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Bose	
  Fermi	
  gases	
  

Far from-equilibrium strongly interacting quantum systems are 
complex and at the heart of modern quantum science  

•  Can be strongly correlated and entangled 
•  Can not be described by  standard theoretical tools developed for equilibrium physics 
•  Dynamics is now accessible  in current experiments 

Trapped	
  ions	
  



	
  How	
  fast	
  entanglement	
  and	
  correlaKons	
  propagate	
  in	
  
the	
  presence	
  of	
  long-­‐range	
  interacKons	
  as	
  contrasted	
  

with	
  short-­‐range-­‐interacKng	
  systems?	
  

ü Speed	
  limits	
  on	
  quantum	
  state	
  transfer	
  and	
  
thermalizaGon.	
  

ü Complexity	
  that	
  one	
  faces	
  when	
  simulaGng	
  quantum	
  
dynamics	
  with	
  classical	
  computers.	
  

ü 	
  How	
  can	
  we	
  best	
  characterize	
  and	
  measure	
  mulG-­‐parGcle	
  
entanglement?	
  

ü What	
  happens	
  in	
  the	
  presence	
  of	
  decoherence?	
  
	
  



•  Penning	
  trap:	
  2D	
  triangular	
  crystals	
  of	
  	
  	
  	
  20-­‐300	
  ions	
  

•  Two	
  hyperfine	
  states	
  used	
  as	
  spin	
  ½	
  system	
  

•  Spin	
  dependent	
  force	
  applied	
  by	
  
controlling	
  frequency	
  and	
  
polarizaKon	
  of	
  Raman	
  laser	
  beams:	
  

•  Phonons	
  mediate	
  long-­‐range	
  spin-­‐spin	
  
interacKons	
  between	
  ions	
  

J. W. Britton et al  Nature 484, 489 (2012)	
  

•  Excites	
  phonon	
  modes	
  

​𝝎↓𝑶𝑫𝑭 	
   ​𝝎↓𝑶𝑫𝑭 +µμ	
  
ODF	
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N	
  drumhead	
  eigenvalues	
  ​𝜔↓𝑚 	
  and	
  eigenvector	
  ​​𝑏 ↓𝑚 	
  

CM	
  

<a href="http://www.acs.psu.edu/drussell/Demos/waves/wavemotion.html">	
   

( ) ( )∑
=

⋅−=
N

j

z
jjODF ztFtH

1
0 ˆˆcosˆ σµ

spin-­‐phonon	
  
coupling	
  

Dominant	
  for	
  large	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
𝜹=|𝝁− ​𝝎↓𝟏 |	
  

spin-­‐spin	
  
interacKons	
  



​𝐻↓𝑆𝑆 =∑𝑖<𝑗↑▒   ​​𝐽↓𝑖𝑗 ↓   (𝑡)​𝜎↓𝑖↑𝑧 ​𝜎↓𝑗↑𝑧 	
   ​𝐽↓𝑖𝑗 ~ ​​Ω↓  ↑2 /ℏ ∑𝜇↑  ▒​​ℏ/4𝑀 𝑏↓𝜇𝑖   ​𝑏↓𝜇𝑗    ​​1/​𝜇↓  ↑2 − ​
𝜔↓𝜇↑2  ↓   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   	
  	
  

J. W. Britton et al  Nature 484, 489 (2012)	
  

   ​𝐽↓𝑖,𝑗 	
  depends	
  on	
  eigenmodes	
  and	
  ODF	
  beaGng	
  note	
  (𝜇)	
  	
  

detuning	
  of	
  ​𝜇↓𝑅 	
  from	
  COM	
  

a
,,
−∝ jiji dJ

power-­‐law	
  interacKon	
  range	
  	
  

dipole-­‐dipole	
  coupling	
  	
  

infinite	
  range	
  ​𝐽↓𝑖,𝑗 ≈𝐽/𝑁	
  	
  



Verify	
  spin	
  
model	
  

Create	
  strong	
  
correlaGons	
  

Explore	
  regime	
  
intractable	
  to	
  

theory	
  
Goals:	
  

IniGal	
  | ​↓↓↓↓⟩	
  

Rotate:θ

Wait	
  τ/2	
  

echo	
  

Read	
  

Wait	
  τ/2	
  

| ​↑⟩	
  

| ​↓⟩	
  

z 

x 

z 

x 
y 



•  Quantum	
  correlaGons?	
  

​𝐻↓𝑀𝐹 = ​𝐵𝑒𝑓𝑓​  𝑆↓  ↑𝑧 ↓  ↑   	
  

​𝐻↓𝑆𝑆 = ​1/𝑁 ∑𝑖<𝑗↑▒   ​​𝐽↓   ↓   ​𝜎↓𝑖↑𝑧 ​𝜎↓𝑗↑𝑧 = ​​2𝐽/𝑁  ​​  (𝑆↓  ↑𝑧 ↑   ​)↑2 	
  

mean	
  field	
  

limit	
  
No	
  mean	
  field	
  dynamics	
  at	
  θ=π/2

Product	
  state	
  

Highly	
  
Entangled	
  

Global	
  
Unitary	
  
dynamics	
  

t=0	
   A	
  

A	
  

​    𝑆↓𝐴 =0	
  

​    𝑆↓𝐴 →​𝐿↓𝐴 	
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​    𝑆↓𝐴 =− ​ln[Tr(​
𝜌↓𝐴↑2 )] ⁠   	
  

Measured	
  by	
  entanglement	
  entropy	
  

A	
  

​𝐿↓𝐴 	
   All	
  to	
  all	
  Ising?	
  

2N	
  	
  	
  States	
  	
  

N+1:	
  Dicke	
  
Manifold	
  

Renyi	
  entropy:	
  Purity	
  of	
  
the	
  A	
  subsystem	
  

A.	
  Kaufman	
  et	
  al	
  Science	
  353,	
  794	
  (2016)	
  	
  

​𝐵𝑒𝑓𝑓=2​𝐽cos⁠𝜃 ↓  ↑   	
  

​  𝑆↓  ↑𝑥,𝑦,𝑧 = ​1/2 ∑𝑖↑▒   ​​𝜎↓𝑖↑𝑥,𝑦,𝑧 ↓   	
  



	
  t/tcat	
  

​    𝑆
↓1
,2
 	
  

A	
  

​𝐿↓𝐴 =1	
  

​    𝑆↓1 =− ​log ⁠[​​1/2  (1+ ​(​​2/𝑁  ⟨​​𝑆 
↓𝑥 ⟩)↑2 )] 	
  

One-­‐tangle	
  

K. Mølmer and A. Sørensen, PRL, 82,1835(1999)

​    𝑆
↓1
 	
  

	
  t/tcat	
  

2S
x/N

 

	
  t/tcat	
  

​𝐿↓𝐴 =1	
  

​𝐿↓𝐴 
=2	
  



Squeezing	
  parameter	
  

𝜓

A. Sørensen et al Nature 409, 63 (2001)	
  

​𝜉↓  ↑2 <1	
  

𝜓	
   z	
  

y	
   x	
  

​𝐽𝑡↓𝑠 ~ ​𝑁↑1/3 	
  

•  Entanglement	
  witness	
  
•  Enhanced	
  phase	
  sensiGvity	
  	
  
•  Useful	
  only	
  for	
  Gaussian	
  states	
  

​𝜉(𝜓)= ​√⁠𝑁 Δ​𝑆↑𝜓 /⟨​𝑆↑𝑥 ⟩ ↓  ↑   	
  



Spontaneous	
  emission	
  
Relevant	
  in	
  trapped	
  ion	
  experiments	
  

M. Foss-Feig, et al PRA 87, 042101 (2013).	
  

​𝐻↓   =∑𝑖,𝑗↑▒   ​​𝐽↓𝑖𝑗 ↓   ​𝜎↓𝑖↑𝑧 ​𝜎↓𝑗↑𝑧 	
  

We	
  have	
  been	
  able	
  to	
  derive	
  exact	
  soluGons	
  for	
  all	
  
correlaGon	
  funcGons	
  



Beyond	
  mean	
  field	
  
effects	
  at	
  θ=π/2!!	
  

Lines:	
  Theory	
  
Symbols:	
  Experiment	
  

●	
  Coherent	
  spin	
  depolarizaGon:	
  Bloch	
  vector	
  length	
  |⟨​𝑆 ⟩|	
  vs	
  Gme	
  

Bohnet	
  et	
  al.,	
  
Science352,1297(2016).	
  

includes	
  spontaneous	
  emission	
  

Foss-­‐Feig	
  et	
  al.,	
  NJP	
  15	
  (2013)	
  	
  
PRA	
  87	
  (2013)	
  



Time	
  dependence	
  of	
  
squeezed	
  and	
  	
  

anK-­‐squeezed	
  variance	
  

solid:	
  Full	
  
Dashed:	
  No	
  decoherence	
  

5%	
  in	
  𝜓	
  

●	
  largest	
  inferred	
  squeezing:	
  
10​​log↓10  ⁠​𝜉↑2 = -­‐6.0	
  dB	
  

N	
  =	
  86	
  

𝜓	
   z	
  

y	
   x	
  



​    𝑺
↓𝑵
/𝟐
 /
​𝑺↓
𝑵
/𝟐
↑𝒎

𝒂𝒙
 	
  

𝒕/ ​𝒕↓𝒄𝒂𝒕 	
  

N=40,60	
  

•  Growth	
  of	
  	
  SA	
  	
  for	
  LA=N/2	
   •  Linear	
  growth	
  with	
  LA	
  

N=40	
  

​    𝑺
↓𝑨
 	
  

​𝑳↓𝑨 	
  

𝒕/ ​𝒕↓𝒄𝒂𝒕 =0.1	
  

How	
  fast	
  entanglement	
  develops	
  in	
  the	
  Ising	
  case	
  compare	
  with	
  other	
  
collecKve	
  models?	
  



SR/SR,Ising 

Tranverse  Dield  strength  Ω/𝐽	
  

Gm
e	
  

N=20	
  

ü  Ising buildups up in general  faster entanglement than the  transverse field Ising 

ü  Can we measure in the experiment entanglement buildup? 



•  Scrambling occurs when local quantum information, e.g. a local 
perturbation, is spread over all the degrees of freedom of a system, 
becoming inaccessible to local measurements 

•  Link to entanglement entropy:  thermalization 
•  Cousin of classical chaos [Maldacena-­‐Shenker-­‐Stanford][MarGnis’16]	
  
•  Connections to quantum gravity: 

Black holes scramble quantum 
information as fast as possible 

•  Scrambling:	
  Measured	
  by	
  out-­‐of-­‐Gme	
  order	
  correlaGons	
  (OTOCs)	
  

[Hayden-­‐Preskill,	
  Sekino-­‐Susskind,	
  
Shenker-­‐Stanford	
  ’13,	
  Kitaev	
  ‘14]	
  

•  Bounds	
  on	
  scrambling:	
  	
  Pure	
  states?	
  Quantum	
  quenches?	
  



Given	
  two	
  commuGng	
  operators	
  V	
  and	
  W	
  ,	
  	
  define	
  the	
  OTO	
  correlator:	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Heisenberg	
  operator	
  
 
F	
  measures	
  the	
  degree	
  of	
  non-­‐commutaGvity	
  of	
  V	
  and	
  the	
  Gme	
  
evolved	
  version	
  of	
  W:	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   
•  Can	
  we	
  asses	
  them	
  in	
  an	
  experiment?	
  

[Zhu-­‐Hafezi-­‐Grover	
  ‘16]	
  
[Yao-­‐Grusdt-­‐BGS-­‐Lukin-­‐StamperKurn-­‐Moore-­‐Demler	
  ‘16]	
  

[Swingle-­‐Bentsen-­‐Schleier-­‐Smith-­‐Hayden	
  ‘16]	
  



​𝐽↓   ~ ​​​𝐽↓0 /𝛿 ↓                                       ​𝐽↓   ~ ​− ​​𝐽↓0 /𝛿 ↓                                       

Measure	
  iniGal	
  state	
  overlap:	
  ​​𝜌 ↓0↑   =| ​++…+⟩⟨++…+|         	
  
 

​ℑ↓𝝓 (𝜏)=⟨​𝝆↓𝟎 ⟩=⟨​​​​​​​𝜳↓𝟎 |  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛     ​𝑹↓𝒙↑† ↓  ↑   (𝝓)  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  ​​𝝆 ↓𝟎↑     𝒆↑𝒊​
𝝉𝑯↓𝒛𝒛  𝑹↓𝒙↑   (𝝓)𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  | ​𝜳↓𝟎 ⟩ 

| ​+⟩= ​| ​↑⟩+| ​↓⟩/√⁠2   

=⟨​​​​​​​𝜳↓𝟎 |  𝒆↑𝒊​𝝉𝑯↓𝒛𝒛     ​𝑹↓𝒙↑† ↓  ↑   (𝝓)  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  ​​​𝝆 ↓𝟎↑   ↓  ↑     𝒆↑𝒊​𝝉𝑯↓𝒛𝒛  𝑹↓𝒙↑   (𝝓)𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  ​​𝝆 ↓𝟎↑   | ​𝜳↓𝟎 ⟩ 

​
𝑾↓𝒕
↑†  

​𝑾↓𝒕  𝑽  𝑽  



​𝐽↓   ~ ​​​𝐽↓0 /𝛿 ↓                                       ​𝐽↓   ~ ​− ​​𝐽↓0 /𝛿 ↓                                       

Measure	
  MagneGzaGon:	
   ​​𝑆 ↓𝑥↑   	
  
 

​𝑭↓𝝓 (𝝉)= ​𝟐/𝑵 ⟨​𝑺↓𝒙 ⟩=⟨​​​​​​​𝜳↓𝟎 |  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛     ​𝑹↓𝒙↑† ↓  ↑   (𝝓)  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛     ​​𝝈 ↓𝒊↑𝒙 
𝒆↑𝒊​𝝉𝑯↓𝒛𝒛  𝑹↓𝒙↑   (𝝓)𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  | ​𝜳↓𝟎 ⟩ 

= ​2/𝑁 ⟨​​​​​​​𝜳↓𝟎 |  𝒆↑𝒊​𝝉𝑯↓𝒛𝒛     ​𝑹↓𝒙↑† ↓  ↑   (𝝓)  𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  ​​​𝝈 ↓𝒊↑𝒙 ↓  ↑     𝒆↑𝒊​𝝉𝑯↓𝒛𝒛  𝑹↓𝒙↑   (𝝓)𝒆↑−𝒊​𝝉𝑯↓𝒛𝒛  ​​𝝈 ↓𝒊↑𝒙 | ​𝜳↓𝟎 ⟩ 

​
𝑾↓𝒕
↑†  

​𝑾↓𝒕  𝑽  𝑽  

Same measurements done in NMR: Multiple Quantum Coherence 



Multi-Quantum coherence spectrum (NMR) 

HDQ 
-HDQ 

Multi-
quantum 
Intensities 

δρ(τ) δρ(2τ)
δρ0= Sz 

ρ0= (1+εSz ) 
Sz rotation 

Measure Sz
 

HDQ: Is obtained from the dipole-dipole HZZ by pules:  

The same sequence with y- instead of x-rotations gives​  𝐻↓𝑧𝑧↑   →​
−𝐻↓𝐷𝑄↑    

​𝐻↓𝐷𝑄↑   ∝∑↑▒   ​𝐽↓𝑖𝑗 (​𝜎↓𝑖↑+ ​𝜎↓𝑗↑+ + ​𝜎↓𝑖↑− ​𝜎↓𝑗↑− )    

M. Munowitz and M. Mehring , Sol. St. Com., 64, 605 (1987) 



•  Double Quantum Hamiltonian changes 
m by ±2 in each time step. 

→ “Multi-Quantum spectrum” builds up and 
broadens with time. 

•  Divide the density matrix into blocks 
wrt. to the multi-quantum order m: 

ρm contains all matrix 
elements with 
coherences between 
states differing in Sz by m 

𝜌=∑𝑚↑  ▒​𝜌↓𝑚   

⟨​𝑆↓𝑧 ⟩=⟨​𝛿𝜌↓0 ⟩=∑𝑚=−𝑁↑𝑁  ▒Tr​[𝜌↓−𝑚 (𝑡) ​𝜌↓𝑚 (𝑡)] ​𝑒↑−𝑖𝑚𝜙   

Im=Multi-quantum intensities 

Fourier transform: φ gives the Multi-Quantum 
spectrum. 
 

Requirements: 
1) Invert many-body time evolution. 
2) Measure initial state. 

M. Munowitz and M. Mehring , Sol. St. Com., 64, 605 (1987) 



​ℑ↓𝝓 (𝝉)=⟨​𝝆↓𝟎 ⟩=∑𝒎=−𝑵↑𝑵  ▒​𝑰↓𝒎 ​(𝝉)𝒆↑−𝒊𝒎𝝓   
Fourier	
  component:	
  ​𝑰↓𝒎   	
  →m-­‐body	
  coherences	
  



|Im| 

Fidelity N=100 

20 

40 

40 60 80 100 0 



​𝑭↓𝝓 (𝝉)= ​𝟐/𝑵 ⟨​𝑺↓𝒙 ⟩=∑𝒎=−𝑵↑𝑵  ▒​𝑨↓𝒎 ​(𝝉)𝒆↑−𝒊𝒎𝝓   
Fourier	
  component:	
  ​𝑨↓𝒎   	
  →m-­‐body	
  correlaKons	
  

•  In	
  the	
  case	
  of	
  the	
  Ising	
  model:	
  
-­‐  A	
  non-­‐zero	
  Am	
  signals	
  the	
  existence	
  of	
  m	
  spins	
  

directly	
  coupled	
  by	
  the	
  Hamiltonian.	
  
	
  
-­‐  Am+1	
  grows	
  as	
  tp	
  with	
  p>m	
  

Am>5=0 

Nearest-neighbors 



Measuring	
  Sz	
   N=100	
  

|Am|	
  

Build	
  up	
  of	
  many-­‐body	
  
correlaKons	
  signaled	
  by	
  
single	
  parKcle	
  observable	
  

40	
   60	
   80	
   100	
  0	
   20	
  



N=48 
Solid lines: 
decoherence + 
phonons 
Dashed Lines: 
decoherence 

​𝑒↑−𝑁Γ𝑡  

τcat~15 ms 

​𝐼↓0↑𝑝𝑢𝑟𝑒 (𝜏)=(1+ ​𝐽↑2 ​
τ↑2 ​)↑−1  

​𝐼↓0↑   (𝜏)= ​𝑒↑−Γ𝑁𝜏 ​
𝐼↓0↑𝑝𝑢𝑟𝑒  

Arxiv: Garttner et al1608.08938 



Up to m=8 
significant 
correlations!! 

N=111 
Solid lines: 
decoherence + 
phonons 

Dasehd lines: 
decoherence 

τcat=17 ms 
m 

Arxiv: Garttner et al,1608.08938 



F≤ ​𝐹↓𝑄 	
   Lower	
  bound	
  of	
  Quantum	
  
Fisher	
  InformaGon	
  ​𝐹↓𝑄  ≥2∑𝑚=−𝑁↑𝑚=𝑁▒   ​𝑚↑2 ​𝐼↓𝑚   

Pure	
  states	
  saturate	
  
equality	
  

​ℑ↓𝝓 (𝝉)=𝑻𝒓[𝝆​𝝆↓𝝓 ] 

Quantum Fisher Information, ​𝐹↓𝑄 :  Sensitivity of a quantum state with respect to an 
unitary transformation parametrized  by  a classical parameter: 
  
•  It has been shown to be a multipartite entanglement criteria 
•  It determines the phase sensitivity of state with respect to SU(2) 

rotations[classical parameter: phase] 



Individual Im can detect entanglement	
  

•  ​​𝐼↓𝑚=𝑁 ↓   ∝| ​𝐺𝐻𝑍⟩⟨𝐺𝐻𝑍|  witness of N−partite entanglement	
  

•  For	
  separable	
  states	
  coherences	
  are	
  bounded	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Robust	
  :degree	
  of	
  violaGon	
  of	
  the	
  bound	
  increases	
  exponenGally	
  with	
  m.	
  

coherences 

Separable 
states 



Renyi Entropy: SR 
1-I0 

Why? ​𝑰↓𝟎 ​(𝝉)↑   = ​𝟏/𝟐𝝅 ∫𝟎↑𝟐𝝅▒​  𝒅𝝓ℑ↓𝝓 (𝝉)  ​𝒆↑− ​𝑺↓𝑨  =∑𝑊𝜖​𝑨 ↑  ▒Tr [​​​​​   ​𝑾↓𝒕↑† ↓  ↑   ​​𝑶 ↓  ↑   ↑   
𝒆↑−𝜷​𝑯↓    ​​𝑶 ↓  ↑† 𝑾↓𝒕↑   ​   ​𝑶 ↓  ↑   𝒆↑−𝜷​𝑯↓    ​​𝑶 ↓  
↑† ] 

​​  𝑽= ​𝑶 ↓  ↑   𝒆↑−𝜷​𝑯↓    ​​𝑶 ↓  ↑† = ​​𝝆 ↓0  We sum over an incomplete set of 
operators  



! 

 • 

Future Directions 
• 

• 

Thank You! 


