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1. Double scaled SYK and friends

The DS-SYK model and friends

1. Double scaled SYK model: length of interaction p, and we take the
DS limit: N → ∞, λ = p2/N fixed.

2. Quite general for p-local interactions: For example, the ”p-spin” mode

H =
∑

1≤i1<···<ip≤N

C
a1...ap

i1···ip σ
a1
i1

· · ·σap

ip
,

σa
i , i = 1..N, a = 1..dim(any group), any irrep..

3. Non p-local: Parisi hypercube ( Jia, Verbaarschot; MB, Jia)

T+
µ =

d∏
ν=1,ν ̸=µ

e
i
4Fµνσ

3
νσ+

µ , H = − 1√
d

d∑
µ=1

(T+
µ + T−

µ )
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1. Double scaled SYK and friends

Why are we interested?

* The DS-SYK theory is solved exactly in λ and at all energy scales at
N → ∞, λ is a parameter. OTOC ∼ λαeλLt, so λ replaces the 1/N . So
an exact solution in λ means solving exactly in 1/Mp.

* Easy to see that λ sets the ”shortest distance” in spacetime.

* ”Bulk reconstruction” follows just from combinatorics.

* In the λ→ 0 (q → 1) limit it gives the large p SYK (N →, theen
p→ ∞). So it has JT gravity in the IR in this limit.

* Rigid algebraic structure: SL2 replaced by its q-deformation;
non-commutative spacetime (see below).

* Applications to Quantum chaos (non-maximal chaos, new handle on
phase transitions between random Hamiltonians).

* A non-’t Hooft way of getting 2D surfaces (beyond free probability
theory)
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1. Double scaled SYK and friends

Relation to free probability theory?

* A non-’t Hooft way of getting 2D surfaces (beyond free probability
theory):

In the context of RMT: ’t Hooft large N planar expasion applies for∫
DMe−eStr(M2)+eStr(V (M)),

Planar contractions→non intersecting lines (free prob. theory)

M M M M M M M M

Drawback: not easy to insert probe operators; or obtain the maximal
OTOC ( VWVW ).

We will see below that the solution of DS-SYK relies crucially on lines
crossing each other (and it’s very easy to add probe operators, maximal
chaos). This may seem like a technicality but it’s a significant deviation
from large N lore. 4 / 38



Chord diagrams for the partition function

Chord diagrams for the partition function

Basic technique: Evaluate moments of H

⟨tr e−βH⟩J = Σ
(−β)k
k!

⟨trHk⟩J = limL→∞⟨(1− β

L
H)L⟩J

tr 1 = 1. ⟨⟩J stands for ensemble average. and

⟨trHk⟩J =
∑

Chord diagrams

q# intersections

1

2

3

4

5

6

7

8

For example

+ +

×1 ×q ×1

= 2 + q〈trH4〉J =

Next, find a cute way to evaluate and get the analogue of an all scale
boundary dynamics for free
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Chord diagrams for the partition function

To evaluate the sum over chord diagrams efficient we cut open the chord
diagrams

1

2

3

4

5

6

stage 1stage 0 stage 2 stage k

1 2 k

and write a ”transfer matrix” that implements this process

v
(i+1)
l = v

(i)
l−1 + (1 + q + · · ·+ ql)v

(i)
l+1 =

= v
(i)
l−1 +

1− ql+1

1− q
v
(i)
l+1;

T = Aq +A†
q , AqA

†
q − qA†

qAq = 1

[N,Aq ] = −Aq , [N,A†
q ] = A†

q ,

Arik-Coon q-deformed oscillator algebra,

T =



0 1−q
1−q

0 0 · · ·

1 0 1−q2

1−q
0 · · ·

0 1 0 1−q3

1−q
· · ·

0 0 1 0 · · ·
...

...
...

...
. . .


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Chord diagrams for the partition function

We know everything about T , so we can evaluate

⟨tr e−βH⟩J = ⟨0|e−βT |0⟩

The chord diagrams keep a minimal set of correlations, while
”coarse graining” all other microscopic data.

Any insertion eitH → eitT . So T is the Hamiltonian in the auxiliary
Hilbert space of chords H = span{|n⟩}.
This is the bulk dynamics (T → HSchwarz. at q → 1, E → Emin),

Chords statistics is related to distances in spacetime (kinematic
space), and to a more rigorous version of G− Σ.
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Chord diagrams for the partition function

Operators

Similarly to the H; random operators with different pM ∼
√
N

M =
∑

1≤i1<···<ipM ≤N

J ′
i1···ipAψi1 · · ·ψipM

Rules for ⟨trHk1M1H
k2M1 · · · ⟩J,J ′

M1

M1

H

H H

H

H

H

k1

k2

H-node

M1-node

H-H: e−p2/N , H-M:
e−ppM/N , M-M: e−p2

M/N .
Looks the same as a Witten
diagram for 2-pt func.
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Chord diagrams for the partition function

Easy to compute 2-pt functions. IR conformal dimension ∆ = pM/p.

Can write the Feynman diagrams for 4-pt interactions in the bulk - these
are controlled by the 6j symbols of SL2,q1/2 - non-commutative AdS2,q1/2

Quantum gravity - minimal distance: Suppose K lines cross the M-line
(of the operator). The diagram receives a contribution

e−
ppM
N K = e−

p2

N ∆K = e−λ(mRAdS)K ∼ e−mlspacetime

so
lspacetime/RAdS = λK

but K is an integer → spacetime distances are quantized by λ.

The chord theory is a completely well defined theory on its own. It’s not
a case of an effective theory revealing its own demise. In it, even though
we understand the spacetime short distance behavior of the theory, we
still can’t access the microstates (turn the algebra of observables from
type II to type I).
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Spacetime

Spacetime

If we have a theory which we have solved exactly in 1/Mp, what does it
mean for spacetime (at intermediate time scales)?

Useful to take λ→ 0. Sanity checks at λ, E − E0 → 0 (Goel,
Narovlansky, Verlinde; Mukhametzhanov;...)

Cons: 2D is very special. Some of the effects may be special and counter
intuitive in higher dimensions. Pros: The only computable type of
microscopics that gives the OTOC, near horizon of higher dim BH,....

Follow the Hilbert space structure, mainly a Mink. two sided
consideration. (see Lin, Lin-Stanford,....). Clarifies the role of SLq1/2(2)
and introduces a new class of strange ”geometries”.

A non-commutative AdS2 (see also Almeheiri; Blommaert-Mertens-Yao).
The analogue of the ”boundary particle” moving on a fixed AdS2.

”Coarse grain” the chords, and follow their statistics, to get a sense of
what spacetime does (MB, Brukner, Jia, Mamroud; MB, Frumkin,
Mamroud, Seitz - ongoing).
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Spacetime

How spacetime emerges in the limit λ→ 0 (chords can cross many
other chords) β → ∞ (many chord insertions on the boundary)?

Yang-Baxter moves as an obstruction to spacetime locality?

But global constraints might remedy this
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Non-Commutative Geometry

Non-Commutative Geometry

The 4-pt function is determined by SLq1/2(2). What does that mean for
spacetime?

T is a Casimir operator of SLq1/2(2) on (properly reduced) particle
moving on a non-commutative version of AdS2. This is the NCG version
of the motion of the ”boundary particle” on a rigid AdS2. q̂ = q1/2

SLq1/2(2) : KEK−1 = q̂E, KEK−1 = q̂−1F, [E,F ] =
K2 −K−2

q̂−1 − q̂

Roughly to leading order in q − 1 then K ∼ q̂l0 . But this is not an exact
statement.

A single SLq1/2(2), but many non-commutative AdS2 (no full
classification),

The spectral theory on all of them is not complete.

No derivation of the construction from the microscopic, or directly from
the chord diagrams.
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Non-Commutative Geometry

The Schwarzian = the action for the ”boundary particle” moving
on an hyperbolic plane = particle on AdS2 with an large imaginary
magnetic field (in reduction from AdS3 to AdS2, B is momonetum
aling the reduced direction)

S =

∫
dt
(1
4
ϕ̇2 +

1

4
e−2ϕḟ2 +Bḟe−ϕ

)
HB = p2ϕ + (pfe

ϕ −B)2 → H = p2ϕ − 2Bpfe
ϕ = p2ϕ + eϕ

HB is just the Casimir of SL2 acting on this space.

(ϕ, f) describe the Poincare coordinates on the disk.

f - poincare time, ϕ position along the section = distance from
”Poincare horizon”.
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Non-Commutative Geometry

More precisely the relation is

ZFT (β) = ⟨x|e−βHparticle |x⟩AdS2

We don’t integrate over x but fix it. All choices are equivalent - gauged
SL(2). Take the point x to be ϕ→ ∞
So

H = p2ϕ + eϕ

and trajectories start and end at ϕ→ ∞. This is a gauged fixing the
Schwarzian action, or the dynamics in the gravitational algebra.

The transfer matrix can be conjugated to the form

T =
1√
1− q


0 1 0 0 · · ·
1 0 1− q 0 · · ·
0 1 0 1− q2 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .


which goes over to H when n→ ∞ is

eϕ ∼ qn = e−|ln(q)|n = e−λn
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Non-commutative geometry

Going back to the action we had before (in the limit B → ∞)

S =

∫
dt
(1
4
ϕ̇2 +

1

4
e−2ϕḟ2 +Bḟe−ϕ

)
The generators of SL(2) in this case are

E = (l1) = pf , l0 = fpf + pϕ,

F = (l−1) = f2pf + 2fpf − pfe
2ϕ + 2Beϕ

H = Casimir = l20 +
1

2
{E,F}

In NCG we can either 1) have functions on an (kind of) ordinary
space with a non-trivial *-product, or 2) we can think about
functions of non-commutative coordinates.

Non-commutative AdS2 is any space on which we can define a
action of the q-deformed SL(2) either on the space (for (1)), or on
functions on it (for (2)).
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Non-commutative geometry

Start with (1): ql0 acts by discrete jumps. Hence the space of functions
will be a a space of functions on a lattice.

Consider two variables H ∼ e−ϕ and f .

T F (H, f) ≡ F (q
1
2H, f)

R F (H, f) ≡ F (H, qf)
(1)

So we have a lattice discretization of AdS2: (H̃, z̃ ∈ q−n/2,±qm}
SL2,q1.2 is realized by

K = TR−1 →q→1 q
l0

E =
Ra+2 −Ra

f̃(qa+2 − qa)
→q→1 ∂f

F = .... (more parameters); Casimir....

(2)

After reducing on eigenvalues of E - similar to pf above ( + some sleight
of hand to do with the spectral theory, choosing a), we are only left with
H - this gives us n of the chord number, and the Casimir reduces to the
transfer matrix.
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Non-commutative geometry

Then (2): Several starting points reflecting the fact that there could be
different constuctions of AdSq,2. Actually we start with AdS3 and reduce
it to AdS2

dS2
H3 =

dH2

H2
+H2dzdz∗ (3)

The NCG versions: H, z, z∗ become non-commuting variables.

OR1:

H = H∗, Hz = q̂2zH, z∗H = q̂2Hz∗

zz∗ = q̂2z∗z + (q̂2 − 1)(1−H−2) .
(4)

OR2:

zH = κ−1Hz,

zz∗ = az∗z − bH−2, a =
κ2

2
, b =

κ

q̂2
(1− q̂2) .

(5)

Both of them have an SL(2, C)q̂ action on them.
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Non-commutative geometry

The q-deformed SL(2, C) has discrete difference operators acting in the
z and z∗ directions. If we diagonalize the one in the z∗ direction, we
reduce to a non-commutative AdS2

Fµ(z
∗, H, z) = e0(iµ(1−2)q̂

1
2 z∗; q̂2)Fµ(H, z) =

=e0(iµ(1− q̂2)q̂
1
2 z∗; q̂2)

∑
r,n

ar+1,nH
r(q̂

1
2 z)n , (6)

e0 - is a specific q-exponential function of z∗. Fµ(H, z) is a function on a
non-commutative AdS2. Can be furnished by an action of SLq̂(2).

Further reduction:

Gµ,Λ,ν = e0(iµ(1− q̂2)q̂
1
2 z∗; q̂2) FΛ(H) e0(iν(1− q̂2)

1
2 z; q̂2) . (7)

We can evaluate the Casimir on these functions and obtain the transfer
matrix.
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Non-commutative geometry

Summary

Chord diagrams are quite tractable objects,

They capture the minimal set of correlations needed to describe the bulk,
coarse graining over everything else. They capture all energy scales (finite
in N).

The auxiliary Hilbert space and transfer matrix exactly reconstructs the
bulk.

Reducing a dynamical problem into an algebraic one is always useful.
Both K-local quantum chaos and quantum gravity in 2D are govered by
an algebraivally rigid structure, which seems to be NCG.

The quantum gravity regime. NCG spacetime? points?
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The ”bulk action”, G − Σm and phase transitions

Exact coarse graining, chord G− Σ and multi-species

Identifies two scales: λ/RAdS and β/RAdS . These are the extreme UV
and extreme IR. But much of the interesting physics happens in between.

”exact coarse graining”: Split the thermal circle into s small itervals,
s >> 1. For q ∼ 1 we can have many chords originating from each
interval (coarse-graining the single chord UV level).

Basic degrees of freedom are nij , i, j = 1..s. The number of chords that
go from interval i to interval j. Using these variables we can write an
exact formula:

Z =
∑

{nij}

q∑i<k<j<ℓ nijnkℓ

∏s

i=1

 [ni]q!√∏
j ̸=i[nij ]q!

ni|e−βiT |0

 ,

(8)
where

aaa
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The ”bulk action”, G − Σm and phase transitions

Exact coarse graining, chord G− Σ and multi-species

Z =
∑

{nij}

q∑i<k<j<ℓ nijnkℓ

∏s

i=1

 [ni]q!√∏
j ̸=i[nij ]q!

⟨ni|e−βiT |0⟩

 ,

Generate

Split

(a) Generate.

Generate

Split

Reorder

(b) Split.

Generate

Split

Reorder

(c) Reorder.

Cross

Generate

Split

Reorder

(d) Cross. (e) Without
splitting into
stages.
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The ”bulk action”, G − Σm and phase transitions

This is a chord version of G− Σ.

The G− Sigma for the large p-SYK is given by

S =
1

2λ

∫ ∫ β

0

dτ1dτ2
(1
4
∂1g∂2g − eg

)
This is action is to be handled with care since it can’t be made positive
definite....

When we take s→ ∞ and λ→ 0, and n(τ1, τ2) = − 1
2∂τ1∂τ2g, then the

action that we get is 1) Well defined since it is a sum over positive
numbers 2) the same on-shell but off shell it appears to be different.
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The ”bulk action”, G − Σm and phase transitions

We are going to use this to obtain a KAM-like theorem for these kind of
systems (for a specific case). The problem of integrable to chaos
transitions in SYK has been around for a while.

H = νHInteg + κHChaotic, ν2 + κ2 = 1

H
(Spin)
Integ =

∑
J̃i1..ip̃σ

z
i1 ...σ

z
ip̃ , H

(SYK)
Integ =

∑
odd i′s

J̃i1..ip̃(ψi1ψi+1)..(ψip̃ψip̃+1)

so the intersection rules are

HC −HC : q; HI −HC : q̃, HI −HI : 1

For simplicity we will take q̃ = q, but this is not necessary. This is

generally a complicated 2-chord problem but here it simplifies because

s→ ∞, and we will take q → 1.
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The ”bulk action”, G − Σm and phase transitions

Practical application: We now have two types of chords going between
the intervals: nij and sij . Taking s→ ∞ and q → 1 we go to variables
on the continuum n(τ1, τ2), s(τ1, τ2). If we define

n(τ1, τ2) ∝ −∂1∂2gn(τ1, τ2), s(τ1, τ2) ∝ −∂1∂2gs(τ1, τ2)

We get the equations of motion that we get:

∂τ1∂τ2gn(τ1, τ2) = −2(βJ)2ν2egn(τ1,τ2)+gz(τ1,τ2) ,

∂τ1∂τ2gz(τ1, τ2) = −2(βJ)2κ2egn(τ1,τ2) .

(This is a generalization of the Liouville approach to the large p SYK
model, except that we get it from a completely well defined action).

The solutions exhibit a line of 1st phase transitions, ending in a
(persumably 2nd order) point. On one side of the phase transition the
system is very close to integrable and on the other side it is very close to
chaotic.
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The ”bulk action”, G − Σm and phase transitions

(a) SYK-like phase. (b) p-spin-like phase.
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Non-Commutative Geometry

Non-Commutative Geometry

The Schwarzian can be understood as a reduction of the ”boundary
particle” moving on an hyperbolic plane, or more precisely as a particle
on AdS2 with an large imaginary magnetic field (Maldacena et al,
Mertens et al, Kitaev et al)

S =

∫
dt
(1
4
ϕ̇2 +

1

4
e−2ϕḟ2 +Bḟe−ϕ

)
HB = p2ϕ + (pfe

ϕ −B)2 → H = p2ϕ − 2Bpfe
ϕ = p2ϕ + eϕ

HB is just the Casimir of SL2 acting on this space.

(ϕ, f) describe the Poincare coordinates on the disk.

f - poincare time, ϕ position along the section = distance from
”Poincare horizon”. 26 / 38



Non-Commutative Geometry

More precisely the relation is

ZFT (β) = ⟨x|e−βHparticle |x⟩AdS2

We don’t integrate over x but fix it. All choices are equivalent - gauged
SL(2). Take the point x to be ϕ→ ∞
So

H = p2ϕ + eϕ

and trajectories start and end at ϕ→ ∞. This is precisely the ABK
presecription of gauge fixing the Schwarzian action (Altland, Bagrets,
Kamenev;..)
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Non-Commutative Geometry

Consider the transfer matrix

T =
1√
1− q


0 1 0 0 · · ·
1 0 1− q 0 · · ·
0 1 0 1− q2 · · ·
0 0 1 0 · · ·
...

...
...

...
. . .


which goes over to H when n→ ∞ is

eϕ ∼ qn = e−|ln(q)|n = e−λn

So the allowed sizes of the the spatial slices is now a discrete variable
given by n. They are quantized with units |ln(q)| = λ (the smooth GR
limit is when λ→ 0).

Note in particular that there is a shortest distance to the horizon that we
can access (n=1).

What is the bulk algebraic structure of this discretization? Where does

SL2,q1/2 show up?
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Non-commutative geometry

Going back to the action we had before (in the limit B → ∞)

S =

∫
dt
(1
4
ϕ̇2 +

1

4
e−2ϕḟ2 +Bḟe−ϕ

)
The generators of SL(2) in this case are

E = (l1) = pf , l0 = fpf + pϕ,

F = (l−1) = f2pf + 2fpf − pfe
2ϕ + 2Beϕ

H = Casimir = l20 +
1

2
{E,F}

In the double scaled SYK model: The transfer matrix can be
obtained from a particle hopping on a non-commutative geometry
associated with AdS2,q1/2 , on which Sl2,q1/2 acts.
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Non-commutative geometry

Our transfer matrix can be understood as a similar construction with
SL(2) replaced by SLq̂(2) (q̂ = q1/2) (see also Blommaert et al):

KEK−1 = q̂E, KEK−1 = q̂−1F, [E,F ] =
K2 −K−2

q̂−1 − q̂

Roughly to leading order in q − 1 then K ∼ q̂l0 . But this is not an exact
statement.

Consider two variables ϕ and z

T F (H̃, z̃) ≡ F (q
1
2 H̃, z̃)

R F (H̃, z̃) ≡ F (H̃, qz̃)
(9)

So we have a lattice discretization of AdS2: (H̃, z̃ ∈ q−n/2,±qm}
H̃ is discretization of eϕ and z̃ is a discretization of f . TR−1 is a
discrete version of dilatations of the Poincare disk. T 2 shifts qn

′ → qn
′+1
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Non-commutative geometry

SL2,q1.2 is realized by

A = TR−1 like dilations

E =
Ra+2 −Ra

z̃(qa+2 − qa)
→q→1 ∂z̃ ∼ ∂f

F =
z̃

q−1 − q

(
T−2R−a − T 2R−a−2

)
+ iµH−2T ã (→ l−1)

Ω ≡
(
q−1A2 + qD2 − 2

(q−1 − q)2
+ B̃C̃

)
=
q−1T−2 + qT 2 − 2

(q−1 − q)2
+ iµH−2 T ã B̃

(10)

The Hamiltonian is given by the Casimir (diagonzliae B̃ = ib̃)

HB = T 2 + T−2 − µb̃q−nT−2

where T−2 shifts qn to qn−1 - this is exactly the transfer matrix of the
SYK model!
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Non-commutative geometry

Summary

Chord diagrams are quite tractable objects,

They capture the minimal set of correlations needed to describe the bulk,
coarse graining over everything else. They capture all energy scales (finite
in N).

The auxiliary Hilbert space and transfer matrix exactly reconstructs the
bulk.

Reducing a dynamical problem into an algebraic one is always useful.
Both K-local quantum chaos and quantum gravity in 2D are govered by
an algebraivally rigid structure, which seems to be NCG.

The quantum gravity regime. NCG spacetime? points?

New access to phase transitions in integ-chaos (and chaos-chaos).
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Non-commutative geometry

What we don’t really know: Yang-Baxter moves as an obstruction to
spacetime locality?

Are these just gauge? How ”big” are these ”global relocations”? Do they
disappear in the Schwarzian limit? What is the role of the chord metric?
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The ”bulk action”, G − Σm and phase transitions

Chord ”G− Σ”, and phase transitions

Can we control the pictures above? Can we generalize it to other cases?
Split the thermal circle into s small itervals, s >> 1. For q ∼ 1 we can
have many chords originating from each interval (coarse-graining the
single chord UV level), but still have a scale - β/s - much smaller than β

Basic degrees of freedom are nij , i, j = 1..s. The number of chords that
go from interval i to interval j. Using these variables we can write a
formula:

Z(β) =
∑
nij

∏
(ij)∩(kl)

qnijnkl ·(q−combinatorics)·
s∏

m=1

⟨nleaving m|e−βT/s|0⟩

This is simple because we only have a short time evolution β/s.
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The ”bulk action”, G − Σm and phase transitions

We are going to use this to obtain a KAM-like theorem for these kind of
systems (for a specific case). The problem of integrable to chaos
transitions in SYK has been around for a while.

H = νHInteg + κHChaotic, ν2 + κ2 = 1

H
(Spin)
Integ =

∑
J̃i1..ip̃σ

z
i1 ...σ

z
ip̃ , H

(SYK)
Integ =

∑
odd i′s

J̃i1..ip̃(ψi1ψi+1)..(ψip̃ψip̃+1)

so the intersection rules are

HC −HC : q; HI −HC : q̃, HI −HI : 1

For simplicity we will take q̃ = q, but this is not necessary. This is

generally a complicated 2-chord problem but here it simplifies because

s→ ∞, and we will take q → 1.
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The ”bulk action”, G − Σm and phase transitions

We now have two types of chords going between the intervals: nij and
sij . Taking s→ ∞ and q → 1 we go to variables on the continuum
n(τ1, τ2), s(τ1, τ2). If we define

n(τ1, τ2) ∝ −∂1∂2gn(τ1, τ2), s(τ1, τ2) ∝ −∂1∂2gs(τ1, τ2)

We get the equations of motion that we get:

∂τ1∂τ2gn(τ1, τ2) = −2(βJ)2ν2egn(τ1,τ2)+gz(τ1,τ2) ,

∂τ1∂τ2gz(τ1, τ2) = −2(βJ)2κ2egn(τ1,τ2) .

(This is a generalization of the Liouville approach to the large p SYK
model, except that we get it from a completely well defined action).

The solutions exhibit a line of 1st phase transitions, ending in a
(persumably 2nd order) point. On one side of the phase transition the
system is very close to integrable and on the other side it is very close to
chaotic.
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The ”bulk action”, G − Σm and phase transitions

(a) SYK-like phase. (b) p-spin-like phase.
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Summary

Summary

Chord diagrams are quite tractable objects,

They capture the minimal set of correlations needed to describe the bulk,
coarse graining over everything else. They capture all energy scales (finite
in N).

The auxiliary Hilbert space and transfer matrix exactly reconstructs the
bulk.

Reducing a dynamical problem into an algebraic one is always useful.
Both K-local quantum chaos and quantum gravity in 2D are govered by
an algebraivally rigid structure, which seems to be NCG.

The quantum gravity regime. NCG spacetime? points?

New access to phase transitions in integ-chaos (and chaos-chaos).
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