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_Magnetic field

Convection

RN
Glatzmaier & Roberts,
Nature 377 (1995)

Image Credits: NASA/JPL
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Metallic Core Ice Covering Generation of zonal winds in

atmosphere and core

(alternative mechanism for
patterns, dynamo,...)

/
Rocky Interior \ Liquid Ocean Under Ice
H,O Layer

Investigation of internal structure
(Europa Jupiter System Mission :
exploration of Jupiter’s moons)

Image Credits: NASA/JPL
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Animation Credits: NASA/JPL

Date: 2005 Sep 1 02:23:28 UT

Longitudinal/latitudinal ~ Precession ( Tides (m=2)
libration (m=0)
B
Q(t) = Qo + 62 cos(wt) Rext =1+ ) cos(2 ®)

Small amplitudes —s Negligible forcings?

But can drive inertial waves & instabilities...

Fluid flows driven by harmonic forcing ?
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Rotation of a satellite at the mean angular velocity {2

( )

L_ongitudinal libration: small oscillation of
the rotation rate of container

Q(t) = Qp + 6 cos(wt)

Latitudinal libration: small oscillation of
the rotation axis of container
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Q,+6Q, cos(w,t)

Geometry: spherical shell Qy+ 060, cos(w, t)

R. external radius

R, internal radius

Fluid: rotating, incompressible,
homogeneous, viscous

v kinematic viscosity
(), mean rotation rate

Libration

w, frequency of libration
60, amplitude of libration of the outer sphere
6Q. amplitude of libration of the inner sphere
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Geometry: spherical shell

R, external radius R; _
. . a = — | Coressize
R, internal radius R
(&
Fluid: rotating, incompressible,
homogeneous, viscous
v kinematic viscosity F— 4
(), mean rotation rate Qo R?2

Libration

w, frequency of libration

60, amplitude of libration of the outer sphere
6Q. amplitude of libration of the inner sphere

1+ € cos(wt)

1+ ae cos(w t)

Ekman number

Frequency
0€2 0€;
E —= O =
Qg €2,
Amplitude
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Navier-Stokes equations
No-slip boundary conditions

0<ax<l Any core size (a=0: no core)
a real Inner core librates or not
ek 1 Small libration amplitude
F <1 Small Ekman number
w > 2 Frequency outside the range of inertial waves
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e K1

Ug= €4

Solid body rotation

b <1

— Weakly nonlinear analysis

u +s g2

~ - Qiwt | —
uy = et Uo = Use”"™" + Us

Harmonic flow induced

e Double-harmonic flow +
by libration

Mean flow correction

— Boundary layer analysis
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A
O(EY2) Stokes-Ekman layers
Bulk
O(EY2
(EV2) A\ e
o
S
~ sin @ -\, & Al
In the Stokes-Ekman layers: i~ — [e T te 7o } €y (Outer layer)
. 1—r w
VE )\i:(1—|—1),/§:|:6089
In the bulk: i1 = O(VE) Condition of validity: m
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o~ 2wt — . . .
Uz = U2e”™" + U2 Generated by the non-linear interactions

In the Stokes-Ekman layers: NL= O(1)
s = O(1) ts(BL — Bulk) — Us.(0)

In the bulk:  NL= O(E) Nonlinear Corrections are forced by the
boundaries and dominated by the mean
flow correction.

U ~ Uy = O(l)

Taylor-Proudman

theorem: Up = Uy (p)e¢ T Uz, (p)ez
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Outer layer matching condition

Xo(p) = =2 [1 = 2] Wa(p) + Flpr) |

Inner layer matching condition
1/4
Xo(p) =2 [1 = (p/a)?] " Wa(p) +0® a® F(p/a; w)

1/4

Bulk Il

Bulk Il Solution
__ F(pw) —a’®F(p/a;w) S
) T A 21— (pa 0

1/4 : 1/4 :
Xg(p) _ OéQCLQ(l - 02) / F(p/avw) + [1 - (p/a>2} ]:(P, w) BUIk I \PQ()O) —

1= o214 11 — (p/a)21Y4 :
( p?) A+ (p/a)?] Solution XQ(/O) — ]:(p’w)
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The function F(p; w)

_ (s;3+s_%)sin*f  (s_ —s.) cosfsin?6| | s, —Vecos® s_ —+cosh
F(sinf;w) = — - -
325,353 8s,8_ s42—cosf)  s_2%+4cos

sin §(s, + Vcosf)
32s,3(cos?2f+4s.4)

sin? f(s_ + v/cos 6)
32s_3(cos?2f+4s_14)

25,2 — 25, Vcos + cosf)] [sin? O + 45,2 cosd]

252 —25_Vcosf+ cosf) [sin?f —4s_? cos b
sin® @
325 35,3 (s 245,2)[s_ 24+ s,2+2s, Vecos + cosh]?
[(3_2 + 5. )5+ 75,25 4 +85_"5,* —Ts_ %5, 14165 _%5,°

—5,% 445,35 3(—342s, 1)) +[45_5s, —s_%s,% —165_25,° —3s, "7
+4s 55, 2(—34+165,%) + 5225 3(—19 4325, %) + s_T(—1 + 325, *)]Vcos 6
+[4s_ 85,2 —35,% +5_%(1—-20s,%) + s 25, H(—11+ 45,
+45,3s_3(=34+16s,.%) +5_%(—4sy +645,°) + s_*(5,% —20s,°%)] cos@
—[4s_"s,24+45 05,34+ 5,54+565_1s,°+5 35,2(3-T6s5.%)
+5_°(1—-8s,%) +3s,35_2(1—4s,%)] cos®/2 9
+[—s_ % —45 55,2 — 45, %s % —48s_*s,* + 605, °s_3 +20s_2%5,% 4+ 5,5 cos?
+[s_ 7T —4s 5s, +8s 55,2 —11s_%s,.3 + 315, %s_3 +20s_25,° + 35, 7] cos®/?
+[—s_®+4s %5, —5,25 14125, %s 3+ 11525, +35,% cos®0
+(s_%+3s_35,24+35,%3s_2+5,%) cos"/? 0]

sin” §

T

(0.1)

with
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The function F(p;w)
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Discontinuity at p=a

Stewartson layers

z A O(EY/4)
Bulk Il Solution near p=a .
[ ——
3 o’a
Ug ~ ——€
27 g2 ?

Bulk I1

Bulk | Solution near p=a

—

F .
oo Flasw)
a
|
4>
o d P
Angular velocity jump
Fla;w) o
0y = —
2 a? 4052
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External Outer Layer E/4: Smoothing of
azimuthal velocity
F(a;w) 5

Ugy ~ — — adflre™”

p=I(p—a)l [(1 — q?)3/® pr/A

:
I
!
I
]
! core
I
I
I
I
I

Internal Outer Layer E/7: Smoothing of
axial vorticity
_____________________________ __)
omax — E—1/4 592 a P =a P
z (1— a2)3/8
Internal layer EY/3 : Smoothing of axial o
velocity 0el
0.4f
u,, ~ E°/42 %o 08k J c p—a 7 02
2 a81/28 (1— a2)25/84 V1—a2 EY3(1—a2)l/s o
-0.2f
045 5

nor
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Libration in a sphere (a=0)

Azimuthal velocity of mean flow correction

008 T T T T T T T T
—— Theory
006 |—E=10"¢=0.3 01l
— E=6.10", £¢=0.05
0.04f | ——E=4.107°, ¢=0.1 1 - —
¢ 0.05] oo O3 =4
%, 0.02 /
=} 0 \ v
0
_0.02 | 0.05}
—0.04 * * * : _ x x x x
0 0.2 0.4 0.6 0.8 1 019 0.2 04 , 06 0.8
p
w=3 E=5 10>; €e=0.01
Aix-M 1l WOI’KShOp « I:ddy Mean-Flow Interactions In Fluids », Kl |", Santa barbara
icphe @ ( X arsel e March 24-27, 2014 17



Libration in a spherical shell (a=0.35) Calkins et al 2010

Azimuthal velocity of mean flow correction

Bulk Stewartson layers

0.01

Second order theory fé)r E=1e-6

-0.01¢

~ —0.02f
~0.03}

-0.04

-0.05¢

* * * -0.06

€=2.2e-3; w=2.2; a=0; a=0.35
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Libration in a spherical shell (a=0.35) Calkins et al 2010

Axial vorticity of mean flow correction

Bulk Stewartson lavers
T T T T ] T T T
Ok l
l
|
—0.01} i
$ |
N s
';N ] <.“”: —0.02}
SN Second order theory
—0.03¢ for E=1e—6
—0.04} :
\Theory
4 3 -2 -1 0 1 3
(p-a)E™?" | (p-a)E”

€=2.2e-3; w=2.2; a=0; a=0.35
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Libration in a spherical shell (a=0.35) Calkins et al 2010

Axial velocity of mean flow correction

Bulk Stewartson layers
x107°
E=1e-6 3l
0.2¢ Second order theory Th
eor
for E=1e-6 < Neo
0.1 2r
v S
LLI Ire)
¥, 0f w o 1r
3N :N
-0.1 Theory (bulk) ok
_0.o} z=0.6 | _1
0 0.1 0.2 0.3 0.4 0.5 —4 2 2 4
€=2.2e-3; w=2.2; a=0; a=0.35
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o Exact formulas for the zonal flow in a spherical shell geometry for any
core size a, any frequency w>2, any relative amplitude a, for small € and
small E.

o Good agreement with numerical results for E<10“4 and €<0.3 in a
sphere, and for E<10® and €<0.3 in a spherical shell.
o Effect of a core

= Different zonal flow within the cylinder tangent to the core

= Stewartson layers where the azimuthal velocity discontinuity is
smoothed with a strong axial vorticity peak O(E'Y/4), and a weak
axial velocity O(E>/24)

=== | A.Sauret & S. Le Dizes, 2013. Libration-induced mean flow in a spherical shell.
J. Fluid Mech. 718, 181-209
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w<2

First difficulty: Solve the harmonic structure

* Singularity at the critical latitude
(Roberts & Stewartson, 1965; Kerswell,
1995; Kida, 2011...)

* Internal shear layers
(Rieutord et al, 1997, Tilgner, 1999;
Noir et al, 2001, Lin et al, 2014...)

* Resonance with inertial modes?
Amplitude of the response?
(Aldridge & Toomre,1969; Zhang et al,
2013...)

From Kerswell (1995)

Azimuthal
velocity

w=1.41
a=0.35
€=0.014
E=1le-7

From Lin, Noir, Calkins (2014)
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w<2

Second difficulty: Find the mean flow associated

with e the singularity at the critical latitude
* internal shear layers

Comparison of measurement with theory without
taking into account internal shear layers
0’ ——— = T T T T T T
e T
002F  A¢=0.7rad *‘»_\3 |
-0.04} E=2x10"% o |
\x\
-0.06 - ~ %
&
-0.08} ] | @
B
- | B=0 (1/2 sphere) = | 1ok
2 : A B=0.06 (1/2 spheroid) | 0.
-0.12+ ¢ P=0.34 (1/2 spheroid) | ¢
— = = Theory full sphere A
0.14 | :
-0.16 I
-0.18+ im | ‘
_02 A i A i L Il wnl ’1 A ’l et
0 0.2 04 0.6 08 1 1.2 1.4 16 1.8 2
f
From Noir et al (2012)

From Lin, Noir, Calkins (2014)

w=1.41
E=1le-7

Mean azimuthal flow

Librating
inner core

I
[

Librating
outer core
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Thank you for your attention!
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