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quasiparticle picture of integrable systems

One-dimensional elastic scattering

Two variables (velocities), two 
constraints (momentum + k.e.)

If particles have equal mass: 

Simply exchange velocities

Set of velocities {v} preserved

Three-body collisions relax {v} unless 
they factorize (Hubbard/Heisenberg)

vf1 = vi2, v
f
2 = vi1
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Quasiparticle picture

direct calculations of dynamics in 
integrable systems are hard

workaround: quasiparticle picture/
generalized hydrodynamics
[Castro-Alvaredo et al., Bertini et al. (2017), cf. Sachdev 
(1990s)]
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information spreads ballistically…

✤ Changing the velocity of one trolley modifies all downstream trajectories

✤ Quasiparticle picture captures entanglement growth [Alba, Calabrese, PNAS (2017)]

✤ In an initial thermal state, collisions give rise to diffusive broadening of operator fronts 
[SG, Huse, Khemani, Vasseur, PRB (2018)]
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…but transport is more complicated



the case of the xxz spin chain as T → ∞

∆free Heisenbergeasy-plane 
(gapless)

easy-axis 
(gapped)
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the case of the xxz spin chain as T → ∞

✤ Infinite-temperature dynamical phase transition

✤ Only affects spin dynamics

✤ Energy transport is always ballistic: energy current 
commutes with H

✤ Never mind the transition, what about the 
phases?

∆free Heisenbergeasy-plane easy-axis

ballistic spin transport diffusive spin transportsuperdiffusion

�s(!) :
<latexit sha1_base64="mhpsVad8nmCgd3LGMm7uEswFQfk=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiRVUFwV3bisYB/QhDCZTtKhM5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6aMKu0439bK6tr6xmZpq7y9s7u3b1cOOirJJCZtnLBE9kKkCKOCtDXVjPRSSRAPGemGo5up330gUtFE3OtxSnyOYkEjipE2UmBXPEVjjgJV8xJOYnR6FdhVp+7MAJeJW5AqKNAK7C9vkOCME6ExQ0r1XSfVfo6kppiRSdnLFEkRHqGY9A0ViBPl57PTJ/DEKAMYJdKU0HCm/p7IEVdqzEPTyZEeqkVvKv7n9TMdXfo5FWmmicDzRVHGoE7gNAc4oJJgzcaGICypuRXiIZIIa5NW2YTgLr68TDqNuntWb9ydV5vXRRwlcASOQQ244AI0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmUPwB9bnD41rk4g=</latexit>

D(�)�(!)+??
<latexit sha1_base64="C6siuXeD4MW1OtjbTauUDer4DHY=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsCGWmCrpr0S5cVrAP6Awlk7ltQzMPkoxQhn6CG3/FjQtF3Lp059+YabvQ6oGQk3PuJfceL+ZMKsv6MnJLyyura/n1wsbm1vaOubvXklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3Rdea370FIFoV3ahyDG5BByPqMEqWlnnnsBEQNKeFpfVJy6sAVOcGOn90lJwpgoJ+nuFrtmUWrbE2B/xJ7TopojkbP/HT8iCYBhIpyImXXtmLlpkQoRjlMCk4iISZ0RAbQ1TQkAUg3nS40wUda8XE/EvqECk/Vnx0pCaQcB56uzMaXi14m/ud1E9W/dFMWxomCkM4+6iccqwhn6WCfCaCKjzUhVDA9K6ZDIghVOsOCDsFeXPkvaVXK9lm5cnterF3N48ijA3SISshGF6iGblADNRFFD+gJvaBX49F4Nt6M91lpzpj37KNfMD6+ATXSm2M=</latexit>

!�1/3
<latexit sha1_base64="/dxIBo+BV5ev0koRSmYRhuFI2Gc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4se62gh6LXjxWsB/QriWbZtvQZLMm2UJZ+ju8eFDEqz/Gm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tEEVonkkvVCrCmnEW0bpjhtBUrikXAaTMY3k795ogqzWT0YMYx9QXuRyxkBBsr+R0paB8/pufeRWXSLRTdkjsDWiZeRoqQodYtfHV6kiSCRoZwrHXbc2Pjp1gZRjid5DuJpjEmQ9ynbUsjLKj209nRE3RqlR4KpbIVGTRTf0+kWGg9FoHtFNgM9KI3Ff/z2okJr/2URXFiaETmi8KEIyPRNAHUY4oSw8eWYKKYvRWRAVaYGJtT3obgLb68TBrlklcple8vi9WbLI4cHMMJnIEHV1CFO6hBHQg8wTO8wpszcl6cd+dj3rriZDNH8AfO5w/U9ZF7</latexit>

�0(�)
<latexit sha1_base64="pvh0WmHHYskFLCagwcb/xRnF/Kg=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkpSBT0W9eCxgrWFJoTJdtMu3U3C7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpbX1jc6u8XdnZ3ds/sA+PnlSSSULbJOGJ7IagKGcxbWumOe2mkoIIOe2Eo9uZ3xlTqVgSP+pJSn0Bg5hFjIA2UmDbnmIDAYFT8+4o13Ae2FWn7syBV4lbkCoq0ArsL6+fkEzQWBMOSvVcJ9V+DlIzwum04mWKpkBGMKA9Q2MQVPn5/PIpPjNKH0eJNBVrPFd/T+QglJqI0HQK0EO17M3E/7xepqNrP2dxmmkak8WiKONYJ3gWA+4zSYnmE0OASGZuxWQIEog2YVVMCO7yy6vkqVF3L+qNh8tq86aIo4xO0CmqIRddoSa6Ry3URgSN0TN6RW9Wbr1Y79bHorVkFTPH6A+szx9y9pLi</latexit>

HXXZ =
X

i
(�x

i �
x
i+1 + �

y
i �

y
i+1 +��

z
i �

z
i+1)

<latexit sha1_base64="wX43tct4BELwxYwVd05Ll5ceN6U="></latexit>

Zotos (1998)…Ljubotina et al. (2019)



the case of the xxz spin chain as T → ∞

∆free Heisenbergeasy-plane easy-axis

ballistic spin transport diffusive spin transportsuperdiffusion
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General principle: elementary excitations in integrable systems 
remain stable (but highly renormalized) in thermal states



xxz away from integrability

∆free Heisenbergeasy-plane easy-axis

ballistic spin transport diffusive spin transportsuperdiffusion
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review: Bastianello, De Luca, Vasseur, arXiv:2103.11997



studying integrability-breaking

✤ How we break integrability:

✤ Why? 
✤ Noise-averaged dynamics is given by a quantum channel with dephasing

✤ Operator entanglement growth stays under control at all times

✤ Theoretically simple: less kinematics to worry about

✤ Results consistent with nonintegrable Hamiltonian simulations with 
TEBD (but these become very expensive very fast)

<latexit sha1_base64="edSlbTIEoDJaj1WzidDUfz0VFgw="></latexit>

H = H0 +
X

i

⌘i(t)Oi, h⌘i(t)⌘j(0)i = ��ij�(t)



easy-axis phase

∆free Heisenbergeasy-plane easy-axis



why is there no ballistic transport?

✤ Low-temperature state in the ferromagnet: domains of various sizes

✤ Because of U(1), domain can only move all at once

✤ Small domains can move, large domains are immobile (exponentially suppressed v)

✤ What happens when a magnon crosses a large domain?
✤ Diffusion. Large domain shifts

✤ Dressing. Magnon stripped of its spin (but only precisely at half filling)

x

t

Ganahl et al., 2013



intuitive argument for diffusion

✤ Magnon moves a distance vt in time t

✤ Dressed/screened magnetization of magnon over this scale:

✤ Amount of charge transported [cf. Medenjak, Prosen, Karrasch, PRL (2017)]: 

x

t

Ganahl et al., 2013

mdr ⇠ 1/
p
L ⇠ 1/

p
vt
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h�(mdrx)2i ⇠ v2t2

vt
⇠ vt
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away from Δ ≫ 1
✤ Quasiparticles labeled by index s; also

Ilievski, De Nardis, Medenjak, Prosen, PRL (2018) 
Medenjak, Karrasch, Prosen, PRL (2017)

✤ Key idea:

✤ Closed-form expression with prefactors:

� = cosh(⌘)
<latexit sha1_base64="7tc74/9lnfii6G+D+D4Wsd7wLSs=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2EmCnoRgnrwGMEskBlCT6eSNOlZ6K4R4hD8FS8eFPHqf3jzb+wsB018UPB4r4qqen4shUbb/rYyS8srq2vZ9dzG5tb2Tn53r66jRHGo8UhGqukzDVKEUEOBEpqxAhb4Ehr+4HrsNx5AaRGF9ziMwQtYLxRdwRkaqZ0/cG9AIqOX1OWR7hddQHbSzhfskj0BXSTOjBTIDNV2/svtRDwJIEQumdYtx47RS5lCwSWMcm6iIWZ8wHrQMjRkAWgvnVw/osdG6dBupEyFSCfq74mUBVoPA990Bgz7et4bi/95rQS7F14qwjhBCPl0UTeRFCM6joJ2hAKOcmgI40qYWynvM8U4msByJgRn/uVFUi+XnNNS+e6sULmaxZElh+SIFIlDzkmF3JIqqRFOHskzeSVv1pP1Yr1bH9PWjDWb2Sd/YH3+ANAflCo=</latexit>
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�
.
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D
�

SG, Vasseur, PRL (2019)
De Nardis et al., PRL (2019)

⇢s ⇠ exp(�µs)/s3, vs ⇠ exp(�⌘s)/s, ms ⇠ min(µs2, s)
<latexit sha1_base64="VXnoowPgA0KlBOzYpsZ4vMcQw3w="></latexit>
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away from integrability

✤ Naive guess 1: already diffusive, integrability-breaking should do nothing

✤ Naive guess 2:  so vt → Dt

h�(mdrx)2i ⇠ v2t2

vt
⇠ vt
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h�(mdrx)2i ⇠
p
Dt subdiffusion!
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x ⇠ t1/4



away from integrability
✤ Naive guess 1: already diffusive, integrability-breaking should do nothing

✤ Naive guess 2:  so 

✤ Limit  is subtle/discontinuous for all 

✤ For , subdiffusion at all  [Singh et al., arXiv:2108.02205]

vt → Dt

γ → 0 Δ > 1

Δ = ∞ γ

h�(mdrx)2i ⇠ v2t2

vt
⇠ vt
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h�(mdrx)2i ⇠
p
Dt subdiffusion!

integrable diffusion constant 
independent of Δ

asymptotic diffusion 
constant, ,
independent of 

∝ 1/Δ
γ

subdiffusive window
D(t) ∼ 1/ γt

De Nardis, SG, Vasseur, Ware, arxiv:2109.13251



isotropic point

∆free Heisenbergeasy-plane easy-axis



superdiffusion at the isotropic point

✤ Ultimate origin: 
large-amplitude Goldstone modes 
above a ferromagnet

✤ Critical exponent for Goldstone modes z = 2, speed ~ 1/size

✤ Integrability means these modes survive but get thermally “dressed”



superdiffusion at the isotropic point

✤ Ultimate origin: 
large-amplitude Goldstone modes 
above a ferromagnet

✤ Critical exponent for Goldstone modes z = 2, speed ~ 1/size

✤ Integrability means these modes survive but get thermally “dressed”

✤ General scaling form for correlation functions

✤ Crossover length set by “resolving” magnetization: 

✤ Largest Goldstone has size 

✤ Speed of Goldstone modes at that scale: 

Canom. ⇠ µ�C(xµ⌫ , tµ⌫z)
<latexit sha1_base64="Ma/LPJimNoP0Fj18vqUlSwklmIo="></latexit>
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v ⇠ µ ) t = µ�3 ) z = 3/2
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another framing

✤ Density of size-s Goldstones:  [forced by susceptibility sum rule]

✤ Each Goldstone is screened when 
it sees a bigger Goldstone 
 
Mean free path against screening: 
  

 
Screening time: 

✤ a.c. conductivity from Kubo

ρs ∼ 1/s3

ℓ−1
s ∼ ∑s′ >s

ρs′ ∼ 1/s2

τs = ℓs/vs ∼ s3
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superuniversality of superdiffusion

✤ Very similar numerical results for SU(3), SU(4), Sp(6)

✤ Full analytical solution of GHD equations for SU(N)

✤ What’s the ultimate origin? [cf. Bulchandani, PRB (2020)]

✤ Start with the ferromagnet; z = 2 critical theory

✤ Spin transport at field h is dominated by 
spin solitons of size 1/h

✤ These have velocity v(h) ~ h (as needed)

Ilievski, De Nardis, SG, RV, Ware, in prep



away from integrability

symmetry-breaking noise symmetric noise

✤ Two classes of perturbations:
✤ SU(2)-violating perturbations immediately destroy/scatter Goldstones

✤ SU(2)-conserving local perturbations cannot couple directly to Goldstones, must 
couple through higher derivatives

✤ Simple estimate of Goldstone lifetime:  (or slower!)

✤ But this ignores higher-order/nonperturbative phenomena (cf. Lamacraft talk)

τs ≥ s2 ⇒ σ(ω) ∼ log ω



summary

✤  Integrable limit: dense gases of stable elementary excitations

✤ Diffusion from depolarization of magnons passing through large domains

✤ Superdiffusion with z = 3/2 from Goldstone modes at finite density 

✤ Surprises away from integrability: anomalous suppression and enhancement of 
transport

✤ Open question/task: framework for asymptotics away from integrability

∆Heisenberg 
no Drude weight 

superdiffusion 
KPZ scaling form

easy-plane
quasiparticle Levy flights

fractal Drude weight + 
anomalous diffusion

easy-axis 
pure diffusion 

Gaussian behavior 
known diff. const.

γ

subdiffusive 
window

log enhancement
of diffusion



outlook: experiments!



outlook

✤ How does weak integrability-breaking affect dynamics?
✤ Relaxation rates without reference to form factors? [arXiv:1912.08826]
✤ Can the relaxation rates depend “interestingly” on the perturbation? 

✤ How to go beyond the GHD limit? (“Orthogonality catastrophes”)

✤ Realistic experimental consequences (NMR, cold atoms, etc.)


