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Non-analytic 
non-equilibrium field theories?



Ginzburg-Landau’s Effective Field Theory

O(n)

U(1)

 :  loop erased random walk
 :  polymers
 :  uniaxial magnets, liquid-gas, binary mixtures, …
 :  planar magnets, Kosterlitz Thouless, …
 :  Heisenberg magnets, …
 :  transitions with increase of unit cell, …

n = − 2
n = 0
n = 1
n = 2
n = 3
n ≥ 4

superconductivity

…

Classification of equilibrium phase transitions

• identify order parameter
• dimension + symmetry group = universality class

Ex: vector order parameter
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Ginzburg-Landau’s Effective Field Theory
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T > Tc
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Tc

∼ (Tc − T )β

P{Si} ∼ e−H{Si}/T P [φ] ∼ e−ℱ[φ]

H = − ∑
⟨ij⟩

Si Sj
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P{Si} ∼ e−H{Si}/T P [φ] ∼ e−ℱ[φ]

H = − ∑
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Outstanding question

Landau theory for non-equilibrium steady states (NESS) ?

PNESS[φ] ∼ e−ℱNESS[φ] ℱNESS[φ] = ?
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Non-Equilibrium Steady States

2-bath Ising Model Stochastic Reheating
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Non-Equilibrium Steady States

2-bath Ising Model Stochastic Reheating



Self-consistent equation:

2-bath Ising Model

T1

φ =
ν1(2 |φ | ) + ν2(2 |φ | )

ν1(2 |φ | ) coth(φ /T1) + ν2(2 |φ | ) coth(φ /T2)

Mean-Field appetizer

Mean Field
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⇠ (Tc � T1)
1/↵

hybridizations with baths

PNESS[φ] ∼ e−ℱNESS[φ]

Non-equilibrium free energy

ℱNESS[φ] = ∫ dd x μ φ2 + cα |φ |α + λ φ4 + …

 
low energy 

features of baths

α ∉ ℕ



Do the non-analytic operators of the non-equilibrium Landau potential

1. survive away from the mean-field approximation? 

2. survive in the infrared (IR)?

3. survive the fluctuations in low dimensions?

Questions



Langevin relaxation dynamics

Stochastic Reheating of the Ising Model

T

reset to infinite temperature with rate r

Mean Field

Renewal formula

PNESS[φ] = r ∫
∞

0
dt e−rt P0([φ]; t )

η ∂t φ (t ) = − ∂φ𝒱EQ(φ) + ξ (t )

𝒱EQ[φ ] ∼
1
2

μ φ2 +
1
4

λ φ4 + …

Model A relaxation dynamics

ℱEQ[φ ] = ∫ ddx ( 1
2

μ φ2 +
1
4

λ φ4 + … +
1
2

( ∇φ )2 + …)

η ∂tφ (x , t ) = −
δ ℱEQ[φ]

δφ (x , t )
+ ξ (x , t )

quench from infinite 
temperature

φ (x ,0) = 0 φ (0) = 0

Equilibrium
Field Theory



φ ≡ arctan ϕ

Real-space Renormalization Group

Equilibrium RG flow
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Real-space Renormalization Group

Non-equilibrium RG flow:  d > duc

𝒱*NESS(Φ) =
2
π

|Φ | − ( 1
2

−
1
π ) Φ2 𝒱*NESS(Φ) = r |Φ | 𝒱*NESS(Φ) = +

1
2

Φ2

T > TcT = TcT < Tc

Non-analytic operators are IR relevant! equilibrium universality

+
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Non-analytic Non-Equilibrium Field Theories?

• 2 concrete examples with non-analytic operators in 
• involve low-energy features of the environment  universality?
• RG analysis in the NESS

• exact above 
• numerics at 

➔ non-analytic operators
• exist away from mean-field approximation
• do survive fluctuations even below 
• can be IR relevant

ℱNESS[φ]
⟵

duc
d = 2

duc

Summary


