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Inertial Logarithmic Region 

δ = channel half-height, boundary layer thickness 
uτ = friction velocity = (τw/ρ)1/2 = characteristic velocity scale	
  
y+ = yuτ /ν = inner-normalized distance from the wall 
η= y/δ = outer-normalized distance from the wall 
δ+ = δuτ /ν = Reynolds number (ratio of outer to inner length)	
  

Consider a turbulent wall-flow, 

Iner,al	
  sublayer	
  
in	
  physical	
  space	
  

Uc	
  



Logarithmic Mean Velocity Profile 

Vincenti et al. (2013), FPF 

U+	
  =	
  κ-­‐1ln(y+)	
  +	
  B	
  

κ	
  =	
  0.387	
  



Logarithmic Mean Velocity Profile Slope 

Marusic et al. (2013) 

Superpipe	
  

LCC	
  

HRNBLWT	
  



κ Estimates Over Time 

≈ 0.38   von Karman (1930) 
0.41   Coles (1968) 
0.4   Yaglom (1974) 
0.38 ± 0.04  Francey & Garrett (1981) 
0.40 ± 0.011  Hogstrom (1985) 
0.387 ± 0.01  Frenzen & Vogel (1985) 
0.436 ± 0.002  Zagarola & Smits (1998) 
0.38   Osterlund (2000) 
≈ 0.39   Perry, Hafez & Chong (2001) [“corrected” Z & S data] 
0.421 ± 0.002  McKeon (2004) 
0.387   Andreas et al. (2006) 
0.384   Nagib, Chauhan, Monkewitz (2007) 
0.389 ± 0.004  Klewicki, Fife & Wei  (2009), [dW/dy at δ+ = 2004] (Hoyas & Jimenez data) 
0.39   Marusic et al. (2013) [four high Reynolds number facilities] 
0.383, [0.384]  Pirozzoli (2014), [dW/dy at δ+ = 4080] 
0.4 ± 0.02  Bailey et al. (2014) 
0.381966…  Klewicki et al. (2014), [δ+ → ∞ extension] 
0.384, [0.383]  Lee and Moser (2015) [dW/dy at δ+ = 5200] 
0.382   Furuichi et al. (2015)   



	
  
i)	
  Prandtl:	
  	
  dU/dy	
  ∝	
  uτ/y	
  
	
  
Leads	
  to	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  dU+/dy+	
  =	
  (κy+)-­‐1	
  
	
  
(distance	
  from	
  the	
  wall	
  scaling	
  hypothesis)	
  
	
  
ii)	
  Millikan:	
  U+	
  =	
  f(y+),	
  U+	
  -­‐	
  U∞

+	
  =	
  F(η)	
  
	
  
Leads	
  to	
  
	
  
	
  	
  	
  	
  	
  y+dU+/dy+	
  =	
  ηdU+/dη	
  =	
  κ-­‐1	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  (inner/outer/overlap	
  hypothesis)	
  
	
  
Is	
  there	
  a	
  be9er	
  jus,fica,on?	
  

Rationalizing the Log Law 



Scaling	
  

Scaling	
  comes	
  from	
  the	
  symmetries	
  admiXed	
  by	
  the	
  relevant	
  governing	
  
equaBon,	
  i.e.,	
  when	
  the	
  equaBon	
  is	
  recast	
  according	
  to	
  the	
  transformaBons	
  
indicated	
  by	
  the	
  admiXed	
  symmetries,	
  it	
  becomes	
  invariant	
  to	
  changes	
  in	
  the	
  
underlying	
  parameters.	
  
	
  
Conversely,	
  if	
  the	
  governing	
  equaBon	
  does	
  not	
  admit	
  an	
  invariant	
  form,	
  there	
  
is	
  liXle	
  (no)	
  reason	
  to	
  expect	
  the	
  variable	
  of	
  interest	
  can	
  be	
  scaled.	
  
	
  
Thus,	
  is	
  ra,onal	
  to	
  expect	
  that	
  the	
  universal	
  logarithmic	
  cons,tutes	
  a	
  
similarity	
  solu,on	
  stemming	
  from	
  an	
  invariant	
  representa,on	
  of	
  the	
  
governing	
  equa,on	
  	
  	
  

(e.g.,	
  like	
  what	
  is	
  done	
  for	
  laminar	
  similarity	
  solu,ons)	
  



Four Layer Structure  
Channel & Boundary Layer 

(multiple leading order balances) 
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Pipe & Channel	
  

Boundary Layer	
  

Mean Momentum Balances 

Wei	
  et	
  al.	
  JFM	
  (2005)	
  

(ε2	
  =	
  1/δ+)	
  



Layer III Structure 

δ+ = 180 channel DNS 
Hoyas & Jimenez PoF (2006) 

Reynolds	
  stress	
  maximum,	
  Tm	
  at	
  ym	
  

y+	
  



Layer III Rescaling 

(ε	
  =	
  1/√δ+)	
  

γ



Layer III Rescaling (continued) 

(ε2	
  =	
  1/δ+)	
  



Invariance Across a Hierarchy of Scaling Layers 
Plugging	
  

into	
  

yields	
  

Then	
  using	
  

yields	
  the	
  invariant	
  form	
  

Fife et al. DCDS (2009) 

“Adjusted	
  Reynolds	
  stress”	
  

β	
  =	
  TI	
  +	
  ε2	
  

​​𝑑𝑇↓𝛽↑+ /​𝑑𝑦↑+  =   ​​𝑑𝑇↑
+ /​𝑑𝑦↑+  +   ​1/​𝛿↑+  −  𝛽	
  

TI	
  +	
  ε2	
  



Condition for Self-Similarity 

On each layer the condition for dynamic self-similarity 	
  	
  

Physically, the normalized flux of turbulent inertial force attains constancy on 
the portion of the scaling layer hierarchy where the leading order mean 
dynamics are wholly inertial – i.e., in layer IV 

is asymptotically approached.  i.e., the normalized curvature of the Reynolds stress  
profile becomes invariant from one layer to the next	
  

“hat”	
  variables	
  are	
  
normalized	
  by	
  	
  
W	
  and	
  uτ.	
  



Coordinate Stretching 
It is also analytically known that,  

​𝑑𝑊/𝑑𝑦 =   ​𝐴/2 =   ​𝜙↑−1 	
  

where φ  (Fife similarity parameter) is the coordinate stretching 
function that yields the invariant form:  

 
According to this theory, on the inertial domain of interest, φ → φc, 
and von Karman’s constant is given by two equivalent relations: 
•  κ = φc

-2, is a function of the constant coordinate stretching 
underlying asymptotic self-similarity, or 

 
•  κ = A2/4, is associated with the asymptotically constant flux of 

turbulent inertial force 

Origin	
  of	
  	
  
“distance	
  from	
  the	
  wall”	
  	
  

scaling	
  



Layer Width Distribution 

Physically, W 
is the size of 
the -<uv>+ 

motions 

Linear	
  W(y+)	
  in	
  layer	
  IV	
  provides	
  equa,on	
  based	
  reason	
  for	
  	
  
distance-­‐from-­‐the-­‐wall	
  scaling	
  



Channel Similarity Solution 



Analytical Integration 
(Klewicki & Oberlack 2015) 

Note	
  that	
  the	
  BC	
  on	
  dU+/dy+	
  requires	
  	
  
that	
  B	
  →	
  0	
  as	
  y+	
  →	
  ∞	
  (i.e.,	
  as	
  δ+	
  →	
  ∞).	
  



Finite Reynolds Number Behaviours 
(traditional representation) 



Finite Reynolds Number Behaviours 
(similarity solution representation) 



Log-Linear Law Coefficients 



ZPG Boundary Layer Analysis 
(Morrill-Winter et al. JFM 2017, in press) 

Can	
  we	
  recast	
  the	
  mean	
  momentum	
  equa,on	
  for	
  the	
  boundary	
  layer	
  

in	
  a	
  form	
  that	
  represents	
  the	
  mean	
  iner,a	
  (MI)	
  term	
  A+	
  =	
  U+dU+/dx+	
  +	
  V+dU+/dy+	
  	
  
as	
  a	
  only	
  func,on	
  of	
  δ+?	
  



High Reynolds Number Boundary Layer Wind Tunnel 
(Melbourne) 



Flow Physics Facility 
(New Hampshire) 



Mini-Spanwise Vorticity Probe 
(Morrill-Winter et al. EiF 2015) 



HRNBLWT and FPF Data Sets 
(Morrill-Winter et al. EiF 2015) 



Behaviour of Mean Inertia Term 
(Morrill-Winter et al. EiF 2015) 



Representation of Mean Inertia Term 

The	
  above	
  findings	
  yield	
  

Where	
  it	
  is	
  now	
  noted	
  that	
  it	
  can	
  be	
  analy,cally	
  shown	
  (via	
  integra,on)	
  that	
  the	
  	
  
bracketed	
  product	
  is	
  iden,cally	
  equal	
  to	
  1/δ+.	
  	
  Thus,	
  

The	
  desired	
  1/δ+	
  dependence	
  has	
  been	
  extracted,	
  but	
  α	
  s,ll	
  equals	
  α(y+,	
  δ+).	
  

(empirically	
  found	
  to	
  equal	
  1.003/δ+)	
  



Transforming the Inertia Terms 

The	
  aim	
  now	
  is	
  to	
  remove	
  the	
  y+	
  dependence	
  of	
  α	
  on	
  the	
  iner,al	
  domain	
  (layer	
  IV).	
  	
  	
  	
  
This	
  is	
  done	
  by	
  simultaneously	
  transforming	
  both	
  the	
  TI	
  and	
  MI	
  (A)	
  terms.	
  	
  

While	
  αm	
  =	
  αm(δ+)	
  is	
  a	
  possibility,	
  data	
  covering	
  over	
  a	
  decade	
  in	
  δ+	
  fortuitously	
  
indicate	
  that	
  αm(δ+)	
  =	
  const.	
  ≅	
  0.46.	
  
	
  
Thus,	
  we	
  recover	
  a	
  form	
  of	
  the	
  mean	
  equa,on	
  that	
  is	
  like	
  that	
  for	
  channel	
  flow	
  
on	
  the	
  iner,al	
  domain.	
  	
  	
  



Transformed Inertia Term Profiles 



Layer III Properties 



Invariant Layer Hierarchy 

Note	
  that	
  χ, rather	
  than	
  β,
now	
  denotes	
  the	
  hierarchy	
  	
  
parameter.	
  



Conclusions 
•  For	
  channel	
  flow	
  one	
  can:	
  

	
  1)	
  Begin	
  with	
  the	
  mean	
  equa,on	
  	
  
	
  2)	
  Transform	
  it	
  to	
  an	
  invariant	
  form,	
  and	
  	
  
	
  3)	
  Analy,cally	
  integrate	
  it	
  to	
  yield	
  an	
  asympto,cally	
  universal	
  log	
  law	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  similarity	
  solu,on	
  
	
  
•  For	
  the	
  ZPG	
  boundary	
  layer	
  a	
  scenario	
  is	
  given	
  indicaBng	
  that	
  one	
  can:	
  

	
  1)	
  Begin	
  with	
  the	
  mean	
  equa,on	
  
	
  2)	
  Transform	
  the	
  MI	
  and	
  TI	
  terms	
  to	
  look	
  like	
  channel	
  flow	
  
	
  3)	
  Transform	
  this	
  equa,on	
  to	
  an	
  invariant	
  form,	
  and	
  	
  
	
  4)	
  Analy,cally	
  integrate	
  it	
  to	
  yield	
  an	
  asympto,cally	
  universal	
  log	
  law	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  similarity	
  solu,on	
  
	
  
•  This	
  scenario	
  recovers	
  the	
  empirical	
  observaBon	
  that	
  the	
  asymptoBc	
  slope	
  of	
  the	
  

logarithmic	
  mean	
  velocity	
  profile	
  is	
  the	
  same	
  in	
  boundary	
  layers,	
  pipes	
  and	
  channels.	
  

•  Structure	
  predicted	
  is	
  consistent	
  with	
  Townsend’s	
  aXached	
  eddy	
  noBons,	
  the	
  self-­‐similar	
  
hierarchy	
  of	
  the	
  McKeon	
  and	
  Sharma	
  (2010)	
  resolvent	
  model,	
  and	
  the	
  physical	
  structure	
  
of	
  uniform	
  momentum	
  zones	
  and	
  vorBcal	
  fissure	
  revealed	
  by	
  Meinhart	
  and	
  Adrian	
  (1995).	
  	
  


