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The positive cosmological constant is not only observed to 
dominate during the early U (inflation) and the late U (dark 
energy), but also

• It’s the most relevant term from 
the bottom up (EFT)

• Positive energy massively 
dominates in QG (=string/M theory)



We would like to formulate QG incorporating and identify observables

Gravitational calculations suggest an entropic interpretation of the de Sitter observer 
horizon area, somewhat analogous to black hole thermodynamics

[Gibbons-Hawking ‘70s] …  [Anninos Denef Law Sun ‘19 (logarithmic corrections)] 

Suggests that finite Hilbert space captures observer patch.
[Anninos/Hartnoll/Hofman ‘11…Banks et al…Susskind et al, Navorlanski/Verlinde…]



is compatible with many topologies,  global dS being a very special case.  
We’ll entertain the more generic case with timelike boundaries, with appropriate 
boundary conditions* freezing some variables:

• useful for holography
• Subtleties with boundary conditions, some UV sensitive
• observational constraints in the real world?  [w/Bond]

In 3d we’ll develop a boundary dual, obtained as an algorithmic deformation of 
AdS/CFT, to define it microscopically.  The main outcome is to capture the dS
entropy as a microstate count along  with emergent large-radius dS geometry for 
cosmic horizon and pole patches bounded by a fixed-size cylinder.

*[Marolf, Rangamani, Santos et al, Anderson et al, Witten, Banihashemi, Jacobson et al ’22, Draper Farkas ‘22, Ebert, Kraus et al 
’22, Anninos, Galante, Maneerat ‘24, Liu Santos Wiseman ’24, … string theory:  Ahmadain, Khan, Wall, ES ’22, Rodriguez…]



Gauss’ Law in electrodynamics:  

In closed 
space (no 
boundary), 
total charge 
must vanish

Electric field
∼ 𝜕௥𝐴଴ at 
boundary of 
region with net 
charge.

Analogue in gravity: can have net Energy with boundary conditions fixing intrinsic geometry of the boundary, or {conformal 
class of the boundary and trace(extrinsic curvature K)} [Anderson] or 1-parameter generalization [Liu Santos Wiseman ’24]

Stress energy 
𝜕௥𝑔ఓఔ at 

boundary of 
region

In closed space 
(no boundary), 
energy vanishes.
GR Hamiltonian 
constrained to 
zero.

With a timelike boundary, the energy spectrum and count of its states is an observable

Brown-York notion of energy at boundary with metric ௜௝ and extrinsic curvature ௜௝: 

(Also have energy ratios for conformal b.c.)



• The canonical ensemble has negative specific heat, but one can work in
the microcanonical ensemble. [Draper Farkas, Banahashemi Jacobson,…] 

• We will focus on the energy spectrum of the closed bounded system. The 
nonlinear 2d boundary dynamics is governed by a square-root action 
fitting into the finite real quantum spectrum of type theories. [Ebert et al, 
Kraus et al ‘22] 

• A conformal boundary condition version of the 3d theory can also be 
considered. [Coleman Shyam ’20] 

With this (Brown-York) notion of energy, get the familiar sign in the first law in dS: 

[Draper/Farkas, Banihashemi Jacobson Visser Svesko]



In holography, multitrace operators change boundary conditions
[Aharony Berkooz ES ‘01, Witten ‘01, …McGough Mezei Verlinde, Kraus Liu Marolf, Guica, Gorbenko ES Torroba, Hartman Kruthoff Shaghoulian Tajdini… ]

At large c, in the gravity description we can use the radial Hamiltonian constraint, express it 
in terms of the Brown-York stress energy tensor => trace equation and conservation law 

ఒ



Map to boundary variables

We’ll have multiple matter fields including an AdS dS uplift sector



Preview of the dual prescription:

Define a deformation of the boundary CFT, at finite N, whose large-N approximation 
corresponds to deforming the boundary condition for gravity and all matter fields in 
the bulk, including an uplift from 3 to 3 , to altogether evolve the system 
from AdS/CFT to bounded-dS/deformed-CFT.

𝜆 2 𝑟 𝑢𝑝𝑙𝑖𝑓𝑡

Entropy:  𝑆𝑔𝑒𝑛 =
𝐴𝑟𝑒𝑎

4𝐺𝑁
− 3 log

𝐴𝑟𝑒𝑎

4𝐺𝑁
+ 𝑆𝑏𝑢𝑙𝑘 Energy:  E = 𝐸𝑑𝑟𝑒𝑠𝑠𝑒𝑑 ≃ 𝐸𝐵𝑟𝑜𝑤𝑛−𝑌𝑜𝑟𝑘 ∼ 𝑒𝑥𝑡𝑟𝑖𝑛𝑠𝑖𝑐 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒/𝐺𝑁

• Reproduces the predicted dS entropy along with emergent dS geometry.  Type I VN algebra. 
• The core of the theory is the solvable 2 deformation capturing QG sector, entropy
• Regulated and tuned to match GR + local bulk matter, capturing general time-dependent 

solutions (at fixed energy).  

𝑇𝑇ത ⇒ finite 
spectrum

𝑇𝑇ത + 𝑂𝑂 ௥

𝑢𝑝𝑙𝑖𝑓𝑡

𝑇𝑇ത + 𝑂𝑂 ௥ + Λଶ



Define deformed 2d boundary theory, living on a cylinder of size L via 
a differential equation:  step by step algorithm for defining a theory 
with desired properties.    

First, consider just universal terms involving stress-energy tensor 
and identity operator and parameterized by a single dimensionful 
parameter .    This case by itself is exactly solvable!  
[Smirnov-Zamalodchikov, Dubovsky et al, Calaglia et al, Gorbenko ES Torroba]

ఒ ଶ
ଶ

ଶ ଶ

Matching to seed CFT at start with ଶ .

Dimensionless 
deformation parameter



Precise deformed energy spectrum: 
[Smirnov-Zamolodchikov, Cavaglia et al, Dubovsky et al…Gorbenko et al…]

The added composite operator ଶ grows in 
effect at high energies (`irrelevant’) but very special factorization 
property enables unambiguous definition

௧
௧

௫
௫

௫
௧

௧
௫

௧
௧

௫
௫

௫
௧

௧
௫ ! 

Differential equation for action => differential equation for energy 
spectrum



With cylinder slices, a subset of the Einstein equations 
imply the same differential equation for  
with dictionary

Remarkable match to gravity:
Brown-York (quasilocal) stress-energy*
*(ok in 3d at least, for 4d want fixed K, conf class of 𝑔డ) 

[McGough, Mezei, Verlinde; Kraus, Liu, Marolf, …Gorbenko ES Torroba…]

*



General solution:

Fix integration via appropriate boundary conditions for a given trajectory in 
theory space: relates 𝐶ଵto seed energy for a given energy level.

States with complex energy not included in the real spectrum.

A given theory may contain both signs of the square root:  opposite sign of 𝐸 ∼
𝐾 ∼ 𝜕ୄ𝑔 realize both the cosmic horizon and pole patches:

Cosmic 
horizon 
patch

Pole
patch



Note: quantum boundary gravitons (extrinsic curvature fluctuations) are part of 
this finite real spectrum.   [Marolf-Rangamani ‘12, …]

Classically they are governed by the nonlinear Born-Infeld action [Kraus et al ‘22, Ebert 
et al ‘22]

Their classical and quantum nonlinear dynamics is interesting to 
study further, for these and other boundary conditions in 3d and 
4d.   
[cf Marolf et al, Santos et al, Anninos, Galante et al, Banihashemi et al, Draper et al,
Coleman Shyam]

Bdry gravitons plus matter dynamics would go into a 
determination of their observational signatures if viable.

Doubled, 
differently 
redshifted 
images + back 
reaction on
hole embedding
and distance



Finite real 
spectrum

The integrable
Deformation of a holographic CFT captures a
universal band of horizon microstates, realizing them 
explicitly as a reorganization of BH microstates.  
Finite dS entropy is a direct consequence of the finite 
real spectrum 

[also see Araujo-Regado, Khan, Wall:  TT theory for Cauchy slices] 

What’s the matter with this?  
Needs generalization to account for non-
gravitational details, including local bulk 
quantum fields (model-dependent)



Including matter requires making sense of more general nonlinear operators, to
endow all bulk fields with fixed boundary conditions. [Hartman Kruthoff Shaghoulian Tajdini ‘18]

ఒ ଶ ௥ ௨௣௟௜௙௧

Entropy: 𝑆௚௘௡ =
஺௥௘௔

ସீಿ
− 3 log

஺௥௘௔

ସீಿ
+ 𝑆௕௨௟௞ Energy:  E = 𝐸ௗ௥௘௦௦௘ௗ ≃ 𝐸஻௥௢௪௡ି௒௢௥௞ ∼ 𝑒𝑥𝑡𝑟𝑖𝑛𝑠𝑖𝑐 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒/𝐺ே

𝑇𝑇ത ⇒ finite 
spectrum

𝑇𝑇ത + 𝑂𝑂 ௥

𝑢𝑝𝑙𝑖𝑓𝑡
AdS to dS

𝑇𝑇ത + 𝑂𝑂 ௥

+ Λଶ

Our proposal is to define these by starting with a small amount of pure 
to make the whole thing finite:  [Batra De Luca ES Torroba Yang ‘24]  

I.     డௐ

డఒ ்

=> Finite real spectrum with well-defined ଶ and other matter operators 

௥ ௣ -subtractions 

Gravity side:  pay a small price in bulk locality, but
only at arbitrarily high energies.



With regulator in place, at each step we have the freedom to 
define by matching to GR + EFT when it applies.

Count of quantities we must match:

Separations > Planck length,    

Timescale T < 𝐺ே𝑒ௌ

for control of EFT + GR

Number ௌ ଶௌ dim(finite Hilbert space)



A simple structure emerges for matter + GR solutions:

Initial boundary value problem ok here (do not need general case).

At order 𝐺ே
଴ =1 we have

• Probe matter solution
• Need order 𝐺ே back reaction on extrinsic 

curvature to capture the order 1 piece of 
Brown-York stress- energy

𝑇௜௝ =
ଵ

ீಿ
𝐾௜௝ − 𝐾 𝑔௜௝ + 𝑐𝑜𝑢𝑛𝑡𝑒𝑟𝑡𝑒𝑟𝑚𝑠





language



The solvable core of the theory 
captures the entropy and radial 
geometry, while the explicit 
regulator enabling the fine-tuning 
algorithm for matter ensures that
it embeds into a full theory with 
local bulk matter.

Note:  we don’t need holography 
to calculate EFT + GR quantities, 
fine to tune to these.  Use dual 
for microstate counts and other 
QG quantities.



States visible semiclassically in the bulk include the cosmic horizon patch, the pole patch, 
and matter excitations thereof,

[Other microscopic approaches include Sp(n) theory of dS/CFT, D1D5 uplift for dS/dS, 
Chern-Simons, double-scaled SYK, solvable 2d gravity models, QNMs from large-N QM,…]

as well as more landscapy states accessing both vacua in the uplift sector. 



Uplift and String Theory:



Analogy:
Black hole Microstates computed for BPS sectors : 

SUSY-preserving Deformation of D-brane system preserves states. Embeds into AdS/CFT.    

Strominger-Vafa, Callan-Maldacena/Susskind,…

𝟑 microstate count computed for gravitational sector (universal):  

2 integrable deformation of a seed CFT replaces BPS argument. Preserves surviving 
states in its finite real spectrum,  giving cosmic horizon entropy. Embeds into …+(OO)r theory.

Uses supersymmetry, state count unchanged 



In progress: a deformation to formulate dS/CFT and Cauchy slice holography:  
[w/Soni, Shyam, Thavanesan, Wall…]

After the uplift, move the boundary up 
rather than pulling it toward the pole

Energies now complex, dressed action
Becomes nonunitary CFT action at future boundary as expected.
[cf existing example of dS/CFT, Anninos Hartman Strominger]

Lots of questions, e.g. regulator for this version, whether dS entropy has role 
in global picture,...  



Next step: 4d generalization?  [large-N:  Hartman Kruthoff Shagoulian Tajdini]

• Can we isolate the gravitons in 4d and treat them like the matter in 3d 
(adding them like (OO)r after a small regulating step)?

• Dirichlet not generally well defined but may be in special cases of 
boundary geometry; high modes are anyway UV sensitive.  Need
nonlinear quantum stability analysis with bulk c.c. in this and other cases 
(conformal and interpolating family, with bulk c.c.).

• Can develop the observational signatures within our horizon to put 
bounds (or conceivably detect) topology from t-like boundary if viable 
[preliminary discussions w/Bond]

• The boundary trajectory can be timelike (as if 
massive), while not by itself warping the 
geometry (as if massless) => distinct from an 
ordinary object propagating in the 
spacetime.

• Doubled images but not same as lensing 
signal; chaotic billiard-like reflections if 
within a galaxy.



Recap:
Define a deformation of the boundary CFT, defined at finite N, whose large-N 
approximation corresponds to deforming the boundary condition for gravity and all 
matter fields in the bulk, including an uplift from 3 to 3 , to altogether 
evolve the system from AdS/CFT to bounded-dS/deformed-CFT.

𝜆 2 𝑟 𝑢𝑝𝑙𝑖𝑓𝑡

Entropy:  𝑆𝑔𝑒𝑛 =
𝐴𝑟𝑒𝑎

4𝐺𝑁
− 3 log

𝐴𝑟𝑒𝑎

4𝐺𝑁
+ 𝑆𝑏𝑢𝑙𝑘 Energy:  E = 𝐸𝑑𝑟𝑒𝑠𝑠𝑒𝑑 ≃ 𝐸𝐵𝑟𝑜𝑤𝑛−𝑌𝑜𝑟𝑘 ∼ 𝑒𝑥𝑡𝑟𝑖𝑛𝑠𝑖𝑐 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒/𝐺𝑁

• Reproduces the predicted dS entropy, which combines with the appropriate notions of 
energy and temperature to give a microcanonical statistical mechanical formulation of the 
observer patch.   Type I VN algebra. 

• The core of the theory is the solvable 2 deformation capturing QG sector, entropy
• Tuned to capture local bulk matter, general time-dependent solutions (at fixed energy).  

𝑇𝑇ത ⇒ finite 
spectrum

𝑇𝑇ത + 𝑂𝑂 ௥

𝑢𝑝𝑙𝑖𝑓𝑡

𝑇𝑇ത + 𝑂𝑂 ௥ + Λଶ



Extra Slides



Full models of AdS/CFT and uplift to :

String/M theory compactification

4d effective potential at weak curvature and coupling
…

…

Internal 
curvature



Warmup:  compactify extra dimensions of M-theory (11d limit) on a sphere:

𝐀𝐝𝐒𝟒 × 𝑺𝟕  (𝚲 < 𝟎) with Q quanta of  magnetic 
flux

↑ Energy density of 𝐹𝑙𝑢𝑥ଶ ∼
ொమ

ோమ(ವషరసళ) as ↓ Radius R => stable solution.     



x sphere +flux

x Ricci-flat

x hyperbolic
+flux +quantum

[McAllister talk (KKLT)] [De Luca et al ’21 ]

Recent developments of explicit compactification manifolds realizing uplift 

Tools: mathematical theorems, perturbation theory, computational methods



Uplift known AdS/CFT holographic models:  𝐝𝐒𝟒 from hyperbolic extra dimensions:

Very natural properties for dS compactification: positive potential, rigidity, genericity.
[De Luca, ES, Torroba 2021; also (A)𝑑𝑆ଷ uplift Dong Horn ES Torroba 2010]

𝑑𝑠ଶ = 𝑒ଶ஺(௬)𝑑𝑠ௗௌర

ଶ + 𝑒ଶ஻ ௬ 𝑑𝑠௛௬௣௘௥௕௢௟௜௖
ଶ [𝑦] + 𝑠𝑚𝑎𝑙𝑙 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛𝑠

The quantum variance of  internal 
field modes

Stress-energy 𝑇ெே ∼ ⟨𝜕ℎ𝜕ℎ⟩

can provide the crucial negative-
energy source, provided its amplitude 
competes with the (net) curvature and 
flux.

𝚲 > 𝟎
∫ 3𝐴ᇱଶ +

Explicit sequences of manifolds with parametric
approximation scheme for weakly curved dS solutions.  

Next:  quick summary of this



4d effective potential 

[Douglas ’09]

u(y) in 𝑉௘௙௙ is a functional of internal fields satisfying its equation of 
motion (a constraint equation): 

Two other sets of equations:  𝛿஻𝑉௘௙௙ = 0, 𝛿௛𝑉௘௙௙ = 0 to be solved 

net curvature term
Including redshift effects

Net curvature term
including redshift effects

(Classical)
Tune small

~ Casimir energy term
(Quantum) ~

Flux term
(Finely quantized
`discretuum’)

Casimir energy
density

∼ −1/𝑅௖௨௦௣
ଵଵ



h/t G. Bruno De Luca

\

Happily, much helpful 
advice and insights from 
human mathematicians.

Special thanks to
[M. Freedman, I. Agol, 
M.Anderson,  J. Lott,  B.’ 
Martelli,  R. Mazzeo; books 
by Ratcliffe and Besse]



Explicit finite volume hyperbolic space 𝐻଻/Γ constructed from gluing 
Polytopes Ratcliffe text; e.g. right angled polytopes [Italiano et al arXiv:2010.10200[math.GT]]

• Cusp regions fillable in a discretely tuneable way to give 
small but finite circles of size 𝑅௖௨௦௣ ≫ Planck length, 
supporting Casimir [Anderson]

• The number of cusps of different types is also tuneable
via infinite (parametric) sequences of manifolds 
obtained by taking covers and unwrapping the fiducial 
space.  

𝑅௖௨௦௣



Strongest variations captured by explicit 
cusp solutions with Casimir competitive

𝜌஼௔௦ ∼ න −𝑅଻ − 3
𝑢ᇱ

𝑢

ଶ

≪ න−𝑅଻

→ Central manifold: flux dominant:
R଻ ∼ −∇ଶ𝐵 + 𝑅௛௬௣

଻ ∼ 𝐹଻
ଶ

All  nearly homogeneous

In the bulk region, potential
terms vary weakly.   

Hessian is order 1/ℓଶ

} 
Suppressed corrections to underlying 
hyperbolic geometry

ℎ ∼ ℓଵଵ
ଽ Δିଵ(𝑇 − 𝑇ത)   → 0

𝑑𝑠ଶ = 𝑢 𝑦 ଶ𝑑𝑠ସௗ
ଶ + 𝑒ଶ஻ ௬ (𝑔ு௜௝ + ℎ௜௝𝑑𝑦௜𝑑𝑦௝)

𝛿஻𝑉௘௙௙ = 0 equation

𝛿௛𝑉௘௙௙ = 0 equation



• If a is too large, increase volume of non-Casimir regions 
(e.g. via short filled cusps)

• If a is too small, reduce flux quantum number

Explicit radial solution illustrates a << 1 numerically.    Parametric limit possible  




