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2 𝜉𝜉 nodes

 Remarkable progress in characterising topological phases;
crystalline insulators, higher order topology, fragile invariants… 

 Exotic new invariant that falls outside symmetry eigenvalue 
indicated phases: Euler Class

𝜉𝜉 =
1

2𝜋𝜋
�𝑑𝑑2𝑘𝑘 �𝜕𝜕𝑘𝑘𝑥𝑥𝑢𝑢1 �𝜕𝜕𝑘𝑘𝑦𝑦𝑢𝑢2 − �𝜕𝜕𝑘𝑘𝑦𝑦𝑢𝑢1 �𝜕𝜕𝑘𝑘𝑥𝑥𝑢𝑢2

 Analogue of Chern number in systems with C2T or PT

 Requires minimum 3 bands

 Band nodes host non-Abelian braiding properties!

 Fragile topology

Bouhon, Wu, Slager et al, Nat Phys 16, 1137 (2020);  Jiang, Slager et al. arXiv:2104.13397;  
Wu et al. Science 365, 1273 (2019);  Ahn et al., PRX 9, 021013 (2019) …
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 Remarkable progress in characterising topological phases;
crystalline insulators, higher order topology, fragile invariants… 

 Analogue of Chern number in systems with C2T or PT

 Requires minimum 3 bands

 Band nodes host non-Abelian braiding properties!

 Fragile topology

 Exotic new invariant that falls outside symmetry eigenvalue 
indicated phases: Euler Class

Concrete experimental signatures
for Euler class?



Chern Number

𝐻𝐻𝒞𝒞(𝒌𝒌) = 𝒅𝒅(𝒌𝒌) � 𝝈𝝈

𝒞𝒞 =
1

4𝜋𝜋
�𝑑𝑑2𝑘𝑘 �𝒅𝒅 � 𝜕𝜕𝑘𝑘𝑥𝑥�𝒅𝒅 × 𝜕𝜕𝑘𝑘𝑦𝑦�𝒅𝒅

𝜋𝜋2(𝑆𝑆2) = 𝐙𝐙 ℋ 𝒌𝒌 = 2 𝒏𝒏 𝒌𝒌 � 𝒏𝒏 𝒌𝒌 T − 𝕀𝕀3

𝒏𝒏 𝒌𝒌 ≡ 𝑢𝑢3 𝒌𝒌 = 𝑢𝑢1 𝒌𝒌 × 𝑢𝑢2 𝒌𝒌

Euler Invariant

𝜉𝜉 =
1

2𝜋𝜋
�𝑑𝑑2𝑘𝑘 𝒏𝒏 � 𝜕𝜕𝑘𝑘𝑥𝑥𝒏𝒏 × 𝜕𝜕𝑘𝑘𝑦𝑦𝒏𝒏

2 bands: 3 bands: ℋ 𝒌𝒌 = 𝒉𝒉(𝒌𝒌) � 𝝀𝝀
Gell-Mann

Eigenstates �|𝑢𝑢𝑗𝑗(𝒌𝒌) form a dreibein:

Spectrally flattened

solid angle
Bouhon, Bzdušek, Slager, PRB’20

Real!



𝜓𝜓0 𝒌𝒌 =
1
0
0

: Trivial initial state, 
naturally corresponds to S2

Time-evolution traces a circle,
𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦, 𝑡𝑡 ≡ 𝑇𝑇3 S3

1)

2)

2D momentum+time

T3 S3

Bloch Sphere

S2

Hopf  Map
𝜋𝜋3(𝑆𝑆2) = 𝐙𝐙
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FNÜ, Bouhon, Slager, PRL 125, 053601 (2020)



𝜓𝜓 𝒌𝒌, 𝑡𝑡 = 𝑒𝑒−𝑖𝑖𝑡𝑡𝑡𝑡 𝒌𝒌 𝜓𝜓0 𝒌𝒌

= cos 𝑡𝑡 − 𝐢𝐢 sin 𝑡𝑡 𝐻𝐻 𝑘𝑘 𝜓𝜓0 𝒌𝒌

𝐻𝐻2 = 𝕀𝕀3

𝜇𝜇𝑥𝑥 =
0 𝑖𝑖 1
−𝑖𝑖 0 0
1 0 0

𝜇𝜇𝑦𝑦 =
0 1 −𝑖𝑖
1 0 0
𝑖𝑖 0 0

𝜇𝜇𝑧𝑧 =
1 0 0
0 −1 0
0 0 −1�𝒑𝒑(𝒌𝒌, 𝒕𝒕) = 𝜓𝜓† 𝒌𝒌, 𝑡𝑡 𝝁𝝁 𝜓𝜓 𝒌𝒌, 𝑡𝑡

: Trivial initial state, 
naturally corresponds to S2

𝜓𝜓0 𝒌𝒌 =
1
0
0

1)

Time-evolution traces a circle,
𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦, 𝑡𝑡 ≡ 𝑇𝑇3 S3

2)

Hopf  Map
𝜋𝜋3(𝑆𝑆2) = 𝐙𝐙

(Im
ag

e:
 W

ik
ip

ed
ia

)

“ Bloch sphere S2 ”

FNÜ, Bouhon, Slager, PRL 125, 053601 (2020)



A: Quaternions*

Q:  How to analytically establish S3 S2 ?
*Extends Complex numbers; 𝐑𝐑4 with C2

( C relates to  𝐑𝐑2 )

𝑞𝑞 = 𝑥𝑥0 + 𝑥𝑥1𝑖𝑖 + 𝑥𝑥2𝑗𝑗 + 𝑥𝑥3𝑘𝑘, 𝑞𝑞 ∈ 𝐑𝐑4

𝑖𝑖𝑗𝑗 = 𝑘𝑘, 𝑗𝑗𝑘𝑘 = 𝑖𝑖, 𝑘𝑘𝑖𝑖 = 𝑗𝑗

𝑖𝑖2 = 𝑗𝑗2 = 𝑘𝑘2 = −1

3D vector

Generates rotations in 3D! 𝑅𝑅𝑣𝑣𝐭𝐭 = 𝐭𝐭′



 Versor, 𝓋𝓋 = ∑
n

xn2 = 1,  spans 𝑺𝑺3 ⊂ 𝐑𝐑4

 Quaternion,  𝑞𝑞 = 𝑥𝑥0 + 𝑥𝑥1𝑖𝑖 + 𝑥𝑥2𝑗𝑗 + 𝑥𝑥3𝑘𝑘, 𝑞𝑞 ∈ 𝐑𝐑4

 Pure quaternion: a vector  𝒕𝒕 ∈ 𝐑𝐑3

𝓋𝓋 = cos θ/2
+sin(θ/2)𝐯𝐯

𝑅𝑅𝑣𝑣𝐭𝐭 = 𝐭𝐭′

 Multiplying a pure quaternion with an arbitrary versor results in 
another pure quaternion

𝑅𝑅𝑣𝑣: 𝐭𝐭 ↦ 𝐭𝐭′ = 𝑣𝑣𝐭𝐭𝑣𝑣−1

𝜃𝜃

𝐯𝐯𝒕𝒕

𝒕𝒕′

So this norm preserving action generates Rotations in 3D! 

𝑣𝑣−1 =
𝑣𝑣∗

𝑣𝑣 2



 Versor, 𝓋𝓋 = ∑
n

xn2 = 1,  spans 𝑺𝑺3 ⊂ 𝐑𝐑4

 Pure quaternion: a vector  𝒕𝒕 ∈ 𝐑𝐑3

𝓋𝓋 = cos θ/2
+sin(θ/2)𝐯𝐯

𝑅𝑅𝑣𝑣𝐭𝐭 = 𝐭𝐭′

 Multiplying a pure quaternion with an arbitrary versor results in 
another pure quaternion

𝑅𝑅𝑣𝑣: 𝐭𝐭 ↦ 𝐭𝐭′ = 𝑣𝑣𝐭𝐭𝑣𝑣−1

𝜃𝜃

𝐯𝐯𝒕𝒕

𝒕𝒕′

How does this define the Hopf Map?

𝐻𝐻 =
1
𝑉𝑉
�𝑑𝑑3𝑝𝑝 𝜖𝜖𝑖𝑖𝑗𝑗𝑘𝑘ℓ𝑥𝑥𝑖𝑖 𝜕𝜕𝑝𝑝𝑥𝑥𝑥𝑥𝑗𝑗 𝜕𝜕𝑝𝑝𝑦𝑦𝑥𝑥𝑘𝑘 𝜕𝜕𝑝𝑝𝑧𝑧𝑥𝑥ℓ

Hopf Invariant



 Versor, 𝓋𝓋 = ∑
n

xn2 = 1,  spans 𝑺𝑺3 ⊂ 𝐑𝐑4

 Pure quaternion: a vector  𝒕𝒕 ∈ 𝐑𝐑3

𝓋𝓋 = cos θ/2
+sin(θ/2)𝐯𝐯

𝑅𝑅𝑣𝑣𝐭𝐭 = 𝐭𝐭′

 Multiplying a pure quaternion with an arbitrary versor results in 
another pure quaternion

𝑅𝑅𝑣𝑣: 𝐭𝐭 ↦ 𝐭𝐭′ = 𝑣𝑣𝐭𝐭𝑣𝑣−1

𝜃𝜃

𝐯𝐯𝒕𝒕

𝒕𝒕′

How does this define the Hopf Map?

𝐻𝐻 =
1
𝑉𝑉
�𝑑𝑑3𝑝𝑝 𝜖𝜖𝑖𝑖𝑗𝑗𝑘𝑘ℓ𝑥𝑥𝑖𝑖 𝜕𝜕𝑝𝑝𝑥𝑥𝑥𝑥𝑗𝑗 𝜕𝜕𝑝𝑝𝑦𝑦𝑥𝑥𝑘𝑘 𝜕𝜕𝑝𝑝𝑧𝑧𝑥𝑥ℓ

Hopf Invariant

𝜓𝜓 𝒌𝒌, 𝑡𝑡 = cos 𝑡𝑡 − 𝐢𝐢 sin 𝑡𝑡 𝐻𝐻 𝑘𝑘 𝜓𝜓0 𝒌𝒌

𝑥𝑥0,𝒙𝒙 = cos 𝑡𝑡 ,− sin(𝑡𝑡)𝐻𝐻𝜓𝜓0

Key Insight:

FNÜ, Bouhon, Slager, PRL 125, 053601 (2020)



𝜓𝜓0 𝒌𝒌, 0 =
1
0
0

 Physical consequences of the Hopf construction

Hamiltonian corresponds to a
π−rotation around 𝒏𝒏 𝒌𝒌 .

Monopole – anti-monopole pair topologically stable

𝜓𝜓 𝒌𝒌, 𝑡𝑡 = cos 𝑡𝑡 − 𝑖𝑖 sin 𝑡𝑡ℋ(𝑘𝑘) 𝜓𝜓0

𝒂𝒂 𝒌𝒌 = ℋ(𝒌𝒌)𝜓𝜓0

 Quench w/ non-trivial Euler Hamiltonian:

ℋ 𝒌𝒌 = 2 𝒏𝒏 𝒌𝒌 � 𝒏𝒏 𝒌𝒌 T − 𝕀𝕀3

𝒏𝒏 𝒌𝒌 =
cos𝛼𝛼

sin𝛼𝛼 cos𝛽𝛽
sin𝛼𝛼 sin𝛽𝛽

⟹ 𝒂𝒂 𝒌𝒌 =
cos 2𝛼𝛼

sin 2𝛼𝛼 cos𝛽𝛽
sin 2𝛼𝛼 sin𝛽𝛽

α ∈ [0,𝜋𝜋) from + �𝑥𝑥



𝜓𝜓0 𝒌𝒌, 0 =
1
0
0

 Physical consequences of the Hopf construction

Hamiltonian corresponds to a
π−rotation around 𝒏𝒏 𝒌𝒌 .

Monopole – anti-monopole pair topologically stable

𝜓𝜓 𝒌𝒌, 𝑡𝑡 = cos 𝑡𝑡 − 𝑖𝑖 sin 𝑡𝑡ℋ(𝑘𝑘) 𝜓𝜓0

𝒂𝒂 𝒌𝒌 = ℋ(𝒌𝒌)𝜓𝜓0

 Quench w/ non-trivial Euler Hamiltonian:

ℋ 𝒌𝒌 = 2 𝒏𝒏 𝒌𝒌 � 𝒏𝒏 𝒌𝒌 T − 𝕀𝕀3

 Analytically   Hopf = 1
4𝜋𝜋 ∮𝑑𝑑

2𝑘𝑘 𝒂𝒂 � 𝜕𝜕𝑘𝑘𝑥𝑥𝒂𝒂 × 𝜕𝜕𝑘𝑘𝑦𝑦 𝒂𝒂



𝜓𝜓0 𝒌𝒌, 0

=
1
0
0

=
0
0
1

 Linkings

Linking measured in experiment for Chern# !
Tarnowski, FNÜ et al. Nature Comm’19

Observed in Raman lattices for Chern# !
Yi et al. arXiv:1904.11656
Sun, Yi et al. PRL’18𝒞𝒞 = 1

 Hopf Tori 𝜉𝜉 = 2

𝒞𝒞 = 1



1)  Pseudospin ≡ hyperfine states | ⟩𝐴𝐴 , | ⟩𝐵𝐵 , | ⟩𝐶𝐶

 Quenching | ⟩𝜓𝜓0 = | ⟩𝐴𝐴 initiates Raman-induced oscillations

𝜇𝜇𝑧𝑧 =
1 0 0
0 −1 0
0 0 −1

 Spin polarization:   𝑃𝑃𝑧𝑧 𝒌𝒌, 𝑡𝑡 = 𝑁𝑁𝐴𝐴−𝑁𝑁𝐵𝐵−𝑁𝑁𝐶𝐶
𝑁𝑁𝐴𝐴+𝑁𝑁𝐵𝐵+𝑁𝑁𝐶𝐶

 Inverse image of   𝑃𝑃𝑧𝑧 𝒌𝒌, 𝑡𝑡 = cos𝜃𝜃 traces a closed surface in T3

Nested Hopf tori

�z- direction



1)  Pseudospin ≡ hyperfine states  ⟹ 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑃𝑃𝑃𝑃𝑡𝑡𝑖𝑖𝑃𝑃𝑃𝑃

2)  Pseudospin ≡ sublattice

 TOF:    𝑚𝑚 𝑘𝑘, 𝑡𝑡 ∝ (⟨𝐴𝐴| + ⟨𝐵𝐵| + ⟨𝐶𝐶|) | ⟩𝜓𝜓(𝒌𝒌, 𝑡𝑡) 2

| ⟩𝐴𝐴

⟩𝐷𝐷 = 𝑖𝑖 ⟩𝐵𝐵 + | ⟩𝐶𝐶

𝜓𝜓 𝒌𝒌, 𝑡𝑡 =
𝜓𝜓1
𝜓𝜓2
𝜓𝜓3

𝑖𝑖
𝜓𝜓1
𝜓𝜓2
𝜓𝜓3

π/2 pulse

𝐻𝐻𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ∝ 𝑑𝑑𝑖𝑖𝑃𝑃𝑑𝑑(1,−1,1) 𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡 = 𝜔𝜔𝜇𝜇𝑧𝑧/2

time t
𝑚𝑚 𝑘𝑘, 𝑡𝑡 ∝ 1 + sin𝜃𝜃𝑘𝑘 cos(𝜙𝜙𝑘𝑘+𝜔𝜔𝑡𝑡)

*Tomography in experiments: Fläschner et al. Science’16 ; Li et al. Science’16 …

Linking as 
vortices in φ

𝜓𝜓 𝒌𝒌, 𝑡𝑡 =
𝑥𝑥0 + 𝑖𝑖𝑥𝑥1

𝑥𝑥2
𝑥𝑥3

⟹ 𝜁𝜁 = 𝑥𝑥0 + 𝑖𝑖𝑥𝑥1
𝑥𝑥2 + 𝑖𝑖 𝑥𝑥3



 Euler Class features many intriguing topological properties
multi-gap topology, non-Abelian braiding …

 Monopole – anti-monopole pairs

 New phenomena in its quench dynamics! 

 Naturally embodies a Hopf construction

 Concrete signals/protocols for experiments 
to observe Euler Class!

 New crystalline and exotic fragile topologies 
to explore in ultracold atoms…

Thank you!

FNÜ, Bouhon, Slager, PRL 125, 053601 (2020)
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