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Outline

® Brief historical introduction to AHE
® Long history — many mechanisms contribute

® Magnetic TI
® Quantum AHE in 2D
® Quantum AHE in 3D

® QOur work — AHE in doped TI (metallic)

® Density-matrix formulation of transport
Liouville equation =» kinetic equation
Scattering terms — absence of backscattering
Intrinsic mechanisms contributing to AHE
Extrinsic mechanisms contributing to AHE
Prediction for real materials

~* Conclusions
Culcer and S. Das Sarma, PR




History of AHE

AHE theory has a long history — over 50 years

Controversy started with J. M. Luttinger PR 112, 739 (1958)

¢ |dentified band structure contribution (intrinsic)
® Later recognized to be related to Berry curvature

J. Smit, Physica 24, 39 (1958)
® Transport not possible without scattering
® Introduced skew scattering

L. Berger, PRB 2, 4559 (1970)
® Introduced side jump

P. Nozieres and C. Lewiner, J. Phys 34, 901 (1973)
¢ Put all terms together — classic paper

Other mechanisms: cf. Burkov and Balents, PRL 2003




Spin-orbit: Dirac equation

m-l a
H=(-ﬂ'-p _mr-.]) =o-p+fim,

This is the Pauli equation. Spin appears after you
separate particles from antiparticles.

The next relativistic correction gives the spin-orbit
interaction.

Here E =-VV



Position operator

® Spin-orbit is a relativistic correction

¢ Dirac Hamiltonian — Foldy-Wouthuysen transformation
® Yields effective Hamiltonian

® Apply this transformation to the position operator
® Gives spin-orbit correctionto r
® Physical position operator

Fohys = T + AG X k

® Everything that contains r is modified
® [nteraction with an electric field

® Scattering potential




New interaction terms

® The position operator is modified

i

T‘Ph}.rs=‘l‘—|—.:‘hﬂ'}{k

® Interaction with electric field — in crystal momentum representation

J '
HE.'?I;]:" — (EE . 'F]ﬁ_k!]]. — 1el - ﬁﬁ{k —k ] 1

Hgkk, —edo - (k % E) bgp:

® Scattering potential — in crystal momentum representation

ﬁkh’ = Hkk" (]_ — iAo -k x kj) Jlkf;- < 1"




Skew scattering

® Asymmetric scattering of spin T,4
e Spin T scatter predominantly in one direction
® Spin 4 predominantly in the other direction

® Must go beyond first Born approximation
® Typically 3" order in scattering potential
e cf. U4 term in Sinitsyn JPCM 20, 023201 (2008)

Ekhr = Hkk: (]_ — iAo -k x kf).

A2 < 1

Spin T
Incoming

wave
>




Side-jJump: Seitensprung
® Relativistic modification of position operator
® Alters energy of mteractlon with an electric field

HE p = €AT - (K X E] Sk

® (Causes sideways displacement during scattering

- dfr il ~  iHt’
Jﬂarn(fk] = {/{} B2 [U e _ﬂ-‘-'f_[U f] E—’E{—]}

Incoming
wave

Outgoing
wave

>

® All terms together for SO-coupled semiconductors/ferromagnets
. Sinitsyn et al, PRB 75, 045315 (2007); A. A. Kovalev et

Onoda et aI PRB 77, 165103




Tl: Magnetic doping

Consider doped Tl — no worries about interface with ferromagnet

Total Hamiltonian describing magnetic interactions

Hopoe(r) = o - 3, V(r — Ry) sg

k-diagonal part gives Zeeman interaction with magnetization M
k=k" __ _

k-off-diagonal part contributes to spin-dependent scattering

I




2D magnetic T]

e 2D TI, chemical potential in gap
® Edge states 4 = 2 + 2: quantized AHE
® Yu et al, Science 329, 61 (2010)
® Chern number

2D Conduction

Edge 2
states €

€ S  =—
Edge Y h
states



3D magnetic Tl

¢ 3D TI, chemical potential in gap
¢ Half-quantized AHE
® Zang and Nagaosa PRB 81, 245125 (2010)
® Berry curvature

Bulk Conduction

Surface
states

«

Surface
states




3D magnetic Tl

® Chemical potential in surface conduction band
® QAHE is an exciting phenomenon
® However, current Tls are doped
® Half-quantized AHE — one contribution
® Steady-state problem
® Electric field drives electrons Bulk Conduction
® Impurities scatter electrons

C

® Must deal with scattering €
® Determine Hall current Surface ¥
® Intrinsic and extrinsic AHE states

® \Which term is dominant?

D)

® |s it still universal?

What will be observed?




Tl band structure

e [Effective Zeeman field

- h
Hoyp = —-Ako -0 +0- M = Eﬂ'-ﬂk,
Q
>
® But no spin precession — only one band A

® Q slightly tilted out of the plane by M

e Small s, component Fermi surface

® Typically M<<g,

® Remember current operator = spin <
. eA N

is will help explain band structure term




Full Hamiltonian

® H=Hy+Hg+U
® H_ = Electric field
® |ncludes correction to position operator

® U = Scattering potential
® |Includes correction to position operator

(ﬂilﬁhkr |2535r]‘,iv

® Impurity average

EeT,>>1

T, = momentum relaxation time

e In bulk gap — electrons

T=0 =» no phonons, no e-e scattering

Scattering due to charged impurities, roughness, magnetic
lon theory in A |




Density matrix

® Density operator p

® Project onto states of definite wave vector k and spin s
Density matrix
s')

Cpr = i =

®* H,, Hg diagonal in wave vector, off-diagonal in spin

® U off-diagonal in wave vector, diag./off-diag. in spin

Upw = Upy 3, ¢ R

® Divide DM into parts dlagonal and off dlagonal In k

.Pﬁ:r = 5%’ + Qkkrl



Liouville equation

® Apply electric field ~ study density matrix
® Starting point: Liouville equation
dp i [
dt ﬁ

* Method of solution — Nakajima-Zwanzig projection (5= )

Hu—I—HE—I—U p]—l:]

® Project onto k and s =» kinetic equation

® Divide into equations for diagonal and off-diagonal parts

Prie = f&* Onkr + G
i T -~
[H{}k fk] = _E[Hf;fk]_E[U;Q]kh
N i o~ -
E[H:g]kkf = ﬁ[U [+ Gler




Kinetic equation

® Reduce to equation for f — like Boltzmann equation

Y o H, fil + J(fr) = —— [H
g E[ ks Jie] + I (fr) ﬁ,[ ks S|,
ot / T[ _ Driving térm due to the
pin precession Scattering electric field

® Scattering term in the simplest case

. n; N R Ik 1\ iHt' /R
J(f) = = tim | G2 [ dt e {e Hit' B g, — f1) ¢itl +h.c.}.

Scattering in Scattering out

¢ This is 1% Born approximation — Fermi Golde




Scattering term

® Density matrix = Scalar + Spin

fk - ﬂ'k]]- + Sk:

® Spin = Conserved spin + Precessina spin

S = Sk" + Sk
/ \

Conserved spin — most important ~ Precessing spin — expect only
singular contribution

® Look at scattering term again (simplest Born approx.)
T 2
/dﬂ’ |Ukk*| (Sh” — Ek:”)(l -+ E-DE‘T) Ok

~_® Suppression of backscattering




Kinetic equation

® Conserved spin density

dSh” -
- T J(fk) = Dy
® Non-conserved spin density (also rotations &c)
dS i .
d.:L | h[Hk-;SkJ_]‘FPJ_J(fk) = D,

® Solution — expansion in 1/(ggT)

® Fermi energy X momentum scattering time

® Assumes (e1) >> 1 —in this sense it is semiclassical
® Conserved spin gives leading order term linear inT
0__J_3rgcessing spin gives next-to-leading term independe




Skew scattering

® Scattering potential ~ spin-orbit coupling
® |n Tl band structure SO strong
® Therefore extrinsic SO should be strong

* Asymmetric scattering of spin T,4
ﬁkhr = ukk: (]_ — iAo -k x kf).

® Typically 39 order in scattering potential
® In Tl can appear in Born approximation

fj‘t" :Hr‘ » ifqt’

i (f) = ([ 55 Woe H 0. 1)

A mdt’ t” _i"r." - A~ iHt! iqt!
jord(f =—z{f 50,510, fl 5] ),

Be. e-d?_nOt kHOVYXfOrT| ‘ Ak‘%' {.':(‘: ]'

of no consequence




Side-jump
Fohys = T + A& x k

® Interaction with electric field

® Causes sideways displacement during scattering

ifqt’

B (fi) —<] S0, e O, fle ),

® When band structure SO is present
® Extraterm — Tse & Das Sarma PRB 74, 245309 (2006)

¥ [rrsj
_E [H E pﬂk]
® This is effectively an intrinsic side-jump term
to spin precession/rotation




Solving kin. eq. for AHE

® Driving terms of
® Bare driving term  (eE /h) - H?
® Side-jump driving term  — — [ﬂ‘ (k x E), fox]
® Perturbation theory in A
® Skew scattering also appears as a driving term
® Side-jump scattering gives another driving term
® Terms to leading and next-to-leading order in (1/e.T)
® Transport — leading term linear inT

® Second term independent oft

® Appears to be disorder-independent but is NOT

epeatedly between conserved,




Main question

® We know there will be a band structure contribution (Nagaosa)

It will be of the order of the conductivity quantum

® Contributions from skew scattering and side jump

Skew scattering, side jump give extra driving terms

H is spin-dependent

U is spin-dependent

Spin structure of SS, SJ driving terms not obvious

Either of them could contribute to the parallel driving term
In that case it will give something o« Mt

We are in the weak momentum scattering regime
Although M is small, such a term would dominate

It would overwhelm the band structure contribution

Does such a term exist?

* Alot of algebra

inant term?



Dominant term in AHE
2
Tyr = —% (1 — ),

® This is the contribution from the conduction band.
¢ Band structure
® Disorder renormalization.
® The bare term has no a.

® Remember there is an extra term — offset
9

e
® o from surface valence band

® \Whatis observed is the disorder renormalization




Band structure AHE

* Q) tilted out of the plane by M

Small s, component

® Coupled charge-spin dynamics

* Apply E/lx

k, changes adiabatically
Q, changes adiabatically
Small rotation of s, about new Q,
Small non-equilibrium s,

SO — small non-equilibrium
component of k,

This component ««c M
Total independent of M
Because of monopole at k=0

'—EAJ}{E
J = 7 .

Fermi surface

N




Other terms in AHE

Extrinsic AHE

2

e 8T T 72
ﬂ.tx[ — b J'..kz 9 . ]
Y 2h r (M) ( T, T g Born T er;drH)

Skew scattering and side jump are negligible

Why? SS, SJ give rise to effective magnetic field out of the plane
ﬁkhr = Hkk: (]_ — iAo -k x k}).

This wants to rotate the spin away from Q (which is in-plane)

It counteracts spin-momentum locking

refore it can never give rise to a parallel term




Dominant contribution

® Band structure contribution dominant as long as €1 >> 1
® Expect it to be independent of magnetization
® Therefore it overwhelms all terms proportional to M, J
®* No skew scattering, side jump terms linear in T

® Also overwhelms extrinsic SO since Akg? << 1
® This is why we do not care about the size of A

® |n Tl the wave vector determines the spin AND vice versa.

® Elastic scattering reduces this contribution — renormalization
® Cf. Molenkamp PRB 2006 for Rashba model

® Not included
® FElectric field correction to skew scattering — 3 order term in U

kr AkM 1 M

= — (1
o (A%k*+M?2)%% A VAZKL + M?



Observation of AHE

® Bi2Se3, r.~0.14 (assuming permittivity ~ 100)

® Disorder renormalization ~ same order of magnitude as intrinsic
¢ Still topological — depends on the same Berry curvature term

® Overall sign depends on type of scattering
® Coulomb and short-range scattering give opposite signs
® For Coulomb scattering

oint ~ —0.53 (€2/2h) ~ —e? /4h

y
® For short-range scattering

'"“ ~ (.18 {32/2.‘1)
® |n principle it could be zero but only for one sample

® Surfaces increase in quality charged impurities should be dominant
® There will still be variation depending on r,
® Asr.—0,0.53 - 0.61
AS r.—o0, 0.53 —» 0.12




Summary

® Topological term dominates AHE

® Aslong as .1 >> 1 independent of magnetization
® Disorder renormalization — non-universal

® We expect 0.1-0.25 of conductivity quantum

¢ Different signs for Coulomb, short-range scattering

®* AHE explained by spin-charge coupling in TI

® \What is observed is the disorder renormalization

® Problem — surfaces connected — observe one signal?
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