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Why study transport in (nearly perfect) quantum fluids?

Transport without quasi-particles? Model system for QGP,

neutron matter, strange metals, etc.

Fluid dynamics on the edge: Small systems, role of

non-hydrodynamic modes, importance of fluctuations.

Impressive progress in experimental control: Box potentials,

linear response, local density and temperature measurements.



Non-relativistic fermions in unitarity limit

Consider simple square well potential

a < 0 a =∞, εB = 0 a > 0, εB > 0



Non-relativistic fermions in unitarity limit

Now take the range to zero, keeping εB ' 0

Universal relations

T =
1

ik + 1/a
εB =

1

2ma2
ψB ∼

1√
ar

exp(−r/a)



Effective theories for fluids (Unitary Fermi Gas, T > TF )

L = ψ†
(
i∂0 +

∇2

2M

)
ψ − C0

2
(ψ†ψ)2

∂fp
∂t

+ ~v · ~∇xfp = C[fp] ω < T

∂

∂t
(ρvi) +

∂

∂xj
Πij = 0 ω < T

s

η



Fluid dynamics

Simple fluid: Conservation laws for mass, energy, momentum

∂ρ

∂t
+ ~∇~ ρ = 0

∂E
∂t

+ ~∇~ ε = 0

∂πi
∂t

+∇jΠij = 0 ~ ρ ≡ ρ~v = ~π

Constitutive relations: Gradient expansion for currents. Building blocks:

σij =
(
∇ivj +∇jvi −

2

3
δij∇ · v

)
〈σ〉 = σii

Stress tensor

Πij = Pδij + ρvivj − ησ − ζ〈σ〉+O(∂2)

Energy current

εi = (E + P )vi − ησijvj + κ∇iT



Scale invariant fluid

Stress tensor: Ideal fluid dynamics

Π0
ij = Pgij + ρvivj , P =

2

3
E

First order viscous hydrodynamics

δ(1)Πij = −ησij − ζgij〈σ〉 ζ = 0

Linear response: Couple to gij(x, t)

σij =

(
∇ivj +∇jvi + ġij −

2

3
gij〈σ〉

)
〈σ〉 = ∇ · v +

ġ

2g

Son (2007)



Simple application: Kubo formula

Consider background metric gij(t, x) = δij + hij(t, x). Linear response

δΠxy = −1

2
GxyxyR hxy

Harmonic perturbation hxy = h0e
−iωt

GxyxyR = P − iηω + . . .

Kubo relation: η = − lim
ω→0

[
1

ω
ImGxyxyR (ω, 0)

]
Gradient expansion: ω ≤ P

η
' s

η
T .



Kinetic theory

Microscopic picture: Quasi-particle distribution function fp(x, t)

ρ(x, t) =

∫
dΓp
√
gmfp(x, t) πi(x, t) =

∫
dΓp
√
gpifp(x, t)

Πij(x, t) =

∫
dΓp
√
gpivjfp(x, t)

Boltzmann equation(
∂

∂t
+
pi

m

∂

∂xi
−
(
gilġljp

j + Γijk
pjpk

m

)
∂

∂pi

)
fp(t, x, ) = C[f ]

C[f ] =

�

Solve order-by-order in Knudsen number Kn = lmfp/L



Kinetic theory: Knudsen expansion

Chapman-Enskog expansion f = f0 + δf1 + δf2 + . . .

Gradient exp. δfn = O(∇n)

≡ Knudsen exp. δfn = O(Knn)

First order result Bruun, Smith (2005)

δ(1)Πij = −ησij δ(1)εi = −κ∇iT η =
15

32
√
π

(mT )3/2 κ =
2

3
cP η

Second order result Chao, Schaefer (2012), Schaefer (2014)

δ(2)Πij =
η2

P

[
〈Dσij〉 +

2

3
σij(∇ · v)

]
+
η2

P

[
15

14
σ
〈i
kσ

j〉k − σ〈ikΩ
j〉k
]

+O(κη∇i∇jT )

relaxation time τπ = η/P



Quantum Field Theory

The diagrammatic content of the Boltzmann equation is known: Kubo

formula with “Maki-Thompson” + “Azlamov-Larkin” +“Self-energy”

�

=

�

Limits subtle (ω → 0 and nλ3 → 0 don’t commute). Can be used to

extrapolate Boltzmann result to T ∼ TF
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Short time behavior: OPE

Operator product expansion (OPE)

η(ω) =
∑
n

〈On〉
ω(∆n−d)/2

On(λ2t, λx) = λ−∆nOn(t, x)

Leading operator: Contact density (Tan)

OC = C2
0ψψψ

†ψ† = ΦΦ† ∆C = 4

η(ω) ∼ 〈OC〉/
√
ω. Asymptotic behavior + analyticity gives sum rule

1

π

∫
dw

[
η(ω)− 〈OC〉

15π
√
mω

]
=
E
3

Randeria, Taylor (2010), Enss, Zwerger (2011), Hoffman (2013)



Experiments: Elliptic flow
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Determination of η(n, T )

Measurement of AR(t, E0) determines η(n, T ). But:

Fluid dynamics breaks

down in the dilute corona.

Causes large artifacts.

Not a fundamental

problem. Corona

described by Boltzmann

equation near ballistic

limit.



Possible Solutions

Combine hydrodynamics & Boltzmann equation. Not straightforward.

Hydrodynamics + non-hydro degrees of freedom (Ea; a = x, y, z)

∂Ea
∂t

+ ~∇ · ~ εa = −∆Pa
2τ

∆Pa = Pa − P

∂E
∂t

+ ~∇ · ~ ε = 0 E =
∑
a

Ea

τ small: Fast relaxation to Navier-Stokes with τ = η/P

τ large: Additional conservation laws. Ballistic expansion.



Anisotropic Hydrodynamics: Comparison with Boltzmann

Aspect ratio AR(t) = (〈r2
⊥〉/〈r2

z〉)1/2 (T/TF = 0.79, 1.11, 1.54)

Dots: Two-body Boltzmann equation with full collision kernel

Lines: Anisotropic hydro with η fixed by Chapman-Enskog

High temperature (dilute) limit: Perfect agreement!

Boltzmann, Pantel et al (2015); AVH1 hydro code, M. Bluhm & T.S. (2015)



Anisotropic fluid dynamics analysis
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R
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* )
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AR = σx/σy as function of total energy. Data: Joseph et al (2016). E/(NEF ) ∼ 0.6 is the superfluid transition.

Grey, Blue, Green: LO, NLO, NNLO fit.

η = η0(mT )3/2
{

1 + η2nλ
3 + η3(nλ3)2 + . . .

}



Reconstruct η/s (normal fluid)

η
/s
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η(T � Tc) = (0.265± 0.02)(mT )3/2 η0(th) =
15

32
√
π

= 0.269

η/s|Tc = 0.56± 0.20



Superfluid hydrodynamics

Spontaneous symmetry breaking: 〈Ψ〉 = v0e
iθ.

Goldstone boson is a new hydro mode: ~vs = ~
m
~∇θ

∂t~vs +
1

2
~∇(v 2

s ) = −~∇µ

Momentum density: ~π = ρn~vn + ρs~vs

ρ = ρn + ρs ρn =
1

2

∂P

∂w2
~w = ~vn − ~vs

Stress tensor and energy current

Πij = Pδij + ρnvn,ivn,j + ρsvs,ivs,j

~ ε = sT~vn +

(
µ+

1

2
v2
s

)
~π + ρn~vn~vn · ~w



Superfluid hydrodynamics

Dissipative stresses

δΠij = −η
(
∇ivn,j +∇jvn,i −

2

3
δij ~∇ · ~vn

)
− δij

(
ζ1~∇ (ρs (~vs − ~vn)) + ζ2

(
~∇ · ~vn

))
Equation of motions for vs: v̇s + 1

2∇(v 2
s ) = −∇(µ+H) with

H = −ζ3~∇ (ρs (~vs − ~vn))− ζ4~∇ · ~vn

Conformal symmetry: ζ1 = ζ2 = ζ4 = 0

Son (2007)



Low T: Phonons

Goldstone boson ψψ = e2iϕ〈ψψ〉. Effective Lagrangian

L = c0m
3/2

(
µ− ϕ̇− (~∇ϕ)2

2m

)5/2

+ . . .

Viscosity dominated by ϕ+ ϕ→ ϕ+ ϕ

η = A
ξ5

c3s

T 8
F

T 5

�

+

�

+

�

Thermal conductivity is subtle, because quasi-particles with Ep ∼ csp do

not contribute. The dominant process is phonon splitting, made possible by

non-linear terms in the dispersion relation.

κ =
128

3π

γ2

g2
3

T 2

c2s
DH =

256
√

2

25π3ξ2m
(mT )3/2

(
T

TF

)2

DH



Two-fluid hydro for an expanding cloud
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dP = ndµs + sdT +
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Two-fluid hydro for an expanding cloud
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Average fluid velocity vx(x, t). Superfluid wx(x, t) = vnx (x, t)− vsx(x, t)

Superfluid ~w = ~vn − ~vs can be computed perturbatively.(
∂

∂t
+ ~v · ~∇

)
~w = − s

ρn
~∇T +O(w2) .



Two-fluid hydro analysis of expanding cloud
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Sound attenuation (MIT)



Sound attenuation (MIT)

Spectral response ρk(ω). Sound diffusivity Ds(T )

A

B

Damping rate Γ(k) Ds = 4η
3ρ + 4κT

15P .

(T/TF = 0.36, 0.21, 0.13). Patel et al., Science (2021)



Linear Response (NC State)

Baird et al., PRL 2019

(κ/η)(T � Tc) = 0.93(14)(15/4)(kB/m)



Final thoughts

Unfold temperature, density dependence of η/s, Ds and

κ. Puzzles remain for T < Tc, possibly related to break-

down of hydro in small systems.

Measure response at short distances and short times.

Measure approach to hydrodynamics. Quasi-particles or

quasi-normal modes?


