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Why Euler Class? M

: e : 35
=  Remarkable progress in characterising topological phases; ~
crystalline insulators, higher order topology, fragile invariants... Mm
2 ¢ nodes

=  Exotic new invariant that falls outside symmetry eigenvalue
indicated phases: Euler Class 1
5 — %fdzk <0kxu1

Okyu2> S <0kyu1 akxu2>

= Analogue of Chern number in systems with C,T or T
=  Requires minimum 3 bands
= Band nodes host non-Abelian braiding properties!

=  Fragile topology

Bouhon, Wu, Slager et al, Nat Phys 16, 1137 (2020); Jiang, Slager et al. arXiv:2104.13397;
Wu et al. Science 365, 1273 (2019); Ahn et al., PRX9, 021013 (2019) ...
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Concrete experlmental S|gnatures
for Euler class?
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Euler Class L
Z~
/Ge\H}'Mann ,[w
2bands:  He(k) =d(k)-o 3bands: H (k) =h(k)-A

d-(0y,dx0y,d)

solid angle

Real!

Eigenstates {luj (k))} form a dreibein:

n(k) = uz(k) = uy (k) X uy (k)

Spectrally flattened
1 (p
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Hk) =2nk) -nk)" -1,

= Zlnjg d*’k n - (6kxn X kan)

Bouhon, Bzdusek, Slager, PRB’20



Euler Class — dynamics on S?

FNU, Bouhon, Slager, PRL 125, 053601 (2020)

1
1) yo(k) = (0) : Trivial initial state,
0 naturally corresponds to@

2) Time-evolution traces a circle,

(o ey )= T2 (2D

2D momentum+time

Bloch Sphere

(Image: Wikipedia)
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1
1) yo(k) = (0) : Trivial initial state,

0 naturally corresponds to S?

2) Time-evolution traces a circle,
(ky Ky t) = T3> S°

Y(k,t) = e HE 4o (k)

lHZ ~il5

= [cos(t) — isin(t)H (k)] Yo (k)

p(k,t) =T (kt) pp(k,t)

“Bloch sphere $2”
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Hopf Map

Q: How to analytically establish S > §2?
Ag

Extends Complex numbers; R* with C?
( C relatesto R?)

q.= XprEais) Se Bl g € R*

3D vector
| 3

ij=kjk=iki=j
. (Eea=sjé ke =]

Generates rotations in 3D! R,t =t

The matrix of a proper rotation R by angle 8 around the axis u = {U.n Uy, U ), @ unit vector with uz + u,;:, +u=1is given by:l

cos f + u3 (1 — cos ) Uz Uy (1 —cos@) —u.sinf  wuyu. (1 —cosé) + u, sinf

R = | uyu, (1 —cosf) + u.siné cost +uy (1 — cosd) uyu, (1 —cosl) —u, sinf |.

U Uy (1 — cosb) —u,sinf  u.u, (1 — cosb) + u, siné cos @ + u2 (1 — cos @)



Hopf Map

= Quaternion, q = xy + x;i + x,j + x3k, q € R*

= Versor, |v] = /ZXIZI =1, spans $3 c R*
n

= Pure quaternion: a vector t € R3

» Multiplying a pure quaternion with an arbitrary versor results in
another pure quaternion

%

x 258 b ==, b ey
Rttt =vtv Koies 12

So this norm preserving action generates Rotations in 3D!

R-t2 =%t

v = cos(0/2)
+sin(6/2)v

x§ +x] — x5 — I3 2010 + 201213

2129 + 23073
—2xox9 + 211273




Hopf Map

= Versor, |v] = /Zxﬁ =1, spans  §3 c R*
n

= Pure quaternion: a vector t € R3

» Multiplying a pure quaternion with an arbitrary versor results in
another pure quaternion

2 57 Hopf Invariant
Rttt =vtv 1
= 3., ~ijke
H = Vf d°p eV x; 0p_x; 6pyxk 0y Xy

v = cos(0/2)

9 9 9 2 ) p - .
: TH+ x5 —x85 — x5  2x1x9 — 2102 2xoxo + 2212
+sin(0/2)v 0 1 2 3 1-L2 03 0L2 13

2

2rywo + 2mor3 TG — ] + x5 — x5 —2T0T1 + 2T02T3
> PR > PR > PR L2 . 2 a2
—2xox9 + 211273 2uoxr1 + 22013 TH — ;L% — x5 + x5




Hopf Map FNU, Bouhon, Slager, PRL 125, 053601 (2020)

Key Insight:

= Versor, |v| = \/g = 1, spans(§3)c R* Y(k,t) = [cos(t) —isin(t)H (k)] o (k)
{x9,x} = {cost,—sin(t) HY,}

= Pure quaternion: a vector t € R3

» Multiplying a pure quaternion with an arbitrary versor results in
another pure quaternion
1 Hopf Invariant

R Bt e—vil s 1
= Vf dp e o) Op,, Xk Op, Xy

v = cos(0/2)
+sin(6/2)v

L | A7 Lo L J;..!’..-l..f..-g 20 043 27 02 F 20 143
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E:_'.El;l?g + 2.".1'.‘;‘-Ui.f_'?;_{ ?ﬁ — I + &Ly — I3 —2x 0 —|— ) Loy
[ . [ P ) [P L)) [ ; "" 2 § 2

—2xox2 + 22123 2rogry + 2r0w3  TH — Ty — X5 + X3




Monopole — anti-monopole pairs

Physical consequences of the Hopf construction

Quench w/ non-trivial Euler Hamiltonian:

Hk) =2n(k) -nlk)' -1,

Y(k,t) = [cost —isint H (k)] Y,

a(k) = H (k)

1
0

Monopole — anti-monopole pair topologically stable

Hamiltonian corresponds to a
n—rotation around n(k).

coS & COS 2«
n(k) = sinacosf | = a(k) = sin2acospf

sin a sin 8 sin 2a sin

a € [0, m) from +X



Monopole — anti-monopole pairs

1
= Physical consequences of the Hopf construction Yo(k,0) = <O)
0
* Quench w/ non-trivial Euler Hamiltonian: Monopole — anti-monopole pair topologically stable

Hk) =2n(k) -nlk)' -1,

Y(k,t) = [cost —isint H (k)] Y,

Hamiltonian corresponds to a
a(k) = H(k)Y, n—rotation around n(k).

[ i e 2 % 7
Analytically Hopf = = ¢ d’k a (akxa X aky a) Q(/

J_zn\d(\ﬁ



Euler Class — observables

" Linkings " Hopf Tori

/ Lr
Linking measured in experiment for Chern# ! 2 A Yi et al. arXiv:1904.11656
Tarnowski, FNU et al. Nature Comm’19 ‘ o Sun, Yi et al. PRL'18




Euler Class — experimental protocols

1) Pseudospin = hyperfine states |A), |B), |C)

* Quenching |Yy) = |A) initiates Raman-induced oscillations Z- direction
Na—-Ng—N Lo

; P e _ Na—Np—N¢ ={0 -1 O
= Spin polarization: P,(k,t) R Uz i

* Inverse image of P,(k,t) = cos 8 traces a closed surface in T3

Nested Hopf tori




Euler Class — experimental protocols

1) Pseudospin = hyperfine states = Polarization

2) Pseudospin = sublattice

= TOF: m(k,t) o« | ((A] +(B| +(C|) [p(k, 1)) |

(1/)1) 7/2 pulse ( lpl) time t
Yk, t) = Y, > | Y, » m(k,t) o< [1 + sin 6 cos(¢,+wt)]
Y3

Hpuise diag(1,—1,1) (VF Hiom = wp,/2

Linking as |D) = i|B) + |C)

vortices in ¢

*Tomography in experiments: Flaschner et al. Science’16 ; Li et al. Science’16 ...



Conclusion FNU, Bouhon, Slager, PRL 125, 053601 (2020)

e
~ = Euler Class features many intriguing topological properties -~ .
” multi-gap topology, non-Abelian braiding ... o au e e b
M = New phenomena in its quench dynamics!

= Monopole —anti-monopole pairs

= Naturally embodies a Hopf construction

» New crystalline and exotic fragile topologies

. : to explore in ultracold atoms...
= Concrete signals/protocols for experiments

to observe Euler Class!

Thank you!
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