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Outline

Burgers, Cole-Hopf and disordered systems

*Methods and results for disordered elastic systems
(replica, large D, Functional RG )

*Conjecture for decaying Burgers in D>1
*Freezing transition in decaying Burgers

FRG for Navier Stokes



Decaying Burgers
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Decaying Burgers
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initial value:  #(7, ¢t = 0) = VV(#) random function 7€ R”
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H(u) = (@ QtT) + V(@) energy function
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inviscid limit
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iInviscid limit v — 0" zero temperature

(u — 1)? D=1
IA/(T', t) — IIllIl[ > | V(’u,)] V(7 t=0)= V(7
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Decaying statistical turbulence

scale  £(t) ~ #6/2 r > (1) infrared

l,(t) < r << {(t) inertial range

£(t)”
+2

T

scaling of velocity < v(r,t)v(0,t) >=

energy cascade 0, (¢)

lim v(Vv)? #£ 0

vr—0



Systems with quenched disorder

- Electrons in random potentials, localization

Glasses, many metastable states. shocks
* Spin glasses 7 - —iZsz-jSiSj
 Disordered elastic systems

u — u(x)

V(u) = V(x,u)



Elastic manifolds in random potential

e domain wall in higher dimension e directed polymer
interface
&
u(z1,2) ()
RD
>° g
a(z) /
e R u

H = /dd:v %(Vu)Q + V(z,u(x))

((u(x) — u(O))2> ~ \:IJ|2C critical object



Lemerle, Ferre, Chappert, Magnetlc interface
Mathe, Giamarchi PLD, PRL 98

Ising magnetic film Co
X

D=1+1 interface

short range disorder

(u(z) = u(0))* ~ |a]=¢

thermally equilibrated:
minimum energy configuration

N
-n‘m‘

,ﬁ{' __________ . ______ H# _________ e 1

Indeux+L)-uix)] ==
axponent 2¢

T I TR
1.4 ""i‘f"i’i A i‘f.{,{eiﬂ s

r ‘ : . 1.9 __.-......:.-........E..........3..........f........in.;-...... ..f..........;.....-..__
B s st ITNSE DRSPS SRS SR I i i i :

- 0 1 2 3 4 5 & ] 5 10 15 20 25 30 35 40
measurement number
IniL)



Shocks for elastic manifolds

Hlu] = /ddﬂf[(VU)z +V(z,u(@)) + - (u(z) —7)7]
e~ 1 V() :/Due%H[U] m’ :i/lt/

u— u(z) V(u)— Viz,u)



Shocks for elastic manifolds

Hlu] = /ddw[(v’u)2 + Vi(z,u(z)) + 7(’&(@2— r)?]
V() _ / Due—+Hul ™ :i/f/

minimum energy configuration Umin (Sl?; ?")

u(r) = L_d/ Umnin (T3 T)
xeld

T — U ( ’)") exhibits shocks
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u(w) — w

w — vt

u(w) = center of mass of

the contact line
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summary

v(r)o(r) = VI(r)\V' (1) = t_2('r —u(r))(r’ —u(r’))

v(Mo(r’) = LEA(r) general d elastic manifold

d=0 decaying Burgers

vi(F)v;(7) = LA (F — )



Forced Burgers <«—  Elastic line (d=1)
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Forced Burgers <«—  Elastic line (d=1)

o0+ TV =vV2o+ f(i,t) V=Va

—

(i, t) = =Vh  fli,t)=-VV(ut)

A
w(t)
freeenergy h = —T'Iln Z KPZ growth

sy Z(i,t) = 3 o~ Yo V(1)) T
/ paths,i(t)=u

Burgers time t «——— length of line

forcing 4+—> disorder

develop shocks +—> metastable states

viscosity 17 <+—» temperature



summary

» decaying Burgers in D dimension initial condition
elastic manifold internal dimension d=0 (a point) V(u)

moving in D dimension

» forced Burgers in D dimension forcing
elastic manifold internal dimension d=1 (a line) V(u,t)

moving in D dimension



Methods and results for disordered sytems

replica method 4272 _ 7572y _ lim/l_‘[dﬁaﬁ%e—% 5 v(a,)
a=1

e f;za:..

disorder average -> replica interaction
|%4



Methods and results for disordered sytems

replica method ;277 _ _ hm/Hduaule L, Zatv(a,)

n—0

disorder average -> replica interaction

1) infinite D limit: * Forced Burgers (directed line d=1 in disorder)
Bouchaud,Mezard,Parisi,1995

« Decaying Burgers (d=0) PLD, Mueller,Wiese,2010
distribution of shock sizes

measure=gaussian in replica + replica symmetry breaking saddle point

< » Measure=superposition of gaussians

cells/walls=shocks
centered on random metastable states



Methods and results for disordered sytems

replica method ;277 _ _ hm/Hduaule L, Zatv(a,)

n—0

disorder average -> replica interaction

1) infinite D limit: * Forced Burgers (directed line d=1 in disorder)
Bouchaud,Mezard,Parisi,1995

« Decaying Burgers (d=0) PLD, Mueller,Wiese,2010
distribution of shock sizes

measure=gaussian in replica + replica symmetry breaking saddle point

< » Measure=superposition of gaussians

cells/walls=shocks
centered on random metastable states

2) around d=4 any D: perturbative (functional) RG



why does it become perturbative?
(Vu)*

as internal dimension d increases —,  elasticity stronger

disorder/elasticity weaker

d>dy,. =4 weak disorder does nothing

naive perturb. th. works



why does it become perturbative?
(Vu)*

as internal dimension d increases —,  elasticity stronger

disorder/elasticity weaker

d>dy,. =4 weak disorder does nothing

naive perturb. th. works

d < 4 expansionin € =4 — d

F o~

A(7) = eA1(F) + €2 Ao (7) + ..



FRG equation

A(r) =7 TCA(r/t5/?) c=4-d
QthA(T) — (6 — QC)A(T) 4 CT‘A, (7«) similar any D
d? .
_mam = Qtﬁt _%W(A(T) o A(O))2

%d_(m — N(0)?)(A - A(0) +O(A%)



FRG equation
A(r) = t#ﬂﬁ(r/t(/?) e=4—d
QthA(’I“) — (6 — QC)A(T) 4 CT‘A, (r)ﬂ) similar any D

Cprp = 0.208¢

Unique solution each Univ class (B.C)



Inertial range 1 << () ~ t¢/2 r=x%~m ¢ ~t3

A(r) m —A'(07)]r| () —v(0)% ~[r|® (=1
shocks
E(t) = LU_2 _ 1 A(0) energy conservation (smooth flow)

dis. systems= dimensional reduction



Inertial range 1 << 4(t) ~ £6/2 r=x%~m ¢ ~t3

A(r) ~ —A'(07)Ir ) —v(O)?2~[r% G =1

shocks

E(t) = 1,0_2 — 1 A(0)  energy conservation (smooth flow)
2

cusp (shocks) —  2t0;A(0) ~ —A’(0+)2

1 a4, ,~ - N
Et) =t = TA(0)  (4—d—20)A0) = —A(07)% +..
Energy cascade = vt 2 A"(0)
0=d—2+2

matched at dissipative scale

lim v(Vv)?% # 0

v—0



distribution of shock sizes

size S =uo(r")—ov(r") tv =1 —u(r)

(v(r) —v(0))P ~ SP r+ O(r)

FRG yields d=4  P(8) ~ §73/2=5/(45m)



distribution of shock sizes

size S =wo(r") —v(rt) tv =1 —u(r)

(v(r) —v(0))P ~ SP r+ O(r)

FRG yields d=4  P(8) ~ §73/2=5/(45m)

d=4 — ¢
_Y_-<9’>-_2 g O 12 S s
P(8) = oS5 2 AS ™ explCl5) 2 = Blyg—)
_3_€e=¢ _ e—( L d=24¢
T=o -5 § =1+ . Sy, =ct 2
2



Can this method make predictions directly
for d=0 i.e. decaying Burgers ?



Can this method make predictions directly
for d=0 i.e. decaying Burgers ?



Shock statistics in D>1 Burgers

ST(71, 7)) = (71, 0) — #(7, 0)

1 B

55@5(?"’03 ro + 7)0v; (70, To + 7) = EI'F’(é'ij + 7it'j)

generalization of Brownian initial velocity in D=1



Shock statistics in D>1 Burgers

ST(F1, ) = #(71,0) — T, 0)

1 — — B, . o
56”0?;(7‘03 ro + 'T‘)(S”U‘j(?‘[}j ro + T_j — §|T |(63j + 'T‘@"T‘j)

generalization of Brownian initial velocity in D=1

2t0, A’ (r) = (€ — O)A(r) + CA” (r)
—3A’A” — A"(A — A(0)) + O(A?)



Shock statistics in D>1 Burgers

ST(F1, ) = #(71,0) — T, 0)

1 — — B, . o
56”0?;(7‘03 ro + 'T‘)(S”U‘j(?‘[}j ro + F) — §|T |(63j + 'T‘@"T‘j)

generalization of Brownian initial velocity in D=1

2t0, A’ (r) = (€ — O)A(r) + CA” (r)
—3A’A” — A"(A — A(0)) + O(A?)

A — B .
t_o("") - &;A(’r‘) — 0
(=4—d
E(t) ~ 12 Conjecture: TRUE (i) any order

(ii) any D



t = 0.035




Consequences of conjecture+ numerical checks

o—N[F(281,8)—T(0,1)] — oT[Ze(X)=Aa]

Z(X) = /d§ (eq'g— 1) p(5)
shocks along a line are uncorrelated !

1 —5/4
])1(.5’) — 2ﬁ,§3/2€ /

p1(sz) == [dsip(sz. si)

D=1 proved by Bertouin

/D — cos(46) + 2

Af) = sinf

[l — cos(260) + /5 — COSHG}]Q

Za6) — cos f /D — cos(46) — 2
2 21— cos(20) + /5 — cos(46) |

pg(s_L) — _fdsx p(sz,s1)
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FIG. 4: Color Online. Circles corresponds to H = 1/2 | Trian-
gles to H = 1 and Squares to H = 3/2. Top: Connected size
correlations of subsequent shocks. Correlation decay is slower
for H = 1, for H = 3/2 no correlation has been detected.

Bottom: Normalized shock distance.



(Decaying incompressible) Navier Stokes..?..

_ . 1

: ’ 1& _— 1-'2. 1& S i 1'8 L l.-;rr

O Ukt = —vk Ukt — EPQ;M(L) § : Uq,tUp,t
p+g=k

Py.gy(k) = 1k%dg, Burgers

Popy(k) = ikPPL (k) + ik"PT (k) NS KkTv7(k,t) =0



(Decaying incompressible) Navier Stokes..?..

1

G 2, 2 B Y
p+g=k
Pu.gy(k) = ik, Burgers

Popy(k) = ikPPL (k) + ik"PT (k) NS KkTv7(k,t) =0

no Cole-Hopf.. loop expansion
& ,.3 — 5 A Je
(VktVprt) = Ok k' At ap (k)

GA=tA*xA+AxAxA+ ..

CO® =tAxA+3AxAx A+ .. O CW = AxA+EPAAAL
CO) = tAxAsxs A+ .. : CO=AsAsxA+.

renormalized small time expansion..



One loop FRG
N=D
At,a,ﬁ(k) — tc_2+N%At,qB(ktC/2) Aaﬁ(k) — Pgﬁ(k)A(k)
E(k) ~ ENT1A(R)
to,A(k) = (2 —C — N% - %k O A(k)

2

+N—1

D bk—gq(A(QDAK — q) — A(q)A(K))

b kg — (k- q)°
s = R — )2




CUSp or no cusp ?

(0(r) = v(O)?) ~ [l A(k) ~ k=)

VT (2N =26 = (N -1V + )T(= )T (5 +C)

(=
4(4?3-);“'5;’2 ]_-'-(’3—253)1-1(?+f\;+§g )g
4,/TNT (%) -
sin(Z52) (=2 ) (fe)

Kolmogorov (5 = 2/3






conclusion

energy cascade

-Burgers generalized to manifolds d - similar physics inertial range
shocks

«around d=4 loop expansion/FRG/truncation becomes controled

compute e.g. energy decay, shock size distributions

sconjecture for a solution Burgers D>1 generalization of Brownian IC

* NS: same approach gives C2 — ] atoneloop D=3

cascades etc.. Why ? Higher loop?

Interesting to learn about situation where truncations
become controled..

Frg equation for forced burgers.. In progress



