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Cosmology in a brane-world Homogeneous brane cosmology
Idea: Confinement of cosmological matter on a submanifold (BRANE) e As in standard cosmology, one assumes homogeneity and isotropy
embedded in a higher-dimensional spacetime (BULK) along the three ordinary spatial dimensions.

= all quantities depend only on time and on the extra dimension.

The five-dimensional metric can be written in the form
ds® = —n®(t,y)dt* + a®(t, y)di® + dy?,

with the brane located at y = 0.

e One must solve the five-dimensional Einstein equations
Gan + Agap = K*Tup

with the energy-momentum tensor (empty bulk)

T% = Diag(—p(t), Py(t), Pi(t), P(t),0)5(y)
We restrict our study to self-gravitating branes in a five-dimensional _
_ e One then finds on the brane (‘b’ corresponds to y = 0) the modified
bulk space-time. . .
Friedmann equation:

= r'l‘:f: A . Kl 9 c
. . 3 . . . T3 v B s ooy sem ) e e
In such a brane-universe, the cosmological evolution is modified: b u‘f: 6 S}f}"“ uJ
where C is an integration constant.

e The first Friedimann equation is modified at high energy, . . _ i
The conservation equation V, T} = 0 still holds (for an empty

e The bulk influences the cosmological evolution (Dark radiation) bulk).
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e For A =0 and C = 0 (the bulk is Minkowski),

the cosmological evolution of the brane is determined by the system

-9 4
a, K4
== o2
a; 36

@y

oy + 3” (s + ) = 0.

b

~3(14w
For w = P/p = const, py ~ a, 1+ and therefore

1

a(t)~t,  g= 3(1+w)
In particular, a;(t) ~ t'/* for radiation, a,(t) ~ t'/% for non

relativistic matter.

INCOMPATIBLE with NUCLEOSYNTHESIS !

® Warped geometries 1ol

— The bulk space-time is curved. The extra-dimension can be-

come infinite.

= In an empty bulk with a negative cosmological constant As
(AdS), put at y = 0 a self-gravitating brane with intrinsic

tension ¢ > 0, satisfying

\ t (8 i),

— Assuming Zy-symmetry (y — —y), one gets the geometry
ol s? ri"!‘r/H)_;‘.,r.’.r"‘rf.r" | n'j,'j,

with

aliy ‘ , i= 1/_..6/[\

]
lo 0
— In this case, the effective 4-dim Planck’s mass is given by
ME = ML ¢

The curvature scale £ plays the role of a compactification scale

and standard gravity is recovered down to scales ~ .

Gravity experiments ==( < (. L.
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; Viable brane cosmology 7

Use the idea of Randall and Sundrum:
1. Consider a bulk with negative cosmological constant A < 0

2. Assume the brane is endowed with an intrinsic tension o, so that
pilt) = o + plt),
where p(t) is the energy density of usual cosmological matter.

THEN
4 4 -4 *

and one recovers approzimatively the usual Friedmann equation if

44 ?‘%02 =~ (0 (Randall-Sundrum condition) ==87G = 5(;0,

Two new features
e A p? term, which dominates at high energy;

o A radiation-like term, C/a}, usually called dark radiation.

TRANSITION : High energy regime — Low energy regime
pPo = pkKo

Unconventional cosmology — Standard cosmology

e Analytical solutions (C =0, w = P/p = const)

pr~ea q=3(1 4 w)

1/q
i
alt) o t1/4 (1 4 g—l)

gives

At time ¢ ~ £, transition t'/¢ — ¢2/4,

e Non zero effective cosmological constant, efieetisse :

A &42 A

6 367 T3

which gives

a(t) o {Sh (th) + [ch (q\/z\_/i}t) - 1] / (E\/X?-?;) }]/q

e One can also solve explicitly for the bulk metric.

For C =0,

alt,y) = ao(t) [chpy — n(t)shply|]
chuy = (n(t) + H, '9) shulyl,

3

S

=
Il

with
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LConstraints on the parameters

The model is characterized by

e the fundamental mass M related to &2 via

k: = M, 5_3

o the AdS lengthscale ¢, defined by

A:_ﬁ

My and [ are not independent since the four-dimensional Planck mass
is given by
Mp, = M3t

Two constraints:

o Nucleosynthesis: ¢!/ > 1 MeV (and ¢ = 6/(k*) = 6MS/M3)
=M; > 10" GeV

e Newton’s law: £ < 1 mm =M, > 10° GeV, o'/* > 102 GeV

Another point of view

e The bulk metric is in fact AdS-Schwarzschild. In a static coordi-

nate system
. , dR? % e
ds? = — f(R)AT? + S 4 RS2,
f(R) .
with ,
R C
f(R) = A'+W_F’ k = 0,1,
e The brane is moving

Given the trajectory (T'(t), R(t)), the induced metric on the brane
is given by
ds? = —dt* + R*(t)d%}

R(1) is the brane scale factor !

e Junction conditions: [K,,] = —k* (S, = (5/3)gw)

One finds ,
1 . K
R = 2
(if) - wa+n P

==-Modified Friedmann eq
R ok, 1 C
Bowh Tt
(t) : o+ 3H (py + Py) = 0.

=>Standard conservation law
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LProduction of bulk gravitons by the brane

So far, the bulk has been assumed to be strictly empty. However, the

fluctuations of brane matter generate bulk gravitational waves,

e Bulk gravitons are produced in the process

v+ =G

e In the Randall-Sundrum framework, this interaction is governed

by the action
SF-T" = ""‘/’d;lm T”U h’h{/((l:s y= 0))
where h,,(z,y) are the metric fluctuations defined as

ds® = (e‘z"l"’l N + 26hy,, (2, ;c/)) da' dz’ 4 dy? |

e The metric fluctuations can be decomposed into “Kaluza-Klein”

modes:

b (2, y) = /dmu,,,(y) 5,',’,’)(,r),

e For ¢(p1) + ¥(p2) — G(m), the averaged square amplitude is
given by (s = (p1 + p2)”)
3 IMP = K )24 5
with
, Ap=1, A, =4

Substituting in the Boltzmann equation,

dp

5 I,gp
—+3H(p+p) = ﬁ/dm[( = Cn,
dt ( J @xpP "

with the collision term

_1 d’p, d*py
Clil=3 / (2r)® 2B, (27)° 2E, D IMP fify @m)' 69 (o1 +pr = p)

one finds
315

p+dHp = -

(3 B |

= g(T) KT,
with
9(T) = (2/3)gs + 490 + g5.

Using p = (72/30)g.T*, one gets

p+AHp = =2F

with

mEN R
F=or’?, a= (708{0) g

g
=) <~ 0095
256m7) g2 = 00 g2
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Radiating brane

[D.L. + L. Sorbo + M. Rodriguez-Martinez, PRL (2002)]
e To model the system Bulk + Radiating Brane, one can use a gen-
eralized five-dimensional Vaidya metric
ds® = — f(R,v)dv® + 2dRdv + R*dx*,

with

describing an ingoing radiation flow. Here, v is a null coordinate.

e If C(wv) is constant, one recovers the AdS-Schwarzschild metric
dR?
f(R)
with the coordinate change T'= v — [ dR/f(R).

ds® = — f(R)dT? + + R2dx?,

e The generalized Vaidya’s metric is a solution of the five-dimensional

Einstein’s equations with

Tap = F kakg, kak? =0, (kaut = 1),

The gravitons are radial |

The junction conditions give
¢ the modified Friedmann equation:

B &, f &'y 4 C
R owh T g T g +ﬁ

e the non-conservation equation

p+3H(p+ P) = -2F.

Einstein’s equations imply that, on the brane, the evolution of the

Weyl parameter is given by

2
—m—H .
g P I)

Inserting F = ak®p?, one gets a closed system of first-order differential

C= ;H“!j‘-ﬂd (

equations for the evolution of the variables (a(t), p(t), C(t)).
¢ High energy regime:
a4 o tl/4(l+3a)’ C~ 151/(1+3u¢)’
e Low energy regime:
a~tY2 €~ const.

The production of bulk gravitons is negligible.
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