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Dynamical signatures of topological spin liquids



• Distinct phases of matter that cannot be  
characterized by symmetry breaking 

- Quantum Hall effects
- Topological insulators
- Haldane spin chain
- Spin-liquids

[Klitzing ’80, Tsui ’82, Laughlin ’83]

[Haldane ‘83]

[Kane & Mele ’05]

[Anderson ‘73]

• Characterizing features:  quantized conductance,  
fractionalization, anyonic quasiparticles, …

Topological phases of matter



• Dynamical structure factor:

S(~q,!) =
X

n

���h n|S+
~q | 0i

���
2
�(! + !0 � !n)

[Mourigal et al, ’13]

Spectroscopy provides information on excitations

S(~q,w) = Â
|f i

��hf |S+|ii
��2 d (w �wf +wi )

Cu2SO4.5D2O

• Fractional spinon excitations in the quantum 
Heisenberg antiferromagnetic chain (CuSO4·5D2O)

➡ featureless 

the free-Cu21 magnetic form factor. Here the measured data indicate
longer-range correlations than the nearest-neighbour singlet model.
Figure 3c depicts a line scan of the dynamic structure factor (integrated

over 1 # Bv # 7 meV) along the (0, K, 0) direction. The nearest-
neighbour singlet model does not account for the observed scattering
intensity at the (0, 2, 0)-type positions.
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Figure 2 | Inelastic neutron scattering measured along symmetry directions
and at high-symmetry locations. a, b, Intensity contour plots of the dynamic
structure factor as a function of Bv and Q for the (H, 0, 0) direction (a) and the
(H, H, 0) direction (b). These directions are indicated by the thick black lines on
the reciprocal space map shown in d. Along the (H, H, 0) direction, a broad
excitation continuum is observed over the entire range measured. The colour
bar shows the magnitude of Stot(Q, v) in barn sr21 eV21 per formula unit.
c, Energy dependence of Stot(Q, v) measured at high-symmetry reciprocal

space locations. Data for Bv $ 1.5 meV were measured with Ef 5 5.1 meV,
whereas data for Bv # 1 meV were measured with Ef 5 3.0 meV for better
energy resolution (except those at C*, which were measured with
Ef 5 5.1 meV). Error bars, 1 s.d. Inset, energy dependence of Smag(Q, v) with
the non-magnetic scattering from the sample subtracted. Smag(Q, v) is
normalized to have units of eV21 per formula unit, consistent with the
magnetic structure factor defined in Supplementary Information. d, The
integrated areas in reciprocal space referred to a–c.
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Figure 3 | The measured dynamic structure factor along specific directions
in reciprocal space with comparison to the nearest-neighbour singlet model.
a, Smag(Q, v) along the (22, 1 1 K, 0) direction, indicated by the thick red line
on the reciprocal space map in d. Three energy transfers, Bv 5 2, 6 and 10 meV,
are shown. b, Smag(Q, v) along the (22, 1 1 K, 0) direction integrated over

1 # Bv # 11 meV. c, Smag(Q, v) along the (0, K, 0) direction, indicated by the
thick orange line on the reciprocal space map in d, integrated over
1 # Bv # 7 meV. The solid lines in b and c are the calculated equal-time
structure factors for uncorrelated nearest-neighbour singlets multiplied by
| F(Q) | 2. d, The trajectories in reciprocal space referred to in a–c. Error bars, 1 s.d.
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[Han et al ’12]

Kagome antiferromagnetic 

Dynamical signatures of quantum spin liquids



(1) Universal signatures of topological spin liquids  
in threshold spectroscopic measurements 

(2) Dynamical structure factor of the Kitaev-Heisenberg model  
using large scale DMRG simulations

Characterizing excitation statistics in fractionalized phases through spectral functions

We show that the anyonic exchange statistics of quasiparticle excitations show characteristic signatures in
spectral functions. Drawing motivation from models of topologically ordered phases such as gapped quantum
spin liquids and fractional chern insulators which possess fractionalized excitations, we consider a model with
gapped two particle and three particle abelian anyonic excitations. The low energy part of spectral functions
show a power law with an exponent depending on the statistics of the anyons. This can provide a route towards
detecting exchange statistics in experiments such as neutron scattering.

The question of how to characterize phases of matter is an
important one in condensed matter physics. In this regard, the
framework of broken symmetry has been very successful the-
oretically with concepts of local order parameters and gener-
alized rigidities while also providing numerous experimental
signatures such as evidence of collective excitations and long
range order in spectroscopic measurements[1]. However, the
last few decades have yielded a plethora of phases which fall
outside this paradigm, starting with the most prominent case
of fractional quantum hall phases[2, 3] to recent discoveries
of possible quantum spin liquids[4–6]. Among these phases,
gapped systems possess a more exotic form of order called
topological order[7]. Although theoretical classifications of
systems with topological order exist[8–10], there are far fewer
unique experimental signatures of such phases.

The ground states of systems with topological order are
characterized by features such as a degeneracy on closed sur-
faces depending on their genus and a ”topological entangle-
ment entropy”[11, 12]. These features have been commonly
used to diagnose the presence of topological order in theoret-
ical models. In addition to these ground state properties, one
prominent feature is the presence of fractionalized excitations
with anyonic statistics[13–15]. Unlike the ground state de-
generacy and topological entanglement entropy, the braiding
statistics of these excitations provide a more unique character-
istic of the topological phase[7, 16].

However, methods to obtain these statistics usually ei-
ther rely on explicit microscopic calculations determining
the Berry phase acquired on exchange of particles in trial
wavefunctions[17, 18]; or numerical methods such as re-
cent techniques exploiting the topological order in the ground
state[19]. An important step towards experimental signatures
of statistics was the proposal of performing anyonic interfer-
ometry[20–23] and a natural question which then arises is
whether there exist other experimentally relevant quantities
which show signatures of these braiding statistics.

One possible place to search for such signatures are spec-
tral functions which provide information on the excitations in
the system. A prominent spectral function in spin systems is
the dynamic structure factor which is directly related to the
scattering cross section in inelastic neutron scattering studies.
It has already been used to demonstrate signatures of frac-
tionalization in possible spin liquids[24–26] where the corre-
sponding characteristic feature is the absence of sharp features
and instead the presence of a broad continuum due to the ex-
change of momentum among the fractionalized particles, i.e.,
the center of mass motion. It then arises as a natural candi-

(a) (b)

Figure 1. (a) A scattering process can create fractionalized anyonic
excitations in phases with topological order (b)The exchange statis-
tics of the excitations mediate a long-range interaction between them

date to also search for features of the anyonic statistics due to
possible braiding effects of the particles around each other. In
this paper, we calculate spectral functions for a system with
gapped fractionalized excitations obeying anyonic statistics.

Set-up and eigenvalue problem We consider a 2D sys-
tem with a topologically ordered ground state from which
gapped identical fractionalized excitations can be created by
acting with a local operator (Fig. 1). For example, we can
consider inelastic neutron scattering on a gapped spin liq-
uid with topological order which results in the creation of
n identical fractionalized excitations which in general obey
anyonic exchange statistics in 2D. The differential scattering
cross-section d2�/d⌦d! thus obtained is proportional to the
dynamic structure factor S(~q,!). Since the excitations are
gapped, we can focus on the effective n-particle system to
calculate S(~q,!) at energies below those creating further ex-
citations.

To incorporate the statistics of the particles, an anyon can be
viewed[14] as a composite particle of an electric charge and an
infinitesimally thin magnetic flux tube. The exchange statis-
tics results from the Aharonov-Bohm phase picked up when
these composite particles are exchanged. We work in the
magnetic/boson gauge where the Hamiltonian acts on bosonic
wavefunctions and the statistics is encoded in the Hamilto-
nian as an interaction through minimal coupling of an inter-
nal gauge field ~a associated to the magnetic flux. This is in
contrast to the anyon gauge which results in a non-interacting
Hamiltonian acting on wavefunctions with multivalued phase
factors like the Laughlin wavefunction. In the center of mass
(~R) frame, the relative Hamiltonian now depends on the statis-
tics.

For the case of two excitations[27], ~a =

h̄c↵
q r✓ where ✓

is the angle between the particles, q is the charge[28] and ↵
is the statistics parameter which varies from 0 for bosons to
1 for fermions. Thus, for two excitations with a quadratic
dispersion, the effective Hamiltonian is given by

with Siddhardh Morampudi, Ari Turner, Frank Wilczek 

with Matthias Gohlke, Ruben Verresen, Roderich Moessner
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Topologically ordered spin liquids

Characterizing excitation statistics in fractionalized phases through spectral functions

We show that the anyonic exchange statistics of quasiparticle excitations show characteristic signatures in
spectral functions. Drawing motivation from models of topologically ordered phases such as gapped quantum
spin liquids and fractional chern insulators which possess fractionalized excitations, we consider a model with
gapped two particle and three particle abelian anyonic excitations. The low energy part of spectral functions
show a power law with an exponent depending on the statistics of the anyons. This can provide a route towards
detecting exchange statistics in experiments such as neutron scattering.

The question of how to characterize phases of matter is an
important one in condensed matter physics. In this regard, the
framework of broken symmetry has been very successful the-
oretically with concepts of local order parameters and gener-
alized rigidities while also providing numerous experimental
signatures such as evidence of collective excitations and long
range order in spectroscopic measurements[1]. However, the
last few decades have yielded a plethora of phases which fall
outside this paradigm, starting with the most prominent case
of fractional quantum hall phases[2, 3] to recent discoveries
of possible quantum spin liquids[4–6]. Among these phases,
gapped systems possess a more exotic form of order called
topological order[7]. Although theoretical classifications of
systems with topological order exist[8–10], there are far fewer
unique experimental signatures of such phases.

The ground states of systems with topological order are
characterized by features such as a degeneracy on closed sur-
faces depending on their genus and a ”topological entangle-
ment entropy”[11, 12]. These features have been commonly
used to diagnose the presence of topological order in theoret-
ical models. In addition to these ground state properties, one
prominent feature is the presence of fractionalized excitations
with anyonic statistics[13–15]. Unlike the ground state de-
generacy and topological entanglement entropy, the braiding
statistics of these excitations provide a more unique character-
istic of the topological phase[7, 16].

However, methods to obtain these statistics usually ei-
ther rely on explicit microscopic calculations determining
the Berry phase acquired on exchange of particles in trial
wavefunctions[17, 18]; or numerical methods such as re-
cent techniques exploiting the topological order in the ground
state[19]. An important step towards experimental signatures
of statistics was the proposal of performing anyonic interfer-
ometry[20–23] and a natural question which then arises is
whether there exist other experimentally relevant quantities
which show signatures of these braiding statistics.

One possible place to search for such signatures are spec-
tral functions which provide information on the excitations in
the system. A prominent spectral function in spin systems is
the dynamic structure factor which is directly related to the
scattering cross section in inelastic neutron scattering studies.
It has already been used to demonstrate signatures of frac-
tionalization in possible spin liquids[24–26] where the corre-
sponding characteristic feature is the absence of sharp features
and instead the presence of a broad continuum due to the ex-
change of momentum among the fractionalized particles, i.e.,
the center of mass motion. It then arises as a natural candi-

(a) (b)

Figure 1. (a) A scattering process can create fractionalized anyonic
excitations in phases with topological order (b)The exchange statis-
tics of the excitations mediate a long-range interaction between them

date to also search for features of the anyonic statistics due to
possible braiding effects of the particles around each other. In
this paper, we calculate spectral functions for a system with
gapped fractionalized excitations obeying anyonic statistics.

Set-up and eigenvalue problem We consider a 2D sys-
tem with a topologically ordered ground state from which
gapped identical fractionalized excitations can be created by
acting with a local operator (Fig. 1). For example, we can
consider inelastic neutron scattering on a gapped spin liq-
uid with topological order which results in the creation of
n identical fractionalized excitations which in general obey
anyonic exchange statistics in 2D. The differential scattering
cross-section d2�/d⌦d! thus obtained is proportional to the
dynamic structure factor S(~q,!). Since the excitations are
gapped, we can focus on the effective n-particle system to
calculate S(~q,!) at energies below those creating further ex-
citations.

To incorporate the statistics of the particles, an anyon can be
viewed[14] as a composite particle of an electric charge and an
infinitesimally thin magnetic flux tube. The exchange statis-
tics results from the Aharonov-Bohm phase picked up when
these composite particles are exchanged. We work in the
magnetic/boson gauge where the Hamiltonian acts on bosonic
wavefunctions and the statistics is encoded in the Hamilto-
nian as an interaction through minimal coupling of an inter-
nal gauge field ~a associated to the magnetic flux. This is in
contrast to the anyon gauge which results in a non-interacting
Hamiltonian acting on wavefunctions with multivalued phase
factors like the Laughlin wavefunction. In the center of mass
(~R) frame, the relative Hamiltonian now depends on the statis-
tics.

For the case of two excitations[27], ~a =

h̄c↵
q r✓ where ✓

is the angle between the particles, q is the charge[28] and ↵
is the statistics parameter which varies from 0 for bosons to
1 for fermions. Thus, for two excitations with a quadratic
dispersion, the effective Hamiltonian is given by

Excitations above a gap �

• Local operators operators create pairs of 
gapped anyonic excitations (e.g., two spinons)

[Morampudi, Turner, FP,  Wilczek, arXiv:1608.05700]

ei↵

Anyons characterize topological order  
(e.g., chiral spin liquid: “semions” with               )↵ = ±⇡

2



Topologically ordered spin liquids

[Morampudi, Turner, FP,  Wilczek, arXiv:1608.05700]



Two free anyons

• Solve eigenvalue problem

 k,~Q,l (R , r ,f) =
r

k
2L

J|l�a| (kr)exp(ilf)exp(i~Q ·~R)

0

(bosons)
 a  1

(fermions)

r,R

O
Φ

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
kr

0.0

0.2

0.4

0.6

0.8

1.0

|Ψ
(R
,r
,φ
)|
2 l=

0

Bosons
Semions
Fermions

Topologically ordered spin liquids

• Solving the two-anyon problem  

Setup

a

[Morampudi, Turner, FP,  Wilczek, arXiv:1608.05700]



Topologically ordered spin liquids

• Spectral functions for fractionalization into two anyons:

S(~q,!) =
X

n

���h n|S+
~q | 0i

���
2
�(! + !0 � !n) = mJ2

↵(
p
m!)

• At low energies S(~q,!) ⇡ m↵+1!↵

FermionsSemionsBosons

S
(~q

=
0,
!
)

! �� ! �� ! ��

[Morampudi, Turner, FP,  Wilczek, arXiv:1608.05700]



Topologically ordered spin liquids

[Morampudi, Turner, FP,  Wilczek, arXiv:1608.05700]

•            : short-range repulsive interactions do 
not affect the low-energy answer
↵ > 0

• Bosons do get a correction: S(~q,!) ⇡ ln(m!2b2)�2

U
V

Fermions



Topologically ordered spin liquids

• Bosonic spin liquids on kagome lattice / triangular lattice 
[Punk, Chowdhury, Sachdev ’14] [Qi, Xu, Sachdev ’08]

• Generalization to three identical anyons (             ) ↵ = 1/3

S(~q,!) ⇡ (! ��)2



(1) Universal signatures of gapped spin liquids  
in threshold spectroscopic measurements 

(2) Dynamical structure factor of the Kitaev-Heisenberg model  
using large scale DMRG simulations

Characterizing excitation statistics in fractionalized phases through spectral functions

We show that the anyonic exchange statistics of quasiparticle excitations show characteristic signatures in
spectral functions. Drawing motivation from models of topologically ordered phases such as gapped quantum
spin liquids and fractional chern insulators which possess fractionalized excitations, we consider a model with
gapped two particle and three particle abelian anyonic excitations. The low energy part of spectral functions
show a power law with an exponent depending on the statistics of the anyons. This can provide a route towards
detecting exchange statistics in experiments such as neutron scattering.

The question of how to characterize phases of matter is an
important one in condensed matter physics. In this regard, the
framework of broken symmetry has been very successful the-
oretically with concepts of local order parameters and gener-
alized rigidities while also providing numerous experimental
signatures such as evidence of collective excitations and long
range order in spectroscopic measurements[1]. However, the
last few decades have yielded a plethora of phases which fall
outside this paradigm, starting with the most prominent case
of fractional quantum hall phases[2, 3] to recent discoveries
of possible quantum spin liquids[4–6]. Among these phases,
gapped systems possess a more exotic form of order called
topological order[7]. Although theoretical classifications of
systems with topological order exist[8–10], there are far fewer
unique experimental signatures of such phases.

The ground states of systems with topological order are
characterized by features such as a degeneracy on closed sur-
faces depending on their genus and a ”topological entangle-
ment entropy”[11, 12]. These features have been commonly
used to diagnose the presence of topological order in theoret-
ical models. In addition to these ground state properties, one
prominent feature is the presence of fractionalized excitations
with anyonic statistics[13–15]. Unlike the ground state de-
generacy and topological entanglement entropy, the braiding
statistics of these excitations provide a more unique character-
istic of the topological phase[7, 16].

However, methods to obtain these statistics usually ei-
ther rely on explicit microscopic calculations determining
the Berry phase acquired on exchange of particles in trial
wavefunctions[17, 18]; or numerical methods such as re-
cent techniques exploiting the topological order in the ground
state[19]. An important step towards experimental signatures
of statistics was the proposal of performing anyonic interfer-
ometry[20–23] and a natural question which then arises is
whether there exist other experimentally relevant quantities
which show signatures of these braiding statistics.

One possible place to search for such signatures are spec-
tral functions which provide information on the excitations in
the system. A prominent spectral function in spin systems is
the dynamic structure factor which is directly related to the
scattering cross section in inelastic neutron scattering studies.
It has already been used to demonstrate signatures of frac-
tionalization in possible spin liquids[24–26] where the corre-
sponding characteristic feature is the absence of sharp features
and instead the presence of a broad continuum due to the ex-
change of momentum among the fractionalized particles, i.e.,
the center of mass motion. It then arises as a natural candi-

(a) (b)

Figure 1. (a) A scattering process can create fractionalized anyonic
excitations in phases with topological order (b)The exchange statis-
tics of the excitations mediate a long-range interaction between them

date to also search for features of the anyonic statistics due to
possible braiding effects of the particles around each other. In
this paper, we calculate spectral functions for a system with
gapped fractionalized excitations obeying anyonic statistics.

Set-up and eigenvalue problem We consider a 2D sys-
tem with a topologically ordered ground state from which
gapped identical fractionalized excitations can be created by
acting with a local operator (Fig. 1). For example, we can
consider inelastic neutron scattering on a gapped spin liq-
uid with topological order which results in the creation of
n identical fractionalized excitations which in general obey
anyonic exchange statistics in 2D. The differential scattering
cross-section d2�/d⌦d! thus obtained is proportional to the
dynamic structure factor S(~q,!). Since the excitations are
gapped, we can focus on the effective n-particle system to
calculate S(~q,!) at energies below those creating further ex-
citations.

To incorporate the statistics of the particles, an anyon can be
viewed[14] as a composite particle of an electric charge and an
infinitesimally thin magnetic flux tube. The exchange statis-
tics results from the Aharonov-Bohm phase picked up when
these composite particles are exchanged. We work in the
magnetic/boson gauge where the Hamiltonian acts on bosonic
wavefunctions and the statistics is encoded in the Hamilto-
nian as an interaction through minimal coupling of an inter-
nal gauge field ~a associated to the magnetic flux. This is in
contrast to the anyon gauge which results in a non-interacting
Hamiltonian acting on wavefunctions with multivalued phase
factors like the Laughlin wavefunction. In the center of mass
(~R) frame, the relative Hamiltonian now depends on the statis-
tics.

For the case of two excitations[27], ~a =

h̄c↵
q r✓ where ✓

is the angle between the particles, q is the charge[28] and ↵
is the statistics parameter which varies from 0 for bosons to
1 for fermions. Thus, for two excitations with a quadratic
dispersion, the effective Hamiltonian is given by

with Siddhardh Morampudi, Ari Turner, Frank Wilczek 

with Matthias Gohlke, Ruben Verresen, Roderich Moessner
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Kitaev-Heisenberg model

• Kitaev model on the honeycomb lattice is  
an exactly solvable quantum spin liquid  
[Kitaev ’06]

• Fractionalized excitations:  
gapless majoranas and static gapped fluxes 

• Kitaev-Heisenberg model  
[Jackeli and Khaliullin ‘09]  
 
 
 
 
 
Experimental relevance: Iridates, alpha-RuCl3,…?   

hi, ji



Kitaev-Heisenberg model

• Density-Matrix Renormalization Group (DMRG)
- Infinite cylinders with circumference up to L = 12

[White ‘92]

| 0i : . . . . . .B B B B B B B

Bin
↵�



• DMRG study (           ) of the  
Kitaev-Heisenberg model 

Kitaev-Heisenberg model

L = 12

➡ DMRG results indicate  
first order transitions (?)

➡ Critical properties in  
SL robust (boundary  
conditions important)

[Matthias Gohlke, Ruben Verresen, Roderich Moessner, FP]

Néel       SL   ZZ       FM       SL Stripe Néel



Kitaev-Heisenberg model

[Matthias Gohlke, Ruben Verresen, Roderich Moessner, FP]

• Finite circumference yields    cuts  
through Brillouin zone

➡ Dirac cones can be gapped  
out due to cylinder geometry

 

L

➡ Topological sectors with flux 
have shifted momenta: Generically  
only one sector can be gapless
☞ Yin-Chen He



Kitaev-Heisenberg model

[Matthias Gohlke, Ruben Verresen, Roderich Moessner, FP]

• Critical phase robust to  
Heisenberg perturbations

➡ Finite entanglement 
scaling

➡ Central charge of  
         throughout  
the SL phase

S =

c
6 log ⇠

c = 1



• Numerical calculation of the dynamical structure factor

S(k,�) =
X

x

Z 1

�1
dte�i(kx+i�t)C(x, t)

C(x, t) = ��0|Sx

(t)�S+
0 (0)|�0⇥

Dynamics of the Kitaev-Heisenberg model

(1) Find the ground state        : DMRG

(2) Time evolve             : tDMRG  
 
 
using new “matrix-product operator” 
based method

| 0i

S+
0 | 0i

C(x, t) = e

itE0h 0|S�
x e

�itH
S

+
0 | 0i

[Zaletel et al ‘15]



Dynamics of the Kitaev-Heisenberg model

1 + t
X

x

H
x

!
Y

x

(1 + tH
x

)

| {z }
✏⇠L2t2

⇡ 1 + t
X

x

H
x

+ t2
X

x<y

H
x

H
y

+ t3
X

x<y<z

H
x

H
y

H
z

+ . . .

Neglect overlapping  
terms in expansion

Compact matrix product 
operator representation

↵ �

jn

W
[n]jnj

0
n

↵� =

j0n

| {z }
✏⇠Lt2

1 + t
X

x

H
x

!
Y

x

(1 + tH
x

)

• Hamiltonian expressed as a sum of terms  
Expand                           for          :

H =
P

x

H
x

t ⌧ 1U = exp(�itH)
[Zaletel et al ‘15]



Benchmark: Pure Kitaev model  
(no Heisenberg term)
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Dynamics of the Kitaev-Heisenberg model

L = 6

[Matthias Gohlke, Ruben Verresen, Roderich Moessner, FP]

[Knolle et al. 13]
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Dynamics of the Kitaev-Heisenberg model

Ferromagnetic phase
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Dynamics of the Kitaev-Heisenberg model
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Zig-Zag phase

➡ Six fold symmetric 
high energy feature (?)

[Banerjee et al. ‘16]
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(1) Universal signatures of topological spin liquids  
in threshold spectroscopic measurements 

(2) Dynamical structure factor of the Kitaev-Heisenberg model  
using large scale DMRG simulations

Characterizing excitation statistics in fractionalized phases through spectral functions

We show that the anyonic exchange statistics of quasiparticle excitations show characteristic signatures in
spectral functions. Drawing motivation from models of topologically ordered phases such as gapped quantum
spin liquids and fractional chern insulators which possess fractionalized excitations, we consider a model with
gapped two particle and three particle abelian anyonic excitations. The low energy part of spectral functions
show a power law with an exponent depending on the statistics of the anyons. This can provide a route towards
detecting exchange statistics in experiments such as neutron scattering.

The question of how to characterize phases of matter is an
important one in condensed matter physics. In this regard, the
framework of broken symmetry has been very successful the-
oretically with concepts of local order parameters and gener-
alized rigidities while also providing numerous experimental
signatures such as evidence of collective excitations and long
range order in spectroscopic measurements[1]. However, the
last few decades have yielded a plethora of phases which fall
outside this paradigm, starting with the most prominent case
of fractional quantum hall phases[2, 3] to recent discoveries
of possible quantum spin liquids[4–6]. Among these phases,
gapped systems possess a more exotic form of order called
topological order[7]. Although theoretical classifications of
systems with topological order exist[8–10], there are far fewer
unique experimental signatures of such phases.

The ground states of systems with topological order are
characterized by features such as a degeneracy on closed sur-
faces depending on their genus and a ”topological entangle-
ment entropy”[11, 12]. These features have been commonly
used to diagnose the presence of topological order in theoret-
ical models. In addition to these ground state properties, one
prominent feature is the presence of fractionalized excitations
with anyonic statistics[13–15]. Unlike the ground state de-
generacy and topological entanglement entropy, the braiding
statistics of these excitations provide a more unique character-
istic of the topological phase[7, 16].

However, methods to obtain these statistics usually ei-
ther rely on explicit microscopic calculations determining
the Berry phase acquired on exchange of particles in trial
wavefunctions[17, 18]; or numerical methods such as re-
cent techniques exploiting the topological order in the ground
state[19]. An important step towards experimental signatures
of statistics was the proposal of performing anyonic interfer-
ometry[20–23] and a natural question which then arises is
whether there exist other experimentally relevant quantities
which show signatures of these braiding statistics.

One possible place to search for such signatures are spec-
tral functions which provide information on the excitations in
the system. A prominent spectral function in spin systems is
the dynamic structure factor which is directly related to the
scattering cross section in inelastic neutron scattering studies.
It has already been used to demonstrate signatures of frac-
tionalization in possible spin liquids[24–26] where the corre-
sponding characteristic feature is the absence of sharp features
and instead the presence of a broad continuum due to the ex-
change of momentum among the fractionalized particles, i.e.,
the center of mass motion. It then arises as a natural candi-

(a) (b)

Figure 1. (a) A scattering process can create fractionalized anyonic
excitations in phases with topological order (b)The exchange statis-
tics of the excitations mediate a long-range interaction between them

date to also search for features of the anyonic statistics due to
possible braiding effects of the particles around each other. In
this paper, we calculate spectral functions for a system with
gapped fractionalized excitations obeying anyonic statistics.

Set-up and eigenvalue problem We consider a 2D sys-
tem with a topologically ordered ground state from which
gapped identical fractionalized excitations can be created by
acting with a local operator (Fig. 1). For example, we can
consider inelastic neutron scattering on a gapped spin liq-
uid with topological order which results in the creation of
n identical fractionalized excitations which in general obey
anyonic exchange statistics in 2D. The differential scattering
cross-section d2�/d⌦d! thus obtained is proportional to the
dynamic structure factor S(~q,!). Since the excitations are
gapped, we can focus on the effective n-particle system to
calculate S(~q,!) at energies below those creating further ex-
citations.

To incorporate the statistics of the particles, an anyon can be
viewed[14] as a composite particle of an electric charge and an
infinitesimally thin magnetic flux tube. The exchange statis-
tics results from the Aharonov-Bohm phase picked up when
these composite particles are exchanged. We work in the
magnetic/boson gauge where the Hamiltonian acts on bosonic
wavefunctions and the statistics is encoded in the Hamilto-
nian as an interaction through minimal coupling of an inter-
nal gauge field ~a associated to the magnetic flux. This is in
contrast to the anyon gauge which results in a non-interacting
Hamiltonian acting on wavefunctions with multivalued phase
factors like the Laughlin wavefunction. In the center of mass
(~R) frame, the relative Hamiltonian now depends on the statis-
tics.

For the case of two excitations[27], ~a =

h̄c↵
q r✓ where ✓

is the angle between the particles, q is the charge[28] and ↵
is the statistics parameter which varies from 0 for bosons to
1 for fermions. Thus, for two excitations with a quadratic
dispersion, the effective Hamiltonian is given by
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