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... atoms @ nanokelvins -
trapped only a few mm away from

glass cell @ room temperature

(vacuum of 10™ Torr,
i.e. 10™ bar,
or 10 Pa,

= atmospheric
pressure on the moon)

Supernova (10.000.000.000 K)

Sonnenkern (15.710.000 K)

Sonnenoberflache (5.780 K)
Zimmer (293,15 K = 20°C)
Pluto (44 K = -229°C)

Kosmische Hintergrundstrahlung
(2,73 K)

BEC (0,000.000.001 K)

Kéltestes Atomgas
(0,000.000.000.45 K)
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Bose-Einstein condensation
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‘ Vortices in a Na condensate

Fig. 4. Formation and
decay of a vortex lat-
tice. The condensate
was rotated for 400 ms
and then equilibrated
in the stationary mag-
netic trap for various
hold times. (A) 25 ms,
(B) 100 ms, (C) 200 ms,
(D) 500 ms, (E) 1 s, (F)

J. R. Abo-Shaeer, C. Raman, J. M. Vogels, W. Ketterle 5 s, [G] 10 s,
20 APRIL 20017 VOL 292 SCIENCE
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Vortex pairs

Tucson [AZ]

[T.W. Neely et al. PRL 104 (10)]
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Vortex tangles 1n Bose Hinstein Condensates

[N. Berloff & B. Svistunov, PRA (02)]

[E.A.L. Henn et al. PRL 103 (09)]
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Quantum field theory
ot a Bose-Einstein gas




How to describe a condensate?

For bosons: [&;,,®] ] = 6(x — x')

e Matter wave mean field [z = (¢, x) = (¢, x)]

o = (Bg), |¢.|? = n.(x) = condensate density,

e Density of non-condensed atoms (& = ¢ + ®, ¢ = (d))

(%L%m) = npe(x) = n(x) — ne(x),
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How to describe a condensate?

For bosons: [&;,,®] ] = 6(x — x')

e Matter wave mean field [z = (zy,x) = (¢, x)]

. = (P),  |b=|* = n.(x) = condensate density,

e Density of non-condensed atoms (& = ¢ + ®, ¢ = ()

(B B,) = npe(x) = n(x) — ne(z),

e Total one-body density matrix

Gii(x,y) = ((f;@y) = spatial Fourier transform: momentum distribution n(p, t)

.

— 15%-order phase coherence 1) (s) = n(R +s/2,R —s/2)
(n(x,y;t) = (@T(x, t)d(y, 1)) )
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Gross-Pitaevskil dynamics

Many-body Hamiltonian:

R h? . 1 <
H = /dx 3 [—%A + V;xt(x)] P+ 2 / dxdy ®]®! Vi, &, P,
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Gross-Pitaevskil dynamics

Many-body Hamiltonian:
i P F 1 AL A
H= /dx Bl —A+ V()| i+ / dx dy 1 &1 V,_, &, b,

Gross-Pitaevskii, i.e. Classical Field Equation for “matter waves”, from vNE:

10¢(0)¢ = ([0, H])¢ from [V (®Tdd)
K2 ORI
g ihat(/)a: — [__A + V:ext(x) + g|d)m|2] (f)azs
2m

(D s q%};x,] = §(x — x')
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Gross-Pitaevskil dynamics

Many-body Hamiltonian:
b P § 1 AR
H = /dx Bl A+ Ve (x)| & + / dx dy &I &1 V,_, &, &,

Gross-Pitaevskii, i.e. Classical Field Equation for “matter waves”, from vNE:

h? '
=  thoip, = [——A + Vext (X) + g|(/)m|2] Do
2m
. . Amh2a
typical scattering length:  , ~ 5 nm —

typical bulk density: n o~ 10" cm?

= diluteness parameter: ,,° ~ 107 (GPE valid for vna® < 1

< small condensate depletion)
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Beyond Gross-Pitaevskii

. h? . 1 -
H = /dx P [—%A + Vext(x)] O + 2 / dx dy ®T STV, &, P,

Hartree-Fock-Bogoliubov (HFB) from i9,(O); = ([0, H]); and factorisation:

-~ o~

(D181 8,80, — (BIBT ), (B,B0), + (D1, (BT,), + (BLdy)o(B]B,)0

analogously for 3rd-order correlation function.
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Beyond mean field




‘ Dynamical Field Theory

[®(t,x),9%(t,y)] = 6(x —y)  (Bose)

Our focus:
time dependence of the lowest-order “correlation” functions:

Gab(x’y) = <T¢a<x)¢b(y)> X = (t,x)
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‘ Dynamical field theory

Alternative to BBGKY hierarchy:
Schwinger-Dyson...

G;bl($ay) — Go_,ib(ﬂ?a%é) — Zq__b(fl;‘? Yy, O G)
or Kadanoff-Baym eqgs.:

fG[I;c(mrz)Gcb(za y) — 5ab5(3($ - y) +/ :Zac(msz) Gcb(z: y)

Z
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‘ Dynamical field theory

Alternative to BBGKY hierarchy:
Schwinger-Dyson...

G;bl($ay) — Go_,ib(ﬂ?a%é) — Zq__b(fl;‘? Yy, O G)
or Kadanoff-Baym eqgs.:

fG[I;c($:z)Gcb(za y) — 5&1}5{3(33 _ y) _I_/ :Zac(msz) Gcb(z: y)

Z

with classical propagator defined by action

1 i
S[qo]=5 f ¢, (0)iGy (X, ) @3 (1) —i @, (X) @, (x) 0 (x) @, (x)
Xy

X

=0x—-y)|— io;zlb&xo — H\p(x) 3]
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‘ Dynamical field theory

Alternative to BBGKY hierarchy:
Schwinger-Dyson...

G;bl($ay) — Go_,ib(ﬂ?a%é) — Zq__b(fl;‘? Yy, O G)
or Kadanoff-Baym eqgs.:

fG[Iic($:z)Gcb(za y) — 55!,{}6{3(33 _ y) _I_/ :Zac(msz) Gcb(z: y)

Z

From two-particle irreducible effective action: [Luttinger, Ward (60); Baym (62); Cornwall, Jackiw, Tomboulis (74)]

rie. 6] = sl + $Ten 6" + 65" @& + (Y )
+®+@+@ + @
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' Dynamical field theory

Alternative to BBGKY hierarchy:
or Kadanoff-Baym egs.:

[ Gotele. Galz) = dude(— ) + [ Sarla2) Gn(z,0)

From two-particle irreducible effective action: [Luttinger, Ward (60); Baym (62); Cornwall, Jackiw, Tomboulis (74)]

T[p, G] = S[¢] + iTr(In G~ + G5 (¢)G) + OO
JONONORIGES

or[p,G] 5F2 o, G|
0G(z,y) =0 Zav(2:4:9,G) = 5Gab(33;y)
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Scaling from field dynamics




Many-body equilibration
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‘ Many-body equilibration
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‘ Local radial flux only

Balance equation for radial flux

Ot n(k) = — Ok Q(Kk)

radial flux

rad. occupation no. n
rad. particle flux Q@
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‘ Local radial flux only

With kinetic (Boltzmann) eq.

a |
/ k
‘ radial flux

pump

Boltzmann
scattering integral

den(k) = — dk Q(k)
~ k1 J(K)

rad. occupation no. n
rad. particle flux Q
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‘ Local radial flux only

Boltzmann
With kinetic (Boltzmann) eq. scattering integral

Ot n(k) = — 0k Q(k)

Ve P ~ kT J(k)

Scattering integral:
J(k,t) = g° / d% d% A% |Tipqe|*6(k +p —q — 1)

X O(wk + wp — wq — Wr)
X [(nx + 1) (np + Dngne — ninp(ng +1)(ne + 1)]

rad. particle flux Q
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‘Iﬁmdmadmlﬂuxonbf

With kinetic (Boltzmann) eq.

den(k) = — Ok Q(k) ~ k¥ J(K)

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

d—1+1+3d—-d—-—2—-3C=0
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‘ Local radial flux only

With kinetic (Boltzmann) eq.

den(k) = — Ok Q(k) ~ k¥ J(K)

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kﬂLp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:
AN\+3d-A~-2-3(=0=>(=d-2/3

KITP Santa Barbara - The Nature of Turbulence - 16 Feb 2011 Thomas Gasenzer




' Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: Ny = J(kj t)

Dynamic (Schwinger-Dyson) eq.: (from 2Pl effective action)

on(p) = X0 (P)Fra(p) — 22 (P)opa(P)

Zap(Xy) = = - P =Py P):

Fup(x,y) = 3({®,(x), @,(y)})c Statistical function: Occupation
Pap(X, y) =i {[P,(x), Py(y)]). Spectral function: Available modes

] ,,/././,zifiif,, h
Fp(w,p) = —i (nBE(w) + 5) o (¢ p)
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' Dynamical field theory

Kinetic (Quantum-Boltzmann) eq.: Ny = J(kj t)

Dynamic (Schwinger-Dyson) eq.: (from 2Pl effective action)

on(p) = X0 (P)Fra(p) — 22 (P)opa(P)

XXy = a—@—b p=(p, P):
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‘ Scaling solutions

We look for scaling solutions fulfilling stationarity condition J(p) =0

Scaling ansatz:

Pab(5°po, sP) = 5T pan(po, p)

F.p(s°po, sp) = s = F.u(po, p)

Implies scaling of the single-particle momentum distribution:

n(sp) = .s\//( n(p)
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‘ Turbulent scaling in d+1 Dim. 1 ~ k—C

T T | T ] T
non-equilibrium initial conditions —— expected form —— thermal distribution: pA(-2) ——

"

thermal
equilibrium

1

nonequilibrium

1
1

C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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‘ Strong turbulence

p=(p, P):

J(p) := 5 (0) Foa(p) — 25, (0)pra(p) = 0

2 ab («‘C,y) -

2Pl toNLO in 1/N: Vertex: Y —> Y@ = > + >O<

[Dynamics: J. Berges, (02); G. Aarts et al., (02); TG, Seco, Schmidt, Berges (05);
Kadan.Baym: “GW-Approximation”, Hedin (65)]

KITP Santa Barbara - The Nature of Turbulence - 16 Feb 2011 Thomas Gasenzer \{




‘ Local radial flux only

With kinetic (Boltzmann) eq.
Ttk)y~g / |1+ const.X gk n(k) 2 —d+C

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

ANA3d A2 -3¢
22 -d+) =0
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‘ Local radial flux only

With kinetic (Boltzmann) eq.
Ttk)y~g / |1+ const.X gk n(k) 2 —d+C

Scattering integral:

J(k, ) = QQ/ddpddqdd’f“!Tkpqr!%(kJrp —q—r) 3d —d
X O(wk + wp — wq — Wr) —2
x [(nk +1)(np + Dngny — nknp(ng +1)(ne + 1)) —35

Radial flux density is k-independent, Q(k)=Q , if:

AN\ A +z(2 /\&ZQ 0 =0 =d+2
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Strong Turbulence ig d+1 Dim. n o~ ¢

100000

10000 -

1000 -

non-equilibrium initial condiions —— |

nonequilibrium

thermal distribution: pA(-2) ——

thermal
equilibrium

1

J. Berges, A. Rothkopf, J. Schmidt, PRL 101 (08) 041603
C. Scheppach, J. Berges, TG PRA 81 (10) 033611
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Summary

1e+08

non-equilibrium inifial cor

thermal distribution: pA(-2) ——

1e+07 -

1e+06 -

100000

nt,p]

10000 -

1000 -

nonequilibrium equilibrium

0.1 1 10 !
p

J. Berges, A. Rothkopf, J. Schmidt, PRL 101 (08) 041603
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Ettective coupling

10° b @=0.52

L ©=0.39
0=0.26

Aot (@,p)

©=0.13

w=0.03

0.1 1

P
J. Berges, A. Rothkopf, J. Schmidt, PRL 101 (08) 041603
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