N

orbifold twist

�3 (1, 1,−2)/3

�4 (1, 1,−2)/4

�6-I (1, 1,−2)/6

�6-II (1, 2,−3)/6

�7 (1, 2,−3)/7

�8-I (1, 2,−3)/8

�8-II (1, 3,−4)/8

�12-I (1, 4,−5)/12

�12-II (1, 5,−6)/12

(b) �N ×�M

orbifold v1 v2

�2 × �2 (1, 0,−1)/2 (0, 1,−1)/2

�2 × �3 (1, 0,−1)/2 (0, 1,−1)/3

�2 × �4 (1, 0,−1)/2 (0, 1,−1)/4

�2 × �6 (1, 0,−1)/2 (0, 1,−1)/6

�2 × �

′
6 (1, 0,−1)/2 (1, 1,−2)/6

�3 × �3 (1, 0,−1)/3 (0, 1,−1)/3

�3 × �6 (1, 0,−1)/3 (0, 1,−1)/6

�4 × �4 (1, 0,−1)/4 (0, 1,−1)/4

�6 × �6 (1, 0,−1)/6 (0, 1,−1)/6

Table 1: (a) �N and (b) �N × �M orbifold twists for 6D �N orbifolds
leading to N=1 SUSY.
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     1Nθ θΛ = Λ =

( ),   1,..,    i i i
a ax x n e i d= + =

( )kf fθ= +Λ

( ) ( )1 1k k
kfθ θ− = − Λ ≡ Λ

Orbifold + Twisted Sectors

d

N

T
Z

Fixed points,  kth twisted
sector

dd RT = Λ

Conj. classes

torus

orbifold

     lattice       i
a an e ⊂ Λ
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( )1 1

1

,       
  0,1, 2

m e
m
θ

=

( ) 1 2 11    spanned by   3 ,  -e  e eθ− Λ

T2/Z3 orbifold

e1

e2

2

1

0

fixed points
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( )( ) ( ) ( )( )1 1 1 1,  ,  1,  1
n

i in

ii

m e m eθ θ θ⎛ ⎞
= = − Λ⎜ ⎟
⎝ ⎠

∑∏

Stringy Selection Rules

Eg.  :  Yukawa  couplings  of   n   states 
in  first  twisted  sector

( ) ( )1(I)    3 ,     (II)   0 mod 3i

i
n m= =∑Z

Space group selection rules
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( )
( )
( )
( )

( )
( )
( )

1 1

1 1

2
3

,0 ,00 0
I       ,e 0 0  ,e    

0 0,2e ,2e

=
i

e
π

θ θω
θ ω θ

ωθ θ

ω

⎛ ⎞ ⎛ ⎞⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⇒ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠

( )
( )
( )
( )

( )
( )
( )

1 1
2

1 1

,0 ,01 0 0
II       ,e 0 0  ,e    

0 0,2e ,2e

θ θ

θ ω θ
ωθ θ

⎛ ⎞ ⎛ ⎞⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⇒ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠

( )
( )
( )
( )

( )
( )
( )

1 1

1 1

,0 ,00 1 0
III       ,e 0 0 1  ,e    

1 0 0,2e ,2e

θ θ

θ θ

θ θ

⎛ ⎞ ⎛ ⎞⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⇒ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠

S3 perm’s.

Δ(54) = 
S3 (Z3xZ3’)

geometry
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e1

e2

2
1

0

Flavor Symmetry Breaking

( )
vac

,0 0θ ≠ ( ) 3 2 354 D SΔ → = ∪Z

( )
( )

1
3

1

,
     D   

, 2

e

e

θ

θ

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠ doublet
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e1

e2

(θ, 0) (θ, e1)

(θ, e1 + e2)(θ, e2)

T2/Z2 orbifold
( D4 x D4 )/Z2 4 - plet
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T2/Z4 orbifold ( θ- twisted sector )
( D4 x Z4 )/Z2

doublet

( ) ( ){ }1,0 ,  ,eθ θ
( )1,eθ

( ),0θ
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( D4 x D4 )/Z2

e1

e2

(θ, 0), (θ2
, 0)

(θ, e1), (θ2
, e1 + e2)

(θ2
, e1)

(θ2
, e2)

( ) ( ) ( ) ( ){ }2 2 2 2
1 2 1 2,0 ,  , ,  , ,  ,e e e eθ θ θ θ+

4-plet

T2/Z4 orbifold ( θ2 − twisted sector )
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e1

e2

(θ, 0), (θ2
, 0)

(θ, e1), (θ2
, e1 + e2)

(θ2
, e1)

(θ2
, e2)

( ) ( ) ( ) ( ){ }2 2 2 2
1 2 1 2,0 , ,  , ,e e e eθ θ θ θ± + ±

4- singlets !
+ doublet

T2/Z4 orbifold ( θ+θ2 − twisted sectors )

( ) ( ){ }1,0 ,  ,eθ θ

combined      smaller sym.( D4 x Z4 )/Z2
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T2/Z2 orbifold (  SU(3) lattice  )

3,  
i

z z e
π

γ γ→ + =

γ

1,       z z z z→ + → −

1
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T2/Z2 orbifold (  SU(3) lattice  )
2:  T z zγ→

γ

1
2:  S z z→ +

1

A4
( )32 3 1S T ST= = =

Altarelli, Feruglio, Lin
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T2/Z2 orbifold (  SU(3) lattice  )

S4 ( Z2 x Z2 x Z2 )

γ

1

S4
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Table of Orbifold Symmetries

combined

orbifold flavor symmetry twisted sector string fundamental states

�

1/�2 D4 = S2 � (�2 × �2) untwisted sector 1
θ-twisted sector 2

�

2/�2 (D4 × D4)/�2 = (S2 × S2) � �

3
2 untwisted sector 1

θ-twisted sector 4

�

2/�3 Δ(54) = S3 � (�3 × �3) untwisted sector 1
θ-twisted sector 3
θ2-twisted sector 3̄

�

2/�4 untwisted sector 1
(D4 × �4)/�2 θ-twisted sector 2
(D4 × D4)/�2 θ2-twisted sector 4

or (D4 × �4)/�2 θ + θ2-twisted sectors or 1A1 + 1B1 + 1B2 + 1A2

�

2/�6 trivial

�

4/�8 untwisted sector 1
(D4 × �8)/�2 θ-twisted sector 2

θ2-twisted sector 1A1 + 1B1 + 1B2 + 1A2

θ3-twisted sector 2
θ4-twisted sector 4 × (1A1 + 1B1 + 1B2 + 1A2)

�

4/�12 trivial

�

6/�7 untwisted sector 1
S7 � (�7)

6 θk-twisted sector 7
θ7−k-twisted sector 7̄
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Conclusions
non-Abelian flavor symmetries

spont. breaking      fermion mass h
suppress flavor violating processes

Orbifolds discrete n-A. flavor. sym
point group selection rules
geometry

GOAL:  Find realistic models using 
these tools.


