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Operator Spectrum

® A local operator has a scaling dimension:

O, — A; = scaling dimension

® The scaling dimension determines the decay of the 2-point correlation function:

B C
o mmi

(Oi(2)0i(0))

® |t seems interesting and important to know the various fields with their
corresponding scaling dimensions.

® Where can we find those in numerics ?



1D Torus (Circle) Energy Spectra

il T © @ o (T 0, ] [ X XX TR X ]
i o = g 0 B SRR EEEE Il T I
8 O g 8 O O si=+1 e i o X X « & ¥ % % x ]
I o ] i x ]
O (@) (@) O si=-1 8 5[ % g g % § % ¥ x X i 45
8 8 o 8 | ~ [ * x % fx ¥ * ]
i o] o = e 38 0| N[ x X x ]
| S )
°lo = et ety 8 8 - | Saps §1/5§ * AP
| €8+ > +3 i
Al és+2,6+2) (1) Glortand ©) S] | en Q/ < AN 3/40+3
% | Td+2,id+2) O (e£+3) g %?d+j4 % 3F ?}/5 +/2 g 0+3 x L=36 A0 +3 g Q\Q/@ 13
(0+1,0+2) < [ 0 primary fields 78+2 ]
L O estert) O (0.0+3) i 1/5 +2 p y
31O+ er) O (eer2) 8(id,id+3) % [ ® /@ 80115 2+ 2 O descendants 3/40 +2 ® 3/;0 +o% 1s
| C(o+ov . 2 [ 65+1 7/8 + 1]
2 paet 1)0 (e.e+1) @((i(é:%++2.2)) i § [ o + ]
. (L sl 340+ 1% 718 1
110 () HOo) ’ . s Neveu-Schwarz Ramond ]
o) 1 ok % 0 sector sector 3401 ] 0
08 (id,id) 7 T ' 1 ' 1 © 1 © T © T T T T T T 1
6 '1 '2 é "1 '5 é '7 é 0 2 4 6 8 10 12 14 16 18
K [216] momentum K [27/L]
TFl chain L=16 A. Feiguin et al. PRL 2007
2D Ising CFT Spectrum tricritical Ising CFT Spectrum in anyon chains

R < S' xR




D Torus (Circle)

—nergy Spectra

® For CFTs energy spectra of finite size (1+1D) systems arrange into conformal towers |
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® Spectrum of scaling dimensions
of CFT maps to Hamiltonian
spectrum on a circle.



—nergy spectra and CFTs in more than 1+1

D ?

® In more than 1+1D, this relation does not hold for tori anymore, only for the sphere !

R St x R (#TY ! xR, d>2)

® First mapping: radial quantisation, can reveal scaling dimension in higher d,
but not easily accessible to numerics (although several efforts over the decades).

T? x R S? x R

space X time space x time




—nergy spectra and CFT in more than 1+1D ?

® In more than 1+1D, this is not expected to hold anymore for tori !

R St x R (#TY ! xR, d>2)

® First mapping: radial quantization, can reveal scaling dimension in higher d,
but not easily accessible to numerics (although several efforts over the decades).

® \What about energy spectra on tori, which are numerically accessible?
® [s there a universal low-energy spectrum (and is it accessible numerically) ?
® How does it look like ?

® Any analogy to the spectrum of scaling dimensions ?
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2+1D “standard” Ising CFT

® We want to investigate the torus energy spectrum at a quantum critical point.

® While we do not expect to find the exact spectrum of scaling dimensions, the
spectrum is still expected to be universal, i.e. UV cutoff independent.

® The spectrum could however depend on the IR-cutoff (shape of torus)
(c.f. “hearing the shape of the drum”)

® We start with a Z2 symmetry breaking transition, and consider the
transverse field Ising (TFI) model as a particular microscopic realization

Hrpr = —JZOfo — hZUf
(%,9) z



1]

Raw’” energy spectrum across the transition

® small field: approx. 2-fold degeneracy due to Z2-symmetry breaking.

® large field: unigue ground state in paramagnetic phase.

TFI Spectrum Square Lattice
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Torus Shape Momentum Space Grid
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Detalled finite size scaling e

® Square lattice at critical transverse field he:

T =1 - Square
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Torus Shape Momentum Space Grid

1
3 r— p 2 Square

Detalled finite size scaling e

® Square lattice at critical transverse field he:
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Torus Shape

Comparison with a different lattice =

® Square lattice and Square-Octagon lattice at their critical point:

T=1- Square
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® The spectra are identical after finite-size extrapolation!
This is thus the genuine Ising CFT spectrum on a square torus !
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Torus Shape

Comparison with a different lattice =

® Square lattice and Square-Octagon lattice at their critical point:

T=1- Square
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® The spectra are identical after finite-size extrapolation!
This is thus the genuine Ising CFT spectrum on a square torus !
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Torus Shape

Comparison with a different lattice =

Momentum Space Grid

1

2 Square
V2 5 IR Cutoff

® Square lattice and Square-Octagon lattice at their critical point:

T=1- Square T=1- Square Octagon
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® The spectra are identical after finite-size extrapolation!
This is thus the genuine Ising CFT spectrum on a square torus !



Comparison with di

(e

erent modular parameter

1
V3

Hexagonal
2 IR Cutoff

® Triangular, honeycomb and kagome lattice at their critical point:
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® The spectra are identical after finite-size extrapolation!
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This is thus the genuine Ising CFT spectrum on a hexagonal torus !



Comparing the different geometries

® The “square” and the “hexagonal” tori have a slightly different spectrum.
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® The spectrum we see is the torus spectrum of the CFT
describing the critical point.
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Analytical approach: (4-epsilon)-expansion

® Work done by S. Withsett and S. Sachdev. Lowest non-trivial order in epsilon.
= /ddw BHZ + %(Wﬁ)z 567+ 0"

® Rather good agreement between analytics and numerics.
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Comparison between torus and sphere spectra

® Torus spectra at low energy per sector resemble the spectrum on the sphere:
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® We believe this handwaving resemblance might be more generally the case:
“light states on the sphere have a light analogon on the torus”
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Confinement transition

® /- spin liquids are rather fashionable these days.

® The are phases with a four-fold ground state degeneracy on a torus, but
the degeneracy is topological, and not related to symmetry breaking.

® One of the simplest incarnations of this phase appears in the Toric Code
model by Kitaev.

® By an appropriate perturbation the topological phase (“deconfined”) gives way
to a simple paramagnetic phase (“confined”). The transition is a confinement
transition and is expected to be in the 2+1D = 3D Ising universality class.

® Q: Is the torus spectrum at criticality identical to the symmetry breaking case 7



JToric code In a magnetic field

® We study the following microscopic model
(out results will be independent of model):

® Toric code with a longitudinal magnetic field (S. Trebst et al., ..
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Numerics at criticality

® Left: data for the TC at criticality, Right: Symmetry breaking
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® The spectra at criticality do not agree ! What is going on 7



The Ising™ transition

® The explanation is that the operator content of the two transitions are different:

® In the Z2 symmetry breaking case we have Z2 even and odd levels and only
one set of boundary conditions (fixed by the lattice model).

® In the confinement transition (Ising*), only Z2 even levels are allowed, and for
periodic boundary conditions in the Toric Code, four different boundary
conditions of the CFT become simultaneously apparent.

® This can be understood at the microscopic level in the Toric Code Hamiltonian
and is supported by general field theoretical considerations.

® In the Ising™ case the magnetic sector is completely albsent, and the torus
energy spectrum reflects this fact.



The Ising™ transition

® comparison between numerics and epsilon-expansion:

® At criticality the 4 “topological sectors” scale also as 1/L , but are much closer
together than the next level above them.
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Toric code with Ising interactions

® \Want to study a possible quantum phase transition between Z2 topological
order and spontaneous global Z2 symmetry breaking.

® Toric code plus additional Ising interactions: ® ® ®
® (ETe— ,..Obm""o"l """" #d
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Toric code with Ising interactions

® Toric code plus additional Ising interactions:
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® This model has a two checkerboard lattice
spatial structure, yielding the two Al-sublattices



Toric code with Ising interactions

® Toric code plus additional Ising interactions:
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® This model has a two checkerboard lattice
spatial structure, yielding the two Al-sublattices



Phase diagram of the Quantum Ashkin-Teller model

® Rather poorly studied in the past, so here we perform a new QMC study:

. - paramagnet
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® Phase structure
In agreement with
QFT results of Ne=2
d* theory with
cubic anisotropy.
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Phase diagram of the

oric Code + Ising interactions

® Translate the Ashkin-Teller results back to the Toric code + Ising:
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global
Z> symmetry
breaking
magnetic order

® The direct transition
between Z» topological
order and Z2 symmetry
breaking can be:
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® first order
D XY*

firstiprder | &

o
I

-spatial symmetry
< breaking -

\___§

® 3D XY™ |

J AT

2 3 4 5



Spectroscopy of QC
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Spectroscopy of QCP

4 3 2 1 3 T 2 3 a4 s

® ED Torus Spectra in the Quantum Ashkin-Teller model at criticality:

likely 3D XY ! 3D XY
8r& ! A A !
' Q ; . ;
® s & | <
7 G AT rul NI A
6l SO NN U N _

TFI-AT
[A(1) even
[""A(1) odd
M.A(1) even
M.A(1) odd

>0 @

O(2) I'.A(1)
® 5.=0(1x

AV H
g
I




Torus energy spectrum of 3

® Remove all odd charge sectors in 3D XY but add all 4 BC PP/PA/AP/AA sectors:
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® Outlook
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Conclusion / Outlook

® We have shown that the universal torus energy spectrum of the CFT
describing quantum critical points is accessible numerically.

® The torus energy spectrum contains valuable information on the “operator

content”. It is e.g. able to discriminate the Ising from the Ising™ universality class,
and 2 x Ising from 3D XY

® We have preliminary results for O(2)/0(3) Wilson-Fisher fixed points and some
Gross-Neveu critical points.

® We believe that this technology could help to shed light on more advanced

topics, such as the SO(5) symmetry claimed to appear at deconfined critical
points by Nahum et al.

® Results from CFT side ?
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