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Plane Couette flow

Linearly stable 
laminar flow at all
parameter values

Subcritical transition:
• Minimal seeds
• Edge states
• Critical trajectory

Control parameter: 𝑅𝑒 =
Δ𝑈𝑑

𝜈



Dynamical System



Trajectory
1. Initial condition 

(minimal seed)

1. Rotation by 
background shear.

2. Stretching by 
background shear.

3. Streamwise aligned 
edge state.

4. Instability of edge state.

5. Breakdown to turbulence.

Rabin et al. JFM 712 (2012), Eaves & Caulfield JFM 784 (2015)



Trajectory

Edge state 𝒖𝐺𝑀𝑅𝐸𝑆(𝒙)

Residual R 𝑡 =
𝒖 𝒙,𝑡 −𝒖𝐺𝑀𝑅𝐸𝑆 𝒙 2

𝒖 𝒙,𝑡 2



Dynamic Mode Decomposition

• Find dynamical information about flow trajectory.

• Use any data set, e.g. DNS, experiments etc.

Snapshots 𝒒𝑛 = 𝒒(𝒙, 𝑡𝑛)

Assume 𝒒𝑛+1 = 𝑵𝟎𝒒𝑛 for every 𝑛

• Clever algorithm to find spectrum of 𝑵𝟎 (Schmid)

Decompose 𝒒 𝒙, 𝑡 = ∑𝑎𝑛𝒎𝑛(𝒙)exp 𝜆𝑛𝑡



Koopman Operator

𝒦𝑡𝒒(𝑥, 0) = 𝒒(𝒙, 𝑡)

Linear in the observable 𝒒(𝒙, 𝑡).

Infinite dimensional – not a simplification of fluid 
dynamics to linear algebra.

On an attractor:

𝒒 𝒙, 𝑡 = ഥ𝒒 𝒙 + ∑𝒎𝑛(𝒙)exp(𝜆𝑛𝑡) + ∫ 𝑒2𝜋𝑖𝛼𝑡[𝑑𝐸 𝛼 𝒒]

Mezić Nonlinear Dyn. 41 (2005)



Modes
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Bifurcations in Time



Modelling the Transition



Conclusions

• Applied DMD algorithm to transitional trajectories
to find Koopman modes responsible for transition.

• Transition scenario well-represented by small set of
modes, and these modes capture the edge state,
and its stable and unstable manifolds.

• Clear dynamical signature of the edge state in the
Koopman spectrum – possibility to predict
transition in advance by observation of neutral
modes associated with transitional saddle points.


